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Systems of Ternariants that are Algebraically Completed 

By a. R. Forsyth, M. A., P. R. S., Fellow of Trinity College, Gambridge. 



The present memoir is divided into three parts ; it deals with the theory of 
the algebraically independent concomitants of ternary qnantics, taking as the 
starting point the six linear partial diflFerential equations of the first order satis- 
fied by them. 

In Part I it is proved by means of these differential equations that, if any 
concomitant be expanded in powers of Xi, x^, Xg — the ordinary (point) vari- 
ables — ^and of i6i, t^jj, tig — the contragredient (line) variables — it is completely 
determinate if its leading coefficient be known ; i. e. the coefficient of the term 
involving the highest power of Xi and the highest power of Ui ; and that every 
such leading coefficient is a simultaneous solution of two linear partial differ- 
ential equations of the first order. 

Hence if all the independent solutions of these two equations be obtained, 
all the independent concomitants are given — the independence considered being 
algebraical and not asyzygetic. Por it follows from the theory of such differ- 
ential equations that every solution can be expressed in terms of a finite number 
of such solutions, and therefore, on account of the uniqueness of the concomi- 
tant derived from a leading coefficient, that every concomitant can be expressed 
in terms of a finite number of independent concomitants. 

Again, it follows from the forms of the two characteristic differential equa- 
tions that every leading coefficient is a simultaneous concomitant of certain 
binary quantics constructed from the original ternary quantic, two of the coeffi- 

* It has proved convenient to use the word ^^ ternariants " as a generic term for concomitants of 
ternary quantics, instead of giving it the signification which Prof. Sylvester, to whom so much of the 
nomenclature of the theory of forms is due, proposed {Amer. Joum. of Math.y Vol. V, p. 81) to give to 
it, viz. the leading coefficients of those concomitants. 
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2 Forsyth: Systems of Temariants thai are AlgehraicaMy Complete. 

cients of which are their variables and the rest of the coefficients of which are 
their coefficients. There is thus a corresponding theory of these simultaneous 
binariants, the forms of which are of the utmost importance in the deduction of 
the leading coefficients of temariants. 

In Part II the foregoing general theory is applied to a number of cases of 
uniternary. quantics, the two characteristic equations being solved in each case 
to give the independent simultaneous solutions as leading coefficients. It appears 
that in the case of the quadratic there are three temariants of the nature indi- 
cated (they are shown to be equivalent to the three asyzygetic temariants in the 
ordinary theory of the quadratic) ; in the case of the cubic there are seven, and 
in the case of the quartic there are twelve such temariants. The leading coeffi- 
cients of each of these are explicitly given for the most general form of quantic ; 
and by one or other of two methods, viz. by means of the differential operators 
which give the development of the quantic, or by obtaining the symbolical 
expression of the ternariant with a given leading coefficient, the order in the 
point-variables and the class in the line-variables are derived. The three essential 
elements of each ternariant — its source, its order, and its class — being thus 
known, the full development for tabulation purposes is then only a question of 
differential operators, or of the realization of symbolical expressions. 

Some illustrations are given in connection with the cubic and the quartic, 
wherein some of the well-known irreducible concomitants are algebraically 
expressed in terms of members of the fundamental sets. There is thus afforded 
an opportunity of comparing the functions which are algebraically independent 
with those which are only asyzygetically independent. Speaking generally, the 
result of the comparison is that for algebraical independence the order and the 
class are both much higher than for asyzygetic independence, so that in the case 
of complete tabulation many more terms in variables would occur ; but that the 
leading (and so all the other) coefficients are much simpler in form (that is, 
contain fewer terms and are of lower degrees) than the leading coefficients of the 
asyzygetic temariants. 

The theory is then applied to the unipartite ternary quantic of order n, 
with the result that its fundamental system contains |-(/i + 4)(n — 1) algebrai- 
cally independent concomitants in terms of which every concomitant can be 
expressed. The forms, sometimes explicit, sometimes symbolical in the notation 
of only binary quantics, are given for these leading coefficients ; the order and 
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the class of each temariant thus determined are obtained from the symbolical 
expressions. 

The case of two simultaneous ternary quadratics is next discussed, and it 
appears that there are nine ternariants in the fundamental system. Some sub- 
sidiary ternariants (subsidiary, that is, from the point of view of the fundamental 
system) are obtained ; and the 20 ternariants which constitute the asyzygetic 
system due to Gordan, are expressed in terms of the foregoing system. 

Lastly, the fundamental system of three simultaneous ternary quadratics is 
obtained. 

In Part III the general theory is applied to a number of cases of biternary 
quantics ; the special cases treated at any length being the systems of the lineo- 
linear, the quadrato-linear, the cubo-linear, the quadrato-quadratic, the cubo- 
cubic, and the system of two lineo-linear quantics. Finally, the fundamental 
system of the biternary n^m}^ is obtained, containing 

l(n + l)(n + 2)(m + l)(m+ 2)-3 

ternariants, of which the greatest number are, for this most general case, given 
in symbolic form (the equivalent of solutions of the two characteristic equations), 
and for each of which the order and th6 class are derived from that symbolical 
form. In some cases of the last, ternariants syzygetically equivalent, save for a 
power of Ug,, to members of the fundamental system, are given. 

There is an immense mass of literature on the subject of ternary forms ; 
but, so far as I can see, it deals with asyzygetic ternariants which are more 
difficult to treat, and have been given in full systems only for the uni-ternary 
quadratic, the uni-ternary cubic, and a system of two uni-ternary quadratics, for 
a special form of uni-ternary quartic and for a biternary lineo-linear quantic ; 
and part of the system has been given for the general uni-ternary quartic. 

Some of the principal papers dealing with the theory of the cubic are given 
in Cayley's memoir.* Gordan's memoirs on the special form of the ternary 
quartic occur in the 17th and 20th volumes of the Mathematische Annalen ; the 
concomitants of lowest degrees for the general quartic are given in a memoir by 
Maisano (quoted in §42) ; and several of the concomitants are tabulated in full 

^Amer, Joum. of Math,, Vol. IV, 1881, On the 84 Concomitants of the Ternary Cubic, pp. 1-15. 
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in a memoir by Joubert.* In connection with the general theory, a memoir by 
Sylvesterf may be studied ; and also a recent memoir by Brioschi. J In a memoir 
by Bernardi,§ the characteristic diflferential equations satisfied by concomitants 
of uni-ternary concomitants are giv^n, and the Hessian and the cubinvariant of 
the quartic are there calculated in full. 

In regard to biternary forms in sets of contragredient variables, the most 
important memoir is by Clebsch and Gordan, quoted in the note to §60 ; in that 
note a fairly complete list of the more important papers dealing with bipartite 
forms is given, though most of them discuss the transformation of bilinear forms.|| 

PART I. 

Gbnbral Theory. 

The Differential Eqvations Satisfied by the Goncomitants. 

1. In the discussion of the concomitants of ternary quantics, the ordinary 
(point) variables will be denoted by xi, »,, Og; ^^^ contragredient (line) variables 
by thi ^» ^- The general uni-ternary quantic of order n may be represented 
either in the symbolical form 

/= «S= (aia^ + (h^ + (h^Y, 

or in the reduced non-symbolical form 

f2=z (...., a^gfj . . . 'jxij x%, x^) , 

where the coeflBcient of a,.^ia:|a:s is the multinomial coefficient n!-r-(r! «! <!) with 
the condition r + s + t=^7i. 

Every concomitant ^ , of general order m in the point variables and general 
classy in the line variables, satisfies** the six characteristic linear partial diflfer- 
ential equations 

* '' Sur la th6orie alg^brique des formes homogdnes du quatridme degr6 & trois ind6tennin6es. " 
Ck>mpt66 Bendus, t. LVI (1868), pp. 1045-1048, 1088-1091, 1128-1126. 

t Comptes Bendus, t. LXXXIV (1877), pp. 185&-1861, 1427-1480. 

t "• Studi suUe forme temarie,'' Ann. di Mat., t. XV (1888), pp. 285-252. 

{ Batt. Giorn., t. XIX (1881), pp. 186-150, 258-208. 

II A short table of contents of this paper is given at the end. 

***^ On the Differential Equations satisfied by Concomitants of Quantics," Proc. Lond. Math. Soc, 
Vol. XIX (1888), p. 41. 
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where the summations in the literal operators extend to all distinct integral 
combinations of r, s, t subject to the relation r + » + <=: w. 

2. The 16 Jacobian conditions, which must be satisfied in order that these 
equations may have common solutions, resolve themselves into three classes. 
The finst class consists of 6 equations satisfied identically, in virtue of the rela- 
tions 

[A, A] = o, [A, A] = o, [A,A] = o, 
[A, A]=o, [A, -D4] = o, [A, A]=o. 

The second class consists of six equations satisfied by means of some one of the 
equations (1), in virtue of the relations 

[A,A]=A, [A, AJ = A, [A, A] = A, 
[A, A]=A, [A,A]=A, [A, A] = A. 

The third class consists of three quasi-homogeneous equations, viz. 
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where the operators D^, D^, D^ are 






(3). 
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And the further Jacobian conditions, due to the introduction of the new equa- 
tions (2), are found to be satisfied, in virtue of relations of the form 

[A,A] = A, [A, A] = -A, [A, A]= — 2A, 
[A,A]=A, [A,A] = -A, [A,A]= 2A, 

with similar relations for the other two operators A ^^^ A- 

3. But the equations in the foregoing system, suflBcient for the derivation of 
every partial differential equation satisfied by a concomitant, are not independent 
of one another. 

Let any equation be written in the form P^ = P^j where P is the literal 
operator and P is the variable operator ; then any one of the nine operators P 
is commutative with any one of the nine operators P. Consider, then, any 
function <I> which satisfies two of the equations, say 

p^=zp^, g^=Qr, 

then we have 

,{PQ-QP)^ = (pg-QP)^, 

= igp-PQ)^, 
= {gp-PQ)^. 

If the operators P and Q be commutative, then the equation just obtained is an 
evanescent identity ; but if they be not commutative, the equation is not an 
identity and yet it is different in form from either of the two from which it is 
derived. It is thus a new equation, 

R^ ^ -B ^ , 

satisfied in virtue of the two former equations. 

When this process is applied to the foregoing system of nine equations, it 
appears that they can be reduced to a system of three equations, independent of 
one another, by means of the following sets of relations : 



Di=:DiDi — BlDi 

D', = D',D',-D',Dl 
D!, = D[D',-D'M 
Dl,= DiDi-DiDi 



D, = D,D:-BtDt 
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Thus, for instance, the nine equations can be made to depend on the set 

But it will be convenient to retain the whole system, for it includes the full 
aggregate of equations which are similar to one another in form. 

All combinations, other than those which occur in the foregoing set of com- 
binations, are connected with operators which are lineo-commutative ; e. g. 
AA — AA = 0- -^^d it may be remarked that the operators in the foregoing 
set of combinations are quadrato-commutative, according to laws of the form 

AA — 2AAA + AA = o, 
A A — 2 A A A + AA = o . 

4. It is convenient to assign certain weights to the various quantities which 
enter. We assign the weight zero to ccg, unity to x^^ and p (unspecified but, if 
desirable, diflFerent from zero or unity) to x^. Since / and u^ (= UiXi-\-UiX^+ u^ 
must be isobaric, we assign to ai and u^ the weight zero, to a^ and u^ the weight 
p — 1 , and to Oj and u^ the weight p.* Then the weight of the coefficient a^^ ,, ^ 
is 5(p — 1) + <p; and the following changes are caused on any isobaric function 
by the operators : 

The operator A increases and A decreases the weight by 1 , 

D^ it ii J)^ ti a li a p_l^ 

Ul IJ% p . 

5. Now suppose the concomitant ^ expanded in powers of the point 
variables, in which its order is m ; this expansion is of the form 

<i>=«r<i>o,,+ . . . . + Hd ^ -'+ • • • • (*)• 

When this expression is substituted in the six fundamental characteristic equa- 
tions (1), the result is in each case an identity; hence, by comparison of the 
coeflScients of the various x-combinations, we have the relations 






(6); 



• The weights o^a + p-~\^<j + p (a unspecified) might be assigned to Ui , Uj , tt, ; but the foregoing 
assignation is equally efficient for the purpose of obtaining the difference in weights of the variable 
parts of two terms of a concomitant. 
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A*r. , + «J -^' = e^r + l, ,-1 



d<t> 



l)«<I>r..-l 



A^r. .+ «i -g^' = (m - r - « + l)r«I>,_,. . 

Prom the first pair of these, viz. (5), it follows that if ^^ and m be known, the 
full expansion of the covariant can be obtained merely by processes of differen- 
tiation, for the two equations give the relation 

^r. . = (a + «. |;)'(A + «, ij<^.. (I). 



And from the remaining four it follows that <I>o, o (= P) satisfies the four equations 

(6). 



3P ?iP 



f)P PiP 

AP + «.a^ = 0, D,P+u,^=0 

6. One immediate inference as to the isobaric character of a concomitant 
can be derived ; for if P be assumed isobaric and of weight s , then the weight of 
4>r, , is, on account of the effect of the operators D^ and Z?5, equal to e+r (p — l)+sp, 
and therefore the weight of the term a:r"''"""'^5^^r, # is 

{m — r — s) p + r + e + 6 {p— 1) + sp , 

that is, it is Twp + e, and is therefore the same for every term. 

7. Let 4>oo(= P), which in general is a function of Wi, w,, 2^3 of classy, be 
expanded in powers of these variables in the form 



P=Vi^O.O+'' 






(7), 



in which the quantities 4' involve only the coefficients of the quantic. Then 
proceeding as before, a comparison of the various combinations of the variables 
in the equations (6) after the substitution of P leads to the relations 



A^,..+ ^c.«+i =01 



(8). 
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From the last pair of these, viz. (8), it follows that if ^^q^ q be known and also jp, 
the full expansion of P can be obtained merely by processes of diflFerentiation ; 
for the two equations give the relation 

^..»=(-l)'+'^lW«.o (11). 

But this relation shows that if ^'o. o ^^ known, the value ofp can be derived from 
it. For the term involving the highest power of v^ has, save as to a numerical 
factor, tlie coeflScient ^'cpJ ^^^ ^ coeflScient ^^q^ p^i is necessarily zero. Hence 

and similarly > (9). 

i>f+V..o=o) 

The value of ^ can thus be obtained when ^'o, o is given by operating with i), or 
7)4 a number of times in succession ; the value is evidently less by unity than the 
number of times first necessary to give a zero result. 

From the former pair of equations it follows that ^'o, o satisfies the two equa- 
tions A^o.o=0, ^4^0.0=0 (10). 

8. Before proceeding to discuss the efiect of the subsidiary characteristic 
equations (2), it is desirable to reconsider the main equations (1). 

The preceding results have been deduced on the supposition that the con- 
comitant <I> is most conveniently arranged initially in powers of the point- 
variables. But if we take an alternative initial expression in powers of the line- 
variables — a necessity in the case of pure contravariants — in the form 

^=^1x0.0+ ....+(- i)'-'''^r^;cr.. + . . . . (4'), 

and substitute in the original equations, then- similar analysis gives the two 
results : (i) that Xr, « is determined from Xo, o by the relation 

Xr. t = ( A - Xs 3^)'(A - ^ Q^JZO. (HI), 

and (ii) that Xo. o (= Q) satisfies the equations 






(«')■ 
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And when Q, a function of the point-variables, is expanded in the form 

g = xr0o.o + . . . . + '^^f^^.i + • • • . (7') 

(with the evident relation 60,0= 4^0, o» ®ach being the coeflBcient of Xiuf in *), 
then^ by means of the equations (6') it follows that 

that m can be determined by either of the equations 






and that 0o. (= '^o, 0) satisfies the same equations as before, viz. 

^4^0.0 = 0, A^o.o = (i(y). 

9. Hence it follows that a concomitant is uniquely determined by the coeflS- 
cient of its leading term; for by (9) and (11) its order and class are deducible 
from that leading coefficient, and either by means of (I) and (II) or by means of 
(III) and (IV) the full expansion can be obtained. 

10. The determination of a concomitant thus resolves itself into the deter- 
mination of the leading coefl5cient of that concomitant. We have already seen 
that it must satisfy the two equations (10) ; there remains the consideration of 
the effect of the subsidiary equations (2) on the leading coefl5cient. When the 
expanded form of the concomitant ^ is substituted, then so far as <I>o^ is con- 
cerned we have the relations 

A'^'o. = (^ —P) ^0. = — A^o. 0; A^o. = 0, 

which, on account of the forms of the operators A> Ai A *re equivalent to 

A^o.o = I ^^^y 

A^o.o=(^— i?)^o,o^ 

Hence it follows that ^'o. satisfies the two characteristic equations (10) and the 
two quasi-homogeneous equations (12). 

11. As in the corresponding theorem in binary quantics, it follows that 
every function, derived by the complete set of equations through an isobaric solu- 
tion '4'o. of the determining differential equations (10) and (12), is a concomitant. 

12. Two remarks remain to be made: one is that the operators used in 
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deducing the expansion of the concomitant are, in pairs, applicable in any order, 
viz. A+^3^aii<* A+^^» A and Dg, A— ar, — and J9,— Xj^, D^andJ),. 

The other is that the expansion has been derived in descending powers of Xi 
and Ml, while it might equally well have been so derived in regard to x^ and t/,, 
or cTj and u^] and thus the leading coeflBcients of concomitants (which are not 
invariants) will be specially associated with coeflBcients of terms involving high 
powers of Xi in the quantic, as later coeflBcients will be specially associated with 
coeflBcients of terms involving high powers of x, and ofx^. 

13. The general inferences as to the equations which determine the various 
classes of concomitants are as follow : 

The leading coeflBcients ^^ of all mixed concomitants (Zwischenformen) satisfy 
and are determined by the characteristic equations 

and, as will appear subsequently, every adopted solution of these two equations 
identically satisfies the subsidiary equations 

A^=0, D,'4^ = {m — p)ii^, 

where m is the order of the mixed concomitant in the point- variables and p is 
its class in the line-variables. The integers m and p are determinable from 
equations (9) and (11) ; and the full development of the concomitant is given by 
equations (I) and (II), or by (III) and (IV). 

The leading coeflBcients of all pure contravariants (Zugehorige Formen) satisfy 
the characteristic equations 

they satisfy identically the subsidiary equations 

where p is the class of the contravariant. 

The leading coeflBcients of all pure covariants satisfy the characteristic equa- 
tions A^ = 0, A'4' = 0, D,i^=0, A^ = 0; 
they satisfy identically the subsidiary equations 

where m is the order of the covariant. 
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All invariants satisfy the characteristic equations 

and they satisfy identically the subsidiary equations 

14. It thus appears that from the point of view of analytical derivation of 
the concomitants, it is in every case necessary to obtain the common solutions 
of the two equations A'4' = = A'4'» ^^^ ^^^^ from every common solution the 
corresponding order and class can be deduced. Whenever either the order or 
the class, or both the order and the class, may happen to be zero, two additional 
equations for each zero are satisfied by the common solution of A'4' = = A'4'- 

It is not, however, necessary to determine both m and p, the order and the 
class, of a mixed concomitant by the processes indicated. Since Xiu{4' is a term 
of the concomitant, so also ifcis x^ui''4^, where -4^' is the value of 4 when cor- 
responding coefficients of the quantic are interchanged by the substitution 
Xi = X,, a-j = Xi, Xs = Xs. If, then, W be the weight of 4/ and W that of i^', 
we have from the isobarism of the concomitant 

mp+ W=m + p{p—l)+ W\ 

so that _ W'-W 

a quantity thus determinable by mere inspection. No further relation to deter- 
mine m and p, other than an equivalent of this relation, can be obtained by 
such interchanges and substitutions. In using the relation, moreover, it is suffi- 
cient to obtain TTand TT' from any — the simplest — term in 4^. 

In order, then, to determine by this method the quantities m and p to be 
necessarily associated with the concomitant determinable by a given solution a//, 
the first step will be to determine the value of m — p] the second will naturally 
be to determine the smaller of the two quantities (should they be unequal) by 
the equations (9) or (11). 

There is, however, another method of proceeding which is much more rapid 
for the determination of m and p, though less advantageous for tabulation pur- 
poses. It is a consequence of the theorem that every ternariant can be repre- 
sented symbolically, that a leading coefficient is sufficient to determine the 
ternariant uniquely ; if, therefore, a leading coefficient be given, the most rapid 
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method of obtaining an expression is to change that leading coeflScient so that it 
may be constituted solely by the umbral elements of the original quantic or quan- 
tics, and then to complete, by means of the variables, the various factors of that 
umbral form according to the laws that govern symbolical expressions. Thus 
for instance an umbral factor ai would be completed into a^., an umbral factor 
JjCg — ftgCg into (bcu), and so on. 

15. Further, since each of the characteristic equations is linear and partial 
of the first order, there will be for each quantic a definite number M of alge- 
braically independent solutions of A^ = = D^t^ ; and it is a consequence of 
the theory of such equations that every solution can be expressed as a function 
of these M solutions. It has been seen that each such isobaric, homogeneous 
solution determines a concomitant, and therefore for every quantic there is a 
definite number M of concomitants algebraically independent of one another, 
such that any concomitant of that quantic can be expressed in terms of those M 
concomitants, and of the universal concomitant u^ = UiXi + v^x^ + u^x^. 

Such a system of concomitants is not unique ; it may be replaced by an 
algebraically equivalent system, containing necessarily the same number of inde- 
pendent concomitants. And the independence is not merely syzygetic, it is an 
algebraical independence. 

16. In the matter of notation, it is desirable to have the coeflBcients of the 
quantics so chosen as to render the analytical forms of the characteristic differ- 
ential equations as simple as possible. Thus the ternary quadratic is taken in 

the form a^fx^ + 2a'8«ia?i + a|a, ; 

+ SJoXiXg + 2xsbiX^ 
+ Coal; 

the ternary cubic in the form 

a^arf + Sx^iS^ + Sa^aga-j + a^Ogj 
+ ^h^iXi + Sx^ibiXiX^ + 3a|&2^, 
+ ^Cfpcypi + Sa-gCial 
+ d^, 

and the arrangement of the coeflBcients for the general quantic can evidently be 
made to follow the same law. 

With this notation the six literal operators in equations are : first, the two 
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the simultaneous solutions of which have to be obtained are 

■^■=°' I; +"• §6", "•""■A+'+^C*'^"*" *'!;+•••) +'("'a^+-)|. 
^.=»'^+''l;+*l;+-+K*'^+'^4+-)+<*'4+--)j' 

second, the two which serve to give the development of the concomitant in 
powers of x and to determine m are 

o o o 

A = w&,9^ + (n- l)co^ + («- 2)d„^^ + . . . . 

+ {n—l)bi^^ + (n—2)ci^ + + (« — 2) 6, ^^ + 

O pi ^ 

^''= "«^a^ + (^ - i)«>a^ + (« - 2)«.a^ + • • • • 

+ («- 1) Ji !;; + («- 2)6,^ + .... +(n- 2) ci^+... 

third, the two which serve to give the development of the concomitant in powers 
of tt and to determine p are 

A = ao|;+2a,|; + 3a,|-^ + ...+6„|-+25,|-^+... + c,^ + ...| 

and fourth, two of the three operators connected with the subsidiary equations 
(2) are 

O O o ^ 

A = 0.ao^ + 6oaj;+2Cog^ + 3io^ + ... 

+ («-i)«iJ; + («-3)6i^^ + («-8)c,|^ + ... 

+ (n-2)a,^ + (n-4)6.A + ... 

+ («-3)a,|-^+... 
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17. In obtaining the leading coefl5cient8, which are the simultaneous solu- 
tions of the equations Dj = and D^ = 0, the special form of those two equa- 
tions leads to an easy method of classifying the solutions. 

They may be regarded in two ways : first, they are the differential equations 
of the simvltaneotis invariants of the system of binary gvantics 

(Jo, a,lX, F), 

(co , 6i , a,][X, F)», 

(do, ci , 6,, a^lX, Yy, 

second (which is practically another form of considering the first, and which is 
the way in which they will be regarded in subsequent applications), they are the 
differential equations of the invariants and covariants of a system of simultaneous 
biliary quantics, the coefficients of which are 

Co, 6i, a^'j 

cIq, Cj , Oj, a^] 

Cq , dif Cg , 63 , a^] 



and the variables of which {and of their covariants) are a^ and — 6o- 

This interpretation is limited to imipartite quantics ; a similar interpreta- 
tion is found subsequently for bipartite quantics. It is to be noticed that, in the 
present case, the coefficient a^ of the leading term of the fundamental quantic 
does not occur in either D^ or D^\ and it is therefore a simultaneous solution 
which must, for the aggregate, be associated with the system of simultaneous 
binariants. With this addition, and regarding ao as a binary quantic of order 
zero, the former of the interpretations of the characteristic equations now is: 
they are the differential equations of the simultaneous invariants of the system of 
binary quantics 

(6,. a,lX, Y)\ 

(c,, h„ <hIX, Y)\ 

(do, Ci , 5,, a^X, Yf, 

(«oi di, Ci, bg, a^X, Y)*, 
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18. In the successive applications we shall limit the investigations to the 
deductions of concomitants which are algebraically independent of one another, 
and it is therefore necessary to indicate the number of these concomitants which 
must be expected in any case. 

Let N be the total number of literal coeflBcients which exist in the most 
general forms of the quantic or of the system of simultaneous quantics, the 
algebraically independent concomitants of which are desired. Then, when the 
linear transformations are effected on the quantics, there are N equations con- 
necting the new coefficients with the old ; and all these equations involve the 
elements of the transformation. 

In addition to these equations, we have three connecting the variables x 
and X, and three connecting the variables Cand u] also one more given by 

A = determinant of transformation. 

There are thus in all iV^+ 3 + 3 + 1 =-Ar+ 7 equations which involve the 
elements of the transformation. 

These N+l are not, however, independent; their number must be reduced 
by unity on account of the relation 

which, independent of the elements, is satisfied for all linear transformations. 

The number of equations, independent of one another and involving the elements 

of the transformation,, is therefore 

JVr+6.- 

The number of elements of the transformation is 9 . 

When, therefore, we proceed to eliminate, among the independent equa- 
tions, the elements of the transformation, we shall in the end have 

(iV^+6-9=)iV^-3 

relations independent of one another, these relations involving x, X; u, J7; A, 
and the coefficients. But we otherwise know that these relations are of the 

form 4> (^ , X, CT) = A^^) (a, x,u), 

and every such relation determines a concomitant. Hence the number of con- 
comitants algebraically independent of one another is N — 3 ; and in terms of these 
every concomitant can be algebraically expressed. 
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It is to be understood that, in addition to these, we have the universal 
concomitant u^, . 

A method of obtaining this number is indicated in §35 after some simple 
cases have been discussed. 

PART II. 

Applications to Unipartite Quantios. 

I. — The Quadratic. 

19. In this case there are six coefficients, and the equation A'4'= is 

Forming the auxiliary equations necessary to obtain the most general solution of 
this equation, we have 

cUiq dai da^ dbQ dbi cIcq 

'^ ~~0'~ ~0'~~ai^~~ai^~ Wi' 

Of these five auxiliary equations it is necessary to have five independent 
integrals, which may evidently be taken in the form 

O^zna^Co — 5J. 

Every solution '4' of the equation D^^^ = can, by the theory of this class of 
differential equations, be expressed as a functional combination of 6o, Oi, 6%^ 63, 6^; 
and therefore, to obtain solutions common to i)i'4' = 0, A'4'= Oi we must take 
such functional combinations of 60, 61, 62, 6^, O4 as satisfy JDi'4^=^ 0. Now 

so that do and 64 are common solutions of the two equations. And 

A^8 = ^A — ^i^o» 
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Hence, writing j? for di^* and q for dj^r*, ^® ^^^^ 

and therefore, since D^d^ = 0, we find 

so that the only functional combination other than do ^^^ ^4 ^^ 

= (0| + TO^' 

= a»6J — 2aiii6o + afco , 

after substitution and reduction. And it follows that every solution common to 
Di^ = 0, D^t^/ = is expressible in terms of 0©, 64 and ^. 

The subsidiary operators D^ and D^ are, for the present case, 

And by actual substitution we find 

D^do— 0, A04= 0, A<?> = 0; 
D^do=2eo, A04= — 2O4, A<l> = 0; 

so that the subsidiary equations are satisfied provided the values of m — p asso- 
ciated with 6o» 04» and <}> respectively are 2, — 2, 0. That these are the values 
may be verified at once by the method of §14. 

20. Considering now ©o, we have m — jp= 2, so that we determine p. But 

by §7 it follows that ^ = and therefore m = 2. Hence the concomitant is 
that is, it is the original quantic. 
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Considering now O4, we have m — ;? = — 2, so that we determine m. But 

80 that by §8 it follows that m = and therefore 2>= 2. Hence the concomitant 
is = (osjCo — *i) »4 + » 

that is, it is the reciprocant of the original quantic. 

Considering now <J>, we have m — p = 0, so that we determine either 

m ox p. We have 

Z?|<^= 2(aSco — aoJJ), 

80 that by §7 it follows that p= 2 and therefore m = 2. Hence the concomi- 
tant is 

<I> = (a,i^ — 2ai6i6o + ai^o) a^t^ + . . . . 
Hence : 

Every concomitant of the quadratic can he expressed in terms of U^®^ and 4>. 

21. A simple illustration of the principle of equivalent systems arises in 
the present case. We have 

A<^ = — 2^0 (6160 — «iCo) , A^o = » 
A^4= 2(aiCo — 6oM» 
so that A (^0^4 — <^) = . 

Hence O064 — <}> , as the leading coefficient of a concomitant, has jp = ; and 
evidently from the combination of 0© ^.nd Q^ it has m — ^ = 0, so that m = 0; 
the function is an invariant. We therefore take 

= aoCgO, + 2aJ)J)Q — a^h\ — ajbl — a\cQ ; 
and we evidently have 

80 that we have an algebraically equivalent system given by J7, , H) and in 
terms of these three concomitants every concomitant can be expressed. This 
is the ordinary theory of the quadratic. 

It will be noticed that the foregoing method of operators determines a non- 
resoluble concomitant from a given leading coefficient; the combination 60O4 — ^ 
determines H, and not i4^* 
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II.— ITie Cubic. 

22. In this case there are ten coefiScients, and the characteristic equation 
A^/' = is 

'"'dbo'^ "^db,^ "'db,-^ ^^'Wo + ^*^ + ^""^dd,-^' 

Proceeding to obtain the general solution in the usual way, we form the 
auxiliary equations 

da^ dai da^ da^ d\ dc^ dd^ dhi dci dh% 

nine in number ; it is necessary that we should have nine independent integrals 
of these auxiliary equations in order to form the most general solution possible 
of A'4' = 0. 

Now systems of nine independent integrals can be formed in several ways, 
and these systems are equivalent to one another ; that is to say, they are such 
that the functions occurring in any one system can be uniquely expressed in 
terms of the functions occurring in any other system. Thus we may take 

CTo, «!, Ctj, ^3, 

ajbl— 2aA6o + «i<5o» 

agCo — 5f, 
agCj — 6|, 

which are independent of one another, and will therefore constitute a system of 
the kind required. And modifications can evidently be made among the mem- 
bers of a system, provided that the proper number of independent functions 
remain ; thus, in virtue of the relation 

Oj {a^hl — 2ai Ji6o + ^^o) = («2*o — «i*i)* + «i {phfi^ — &i) » 

we may replace a^ by ajb^ — aj}i . 

But it appears on trial (the work is not here reproduced) that the equa- 
tions similar to those of §19, necessary for the deduction of those functional 
combinations of the integrals of the foregoing system which will satify Dq'4^=> 0, 
are difficult to solve, though not at first sight difficult to form. The system of 
integrals, which seems to be the easiest to treat in this regard, is obtained by a 
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method similar to that which is adopted in a corresponding question in the 
theory of functional invariants* whereby one of the variables of the equation 
i)j'4'= is made, so to speak, a "variable of reference" — a quantity in powers 
of which integrals are expressed- And the method has the additional advantage 
of an obvious purely mechanical generalization to quantics of any order. 
23. We take, then, as the first of the system of nine integrals 

and have at once, replacing D^ by A for convenience, 

so that tto is a solution common to the two characteristic equations. 
We take as the second of the system 

and have A6i = 6o ; 

this quantity a^ is taken as the "variable of reference." 
We take as the third of the system 

so that AO, = 26i, and therefore 

B^AQ^ — 20,A0i = 2 (aA — a^\) . 
Now it may be at once verified that 

6s = «!&! — a%bo 

is a solution of the auxiliary equations, and so may be taken as the fourth of 
the system ; and since 

A03 = ttiCo — 6i6oi 
we have ^i Adj — 63A61 = a\cQ — 2aJ>ibQ + a^ij . 

It can similarly be verified that 

0^ = ajco — 2ai6i&o + ««&o 

is a solution of the auxiliary equations, and it is therefore taken as the fifth of 
the system. And since 

A04 = O, 

it is a solution common to the two characteristic equations. 

* ^^ A class of functional invariants." Phil. Trans. (1889, A), pp. 71-118. 
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Proceeding similarly, we take as the sixth of the system 

65 = 0,, 
so that, since Ad^=: S^,, we have 

OiAO^ — SOjAdi = 3 (a A — a^bo) . 

As before, it may be verified that 

0$ = aib% — aJ)Q 

is a solution of the auxiliary equations, and may therefore be taken aa the 
seventh of the system ; and 

A0e=2(aiCi — 6oM» 
so that diAO^ — 26^^! = 2 {a\c^ — ia^b^ + ajbl) . 

Again, the quantity O7 = a\ci — 2ai6o6« + d^l 

is a solution of the auxiliary equations, and it may therefore be taken as the 
eighth of the system. We have 

AO7 = a\d^ — 2aiVi + i^lhy 

so that Oi A07 — 67 A^i = aldo — SaJJo^i + Suiblbf^ — a^bl . 

Lastly, the quantity 

^8 = aldo — Salbffii + Sa^blb^ — a^bl 

is a solution of the auxiliary equations, and it may therefore be taken as the 
ninth of the system. Moreover, since 

A08=O, 

it is a solution common to the two equations Di^ = 0, D^4^ = 0. 

It follows from the forms of the nine quantities 6 that they are independent 
of one another, for a^ is introduced into the system by Oq, ai by 61, a, by 6,, 
^1 l>y ^3i ^0 ^y ^if «3 ^y ^6> h by O^, ci by d^ and d^ by 6^ alone, so that among the 
quantities 6 there can be no relation. 

24. The process here adopted is one of general application. We take as 
the first integral of the auxiliary equations the coeflScient of the highest power 
of Xi, and as the ** variable of reference," the coefficient of the next lower power 
of sci which involves x^] starting-points in the succession of integrals are given 
by coefficients of the terms in the quantic involving Xi and 0:3 only, and succes- 
sive integrals are suggested by framing combinations of the type 0iA0„» — ^d„,A6i. 
These combinations will be called Jacobian combinations. 
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26. Returning, now, to the equations given by the Jacobian combinations 
of the quantities with 6^, and modifying them by the substitutions 

^5=^<?>6» ^«=6i4>«. ^7=^i<^r» ^8 = <?>8; 
we have them in the form 

0fA<J>s = 4)4, 

0fA4)5=:34)8, 
0fA<^e=2<J>,, 

0JA^8 = O. 

These are the equations which, when integrated, determine those functional 
combinations of the quantities 6 which are to be solutions of the equation 
i)8'4' = 0. There must (§18) be obtained for this purpose seven independent 
integrals of these equations, and they may be taken in the forms 

;C4 = <?>8, 

Z6 = <?«^8 — <??» 

X« = ?>5^8-34>6?>74>8+24>7^ 

Xt = ^8^8 — ^i^l • 

Every solution of the equation i)e'4^ = 0, which is also a function of the 
quantities ft or the quantities 4> and is therefore a solution of the equation 
A'4'= 0, can be expressed in terms of the quantities X\y X%^ Xfi^ Xi^ Xi^ Xt^ Xi^ 

Hence every solution common to the two eqtiations Di^' = 0, D^^^ = 0, can be 
expressed in terms of these seven solutions common to the two equations and algebraically 
independent of one another. 

26* The effects of the operators JD^ and Z), on the quantities 6 are as follows: 
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and therefore 
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If, then, when the seven quantities x ^^e expressed in terms of the original 
coefl5cients of the quantic, the several values of m — p for each of the quantities 
derived by the method of §14 should agree with the values as given in the last 
line of the table ; then, by the preceding theory, each of the quantities x is the 
leading coeflScient, or the source, of a concomitant the full expression of which 
is obtainable by the methods previously given. 

27. When actual substitution is made in the quantities x ^°d the resulting 
expressions are reduced, the following are their respective values : 

^o = ;ki = ^' 

v% = X% = i^oi &i» <hhu — hoY, 
fh = X8 = (h(^o—i\f 





— 6,0, 


-61 
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^S = %6 = 
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+ 6,c? 


— (hhdo 
+ 2a,cJ 


-ayio 

+ 3aj5,c, 
— 2bl 



lai, —bof, 



Ji.s=Zi = 



Mo 
— Vi 


— 26,Co 


— Chfio 
+ 2a,Ci 

-bA 


-fa^b. 



lai,—hoY 



} (13) 
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The determination of the quantities m — p to be associated with these is made 
by the method of §14. Thus, in the case of x^^ the weight of any term as 
afc^o is Tr= 6p — 3, while that of the term cfao, obtained from this by inter- 
changing the coefficients of similar terms in Xi and Xg , is TF' = 9p — 6 , so that for 

W-W ^ 
m — p = — = 3, 

agreeing with the value in the table. The values of m — p thus derived for the 
quantities x agree with the values in the table ; and hence we infer that these 
quantities x ^^^ leading coefficients of concomitants of the cubic. These con- 
comitants will be denoted by Uq] U^, JSi; JJg, H^, 4>3; J,^ 3. 

28. We now infer the general theorem : 

Every concomitant of the ternary cubic can be expressed as a function of the 
concomitants Uq] U%, H^] Us, H^, 4>3; J^^ 31 ^^^^ ^^ universal concomitant u^. 

The universal concomitant u„ needs to be included ; for any constant, say 
unity, is evidently a solution of the characteristic equations and yet the expres- 
sion in terms of the seven concomitants is nugatory. The development of the 
concomitant is normal ; for since 4o. 0= 1 we have m=^p and <^o. = ^j so that 
m =p = 1 . Also 4)1. = % ; <^o, 1 = ^8> fi-^d thus we have Xiii^ + x^u^ + x^u^ as 
the full expression. 

It is a known theorem — here practically proved again — that u^ is the only 
irreducible universal concomitant for ternary quantics ; it is therefore the only 
one that needs to be associated with the algebraically irreducible concomitants 
special to any quantic. And it is of importance in the expressions of algebrai- 
cally reducible concomitants ; for when a relation obtained through the leading 
coefficients is changed into one between the concomitants, it is necessary to 
associate with each term in the relation such a power of u^ as will render the 
order and the class uniform throughout. 

29. Before these concomitants can be considered as fully given, it is yet 
necessary to determine for such of them one of the integers m or p and infer 
the other from the value oim — p. 

First, for x\^ we have m — jp — 3, so that we determine j9, using (9). Evi- 
dently D^Xx = , so that jp = , and m is therefore 3 . Thus 

?7i = ;i:xa:? + .... (14), 

being in fact the quantic itself. 
4 
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Second, for x%y wo h9.v& m — ^ = 3, so that we determine j>. We have 

DtXi = 2ao (oiCo — W) , 

so that ^ = 2 and m is therefore 5 . Thus 

Ut = x^A-^-'-' (15). 

Third, for Xit we ^*ve m — ^ = 0. To determine p we have 

A%8=2(aiCb — W. 
IAxt=HatPf>-V^f 

so that^= 2= «n. Thus 

Bi = Xi^A-\- (16). 

In this connection one result may he noticed. From the forms of D,;^, and 

DtXfi , we have * A (;& — Zi;t8) = • 

The value of m — p to be associated with x% — XiXt ^ 3» *°^ *^® equation just 
obtained shows that p is zero, so that Xi — XiXa >& the leading coefficient of a 
pure covariant of the third order. It is the Hessian H, and we have the relation 

Fourth, for Xii ^or which m — j) = 3, we determine p. We have 
JAXi = 6«o ip^A — 3ao6o + 26J) , 
BO that Llxi = ^ i hence j) = 3 and m is therefore 6 . Thus 

D'8 = ^««X+.... (17). 

Fifth, for Xi, for which m=j?. We find in a similar manner that i>= 4, 
so that m =: 4, and thus 

Bi = x^^ + (18)' 

Similarly, for Xt\ we find j9 = 6 = tn , so that 

*s = ;K6a;X+ (19), 

and for Xi we find p = 4 and »j = 7 , so that 

«^».8=^7«l«l+ (20). 
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It need hardly be remarked that in order to obtain the complete exprefisions 
of these Beven fundamental concomitants, it is not necessary to effect all the 
differentiations implied by (I) and (II) for all the terms ; for, since any concom- 
itant is symmetric, either direct or skew, in variables and coefficients of terms of 
similar rank in the quantic, the knowledge of one term is sufficient to give by 
symmetric interchange all terms of similar rank in the concomitant. 

30. The important connection of §17 between the theory of ternary quantics 
and that of simultaneous binary quantics, can here be made applicable immedi- 
ately to the cubic. On inspection of the equations, it appears that they are the 
characteristic differential equations satisfied by covariants (and invariants) of the 
simultaneous binary quadratic and binary cubic having a^ and — h^ for variables ; 
and that therefore every simultafieous invariant or covariant of the binary quadratic 
and bmary cubic having ai and — Jq f^^ variables^ is the leading coefficient of a con- 
comitant of the ternary cubic. Moreover, this is practically the actual form in which 
the sources have been obtained, and it is on this account that the symbols Vf^ (the 
binary quadratic), A, (the Hessian or discriminant of the quadratic), v^ (the binary 
cubic), ^8 (the Hessian of the cubic), <^8 C*^® cubicovariant of the cubic), and 
J^s (the Jacobian of the quadratic and the cubic), have been assigned to the 
sources. 

Hence known results from the theory of the binary concomitants can be 
used for the theory of the ternary cubic ; and conversely, the foregoing theory 
leads to an important inference as regards simultaneous binary quantics. The 
quantity ao, thus interpreted, is in fact the binary quantic of order zero ; that is, 
in the theory of simultaneous binary quantics it is a pure constant, and hence it 
follows that every invariant and, every covariant in the system which belongs to a 
binary cubic and. a binary quadratic can be algebraically expressed in terms of the 
quadratic and its discriminant^ the cubic vnth its Hessian and cubicovarianty and 
the Jacobian of the cubic and the quadratic.'*' 

31. As illustrations of the general theorem that all the concomitants of the 
ternary quantic are expressible in terms of the given system, we proceed to 
some special cases. 

* For the theory of the asyzygetic concomitants of the binary quadratic and binary cubic when 
simultaneous, see Salmon ^s Higher Algebra, ?149, in 8d edition (1876) ; Clebsch's Theorie der hindren 
algebraischen Formen^ 259; Gordan's Vorlesungen Hber Invariantentheorie^ |81 (a comparison of their 
notations is given in my memoir, '^A class of functional invariants/' Phil. Trans., 1889, A, p. 91, note), 
and Hammond, The cubi-quadric syBtem, Amer. Journ. of Math., Vol. VIII (1886), pp. 188-155. 
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The cubic contravariant P has for its leading coeflScient* 

p = c^{a^i — hi)— hi {a^o — Vi) + Oj (Mo — <a), 

which is the invariant / of Salmon, the intermediate invariant of v, and kg. 
Now if -ff'be the Jacobian of two quadratics di and 6^ of which the discriminants 
are A and Z), and intermediate invariant is /, then 

Taking 6, to be v^, we have D^'=-h^-^ and taking 6i to be h^^ we have 

4A = 4 (Mo — «a)(as^i — ^1) — (Mo — ft»Cj)» 
= — discriminant of cubic 

= --^<*5 + **»)• 

for K,j^, <j>3 are all Jacobians. Hence the relation becomes 

so that ^2^ =yM^ + j%^v^^z — ^J^8 + ^^ • 

Hence passing to the concomitants of which the foregoing quantities are leading 
coefficients, we have 

the factor u^ being inserted to make the order and the class uniform. 

The reciprocant i^(Cayley, 1. c, p. 644) has for its leading coefficient 

/= aypQ — 6Gr,Vi^o + ^(^s^i + ^dobl — 36JcJ 
= -i-(4>5+4^S), 
and therefore 

no factor u^ being necessary. 

The value of the quartinvariant S (Cayley, 1. c, p. 641) is 

S^zv^p — h^ + hl + l^ 
* Cayley, Third Memoir on Quantics, Phil. TranB., 1866, p. 642. 
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(in the table the quantity — cj^h should be — c/h*) , where 
k = ai{ drfxjbi — Ci (ogCo + 26J) + 3 Vo*i — ^s^o } 

— 60 { d(/A — ^<h<hh + h (^a^o + 26J) — OsCoJi } , 

being in fact the linear covariant L^ of Salmon {=q of Gordan); and it has 
already (§30) been proved that ?, must be expressible in terras of the seven 
functions (13). In fact it is not difficult to verify that 

l%v^vi = — 4>3t?i + y^ (*«^8 + 3*3^ +j}z) . 
Hence 

the relation among leading coeflBcients. This, when turned into the correspond- 
ing relation between the concomitants, is 

the power of w^, being inserted to make the order and the class uniform throughout 
the equation. 

And in every case the first step in the expression of a given concomitant in 
terms of the fundamental concomitants is the arrangement of its leading coeffi- 
cients in powers of ai and h^ (i. e. of A and/ in Cayley's tables). 

32. As a last illustration we may take the following: It is a consequence 
of the general theory that each of the eight quantities U, H,^\ P, Q, F\ S, T* 
is expressible in terms of the seven fundamental concomitants and of Ug,, 
Hence some relation must subsist among these eight quantities and w^, an irra- 
tional form of which relation can be obtained by the following indications. 

Taking U in the form x^ + y^ + ^ + 6lxyZj we have 

^ +y^ +2» =;i, 

xyz^=- r, 

where X, (i, r are expressible in terms of CT, Hy * and the coefficient I. Now if 
x + y + z=z 3p, yz+ zx + xy=: Sq, we have 

q{q'—pr) = ^{S7^ — (i) = p, say, 

" • c 

•Cayley's 84 Concomitants of the Ternary Cubic, Amer, Joum. of Math. ^ Vol. IV (1881), p. 1. 
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where <y and p are similarly expressed to A, ju, r. From these it follows that if 
jp* = F, we have 

r«— r»(3(T + r) + r(3<T» + w — p) — (t'=0. (i) 

Similarly, if ^ + n' +^ =A-', 

where X', f£', r' are expressible in terms of P, Q, F and the coefficient Z, and if 
we write ^ + ,7 + f = 3/ = 3^ F, then 

T" — F" (So' + /) + r (3(7" + r'o' — p') — (/" = , (ii) 

and both T and F' (and therefore p and y) can b6 expressed in irrational forms 
by means of (i) and (ii) in terms of the three covariants, the three contrava- 
riants and the coefficient l. 

Now sc, y, 2 being the roots of 

if — Zpvf + 3gu — r = 0, 

and ^, Yi, ^ those of 

u^ — Spfu^ + Sgfu — / = , 

then (Burnside and Panton, Theory of Equations, 1st edit. p. 113) 
satisfies the equation 

{pp' - ty - 3M' {pp' - <) + T igg' ± ^/AA') = 0, (iii) 

where jl ^ ^ 

gr = — r + Spq — 2p^ = — r — Sa +p^, 
and A = gr* + 4h\ 

with similar values for A', gr', A'. 

When the value of ^ (= v^ F) derived from (i) is substituted in h, g, A^ 
they are expressed (irrationally) in terms of I and the three covariants ; and 
when the value of ^ (= v' F') derived from (ii) is substituted in A', g^, A', they 
are similarly expressed in terms of 1 and the three contravariants. When both 
these sets of quantities and the values of p and jp' are substituted in (iii), it comes 
to be an equation between U^ H^^] P, §, F] u^, and L When its rationalized 
equivalent is obtained, it follows — from the fact that all the occurring quanti- 
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ties, other than combinations of ?, are covariantive — that such combinations are 
also covariantive ; that is to say, they can. be expressed in terms of S and T.* 
This rational form would be the required relation. 

Symbolical Representation of the Concomitants. 

33. Instead of determining the order and the class by means of equations 
(9) and (11), the following method is effective, viz. to change the leading coefficient 
into one which is symbolical in the umbral elements of the original quantic^ and com-' 
plete this symbolical expression according to the laws which apply to the concomitants 
of ternary qvantics. 

For this purpose let 



Then 



^ Ui = a^^ + . . . . = aj = /3» = yS = 
\ = agCo — 6} = -|- ai/?i i^^sY, 
and therefore rr ^ / a \% a 



Next we have 



t?3 = (co, 6i, a,][ai, — 6o)* = (^A 
for Co = aiol, bi = aiO^cxj, Oj =: aiaj, and 

• • =i8!(a./3,). 

Hence, remembering that with the symbolical notation, the repetition of a real 
coefficient requires the introduction of a new umbral coefficient, we have 

and therefore U^ = {aPu){ayv) aa,/3JyJ . 

Next we have v^ = (doi ^i ^i <hi<^ij — ^o)* = ^» 

where 0^ = a^a^ — ajb^^ = {<H^z) i^J, 

so that as before v^ — {a^^ /?? . (a^ys) y! • (as^g) 5f , 

and therefore U^ = {a^u){ayu) {ahu) /3|yJ5J . 

* It is not Buffioient to have one only of the two invariants, for in a less special form we should have 
the quantities V and abc , in the notation of Gay ley's paper on the 84 concomitants. 



32 Forsyth: Systems of Temariants that are Algebraically Complete. 
Further, A, is the Hessian of Vs, so that we may write 

= TM'')*-(«»ys)y!-(M)^, 

and therefore ^^ ^ ^ (a/?«)»(ay«)(^a«)y2^.. 

Again, ^3 is the cubicovariant of v^, so that 

and therefore 

^ = {aPuy{a;yu)(^Su){ysu){yXu) ^le'X. 

And lastly, J^ is the Jacobian of v^ and v^ , so that 

We write Ci = ot, and t, = as, di = ^^ ^^^ ^a = i^sj a-i^d so on, so that 

and therefore 

It will be noticed that for each of the functions thus represented, the order 
and the class agree with their former values. 

Modification of the Fundamental System. 

34. According to a well known proposition, the square of any Jacobian bin- 
ariant can be expressed in terms of other concomitants associated with the binary 
quantics of which the Jacobian is taken, and as the Jacobian may thus be con- 
sidered to be of ambiguous sign, it may be deemed desirable to replace the two 
Jacobians in the foregoing system, viz. ^g and y^j, by equivalent concomitants of 
determinate sign. 

For the first of them we have 

where/ is the discriminant of 173, already (§31) considered, and thus replace 4^3 
by /, which written symbolically is 
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we have the corresponding function given by 

F= {a^uy{y8uy{a/yu){^Su). 
This replaces ^9. 

To replace J^ we take the quantity p (of §31), the symbolical form of 
which is i> = oti (t)?)*, 

«^*^** i' = iai(W(^0)(^) 

=4-«i(%»)*(«»y»)W3). 

This leading coefScient determines a function 

^ (|3yu)»(ay«)(a^w)a. 

= -g- (a/?»)(ay«)(/?y »)(a/3y) «. . 

by the usual method of compounding these determinants ; hence there is effec- 
tively determined a function 

P = -f (a/?y)(a/3t/)(ayu)(/3yi.) . 

This replaces J^^] and the present rejection of the factor u^ accounts for its insertion 
in §31, necessary to render the order and the class both uniform throughout the 
equation which gives the expression for P in terms of the former fundamental 
system. 

The Number of Algebraically Independent GoncomitarUs of the Ternary n"^. 

35. Before proceeding to the detailed consideration of the quartic, the general 
method of obtaining the proper (§18) number of the independent solutions of 
the equations A^ = 0, D^t^ = can now be indicated. 

We find as before a complete set of independent solutions do> ^i» ^»» • • • • of 
Dji// = 0, and then take such functional combinations of them, say /(^o, ^i, . • .)» 
as will satisfy D^i^ = or A4^ = ; we must therefore have 
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Hence the subsidiary equations necessary for the determination of /are 

d% dBi dB^ 



the number of independent solutions of this set will give the required number of 
independent functional combinations. Now all the quantities Ad are not func- 
tions of the variables d of these equations ; it is necessary to take such combina- 
tions of the Ad as are expressible in terms of the variables. In actual practice 
these combinations are similar to those which arose in the case of the cubic (§25), 
viz. functions of quotients of the variables d such that when a quotient is oper- 
ated on by A, the result is expressible in terms of some other quotient. 

To estimate the efifect of these modifications, let ufif consider them in connec- 
tion with the ternary quantic of order w, which has-y(n+ l)(n + 2) coeflB- 

cients. The number of subsidiary equations associated with D^-^ = o is less 
than this integer by unity, and therefore the number of the quantities d being the 
number of independent integrals of these equations, is 

In forming the functional combinations of the quantities Ad, it is necessary 
(§23) to take some one of the quantities d, as di, for a variable of reference, and 
then the number of independent equations of the form 

diAd,— Xd,Adi=d„ 

which can be formed, is — (n* + 3n) — 1 . Each such equation can be used for 
the transformation of a fraction in the subsidiary equations 

de^ _ ddi _ 

A<?o ~ A(?i ' 

and therefore the number of equations in the modified set being one less than 
the number of modified fractions, is -|- {v? + 3/i) — 2. But each of these modi- 
fied subsidiary equations leads to an integral, and therefore the number of inde- 
pendent integrals is -|- {v? + 3w) — 2, which is the number -|- (>* + l)(^ + 2) — 3 

°^§''' =4-(« + 4)(n-l). 
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which is the required number of algebraically independent solutions of the 
simultaneous partial differential equations Z?!^' = 0, D^ij^ = 0. 

Since each such solution determines a concomitant, we have the result : 

All the concomitants of the uni-temary n"^ can he algebraically expressed in 

terms of u^ and o/-^ (n + 4)(n — 1) 'properly chosen independent concomitants. 

Thus there are 3 for the quadratic in this algebraically complete system ; 
there are 7 for the cubic, as was proved, and, as we shall now see, there are 12 
for the quartic. 

In the same way it may be proved that : 

All the concomitants of the bi-temary n^m*^^ symbolically represented by a^u^, 

can be algebraically expressed in terms of -r- (n + l)(n + 2)(m + l){7n + 2) — 3 
properly chosen independent concomitants. 

III.— The Quartic. 

36. The explicit form of the general quartic is 

a^t + 4a:3aixJ + eojagicj + 4a|a3a:i + a^xl, 
+ 4bo4x^ + 4xs36ia:Ja3 + 6a:j26jXiajj + 4x^jf)iflc^ 
+ 6coxJar| + 4x^SciXi3(i + Gx^c^oi^ 
+ 4d^ixl + 4q(^xI 
+ e^t, 

and the characteristic equations Di'4^ = , D^i^ = are respectively 

+ "*!; + ''• l; + ^ai; + °»al = »- 

To find the common solutions, it is first necessary to construct the subsidiary 
equations for the former of these, being 14 in number since there are 16 coeflS- 
cients, and so 14 independent integrals of them are necessary. 
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The form of nine of these subsidiary equations is exactly the same as for 
the cubic, so that their integrals are the same as for the cubic, viz. we take 

^0» ^l> ^8> ^8; ^41 ^6» ^6f ^71 ^81 

as in §23, For the remainder, which are 

doQ da^ db^ dc^ ddi de^ 

— _ — _ — _2^_— _^, 

we proceed as before, and take 

Then A0^ = 463, so that 

0iA0^ — 40^61= 4»io, 
where 0iq = b^i — a^ft© 

is the next integral. We now have 

0iA0io—S0ioA0i = S0ni 

where ^n = c^al — 2630160 + ^460 

is another integral. Next 

<?iA»u — 2(?uA<?i = 2^13, 

where 0^ = d^al — Sc^albo + 36gai6J — a^ftj 

is the succeeding integral ; and 

0iA0^, — 0,,A0i=0,s, 
where ^13 = e^fll — 4diaJ6o + ^c^V^l — 4iH«i*o + ^4*0 

is the last integral ; moreover, we have 

A<?i8=0. 
37. By the substitutions 

these equations take the same forms as the eight equations of §25, viz. 

^A<^9 =44>ioi 
tfJA^o= 3^11, 
0\Ai>^^=2^^, 

fljA<^lj= <^i3, 

fl!A<^i8= , 
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80 that of the (8 + 6 =) 13 equations we must have 12 integrals. Seven of 
these are already obtained, being Zi^ Xi^ Xs^ Zi^ Z^^ Z^f Xiy ^^^ remaining five 
are easily found to be 

Zb = 4>M» 

Z9 — i>ni>n — ^ J 

Zi9 — ^1(4^ — 3<^i^i,^j3 + 2<^J,, 

Zn — 4^»^i8 — 4^io4^i» + 3^1, 

ZU = <?>3^8 — <?>4^W 

The twelve integrals are independent of one another, and every solution common 
to the two equations Di'^/ = = D^'4^ can be algebraically expressed in terms of 

Ziy Z^y »;Kni;Ku- 

38. The effects of the operators D^ and D^ on the quantities d in the case 

of the quartic are as follows : 
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9 



Hence, if ultimately it should appear that the values of m — ^ to be associated 
with the respective sources are as given in the last line of the second table, the 
twelve quantities z ^^^ sources of concomitants. 
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39. When actual substitution is made in the quantities ;|j and the resulting 
expressions are reduced, the values oi xi< • - • - t Xi ^^ *s given in (13), but it 
must be remembered that the coefficients are now coefficients of the quartic, 
and therefore different values of m and of ^ may need to be associated with those 
quantities. For the remainder we have 

h=Xi = "; I . „ . I . r7T7Tr~~i i«i > — ^o)* "i 






+ 2666, 
— 2c,di 



+ «b04 

+ 2di68 
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+ 0468 
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^4=^10= 



+46. +4a« 
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-d{a\ 


-^ieAot+^iJbA 


— 15«oO,6, 


+10(^04 H-15(fiC^4 


—2dMi 


+3ci6,04 


+2df 


+6<ee. 


+10dl6, 


• 


— 10dj6| 


+9(^a4 
-6c,6| 


-261 



\a„ -hoY 



*4=;tu= «(»04— 4<^*s+ 3«^, 

y»4=zu= 



+ «66, 
—Cadi 


+ f«a, 

— ZOiBo 

+ 26,di 


+ 3dia, 
— 36jC6 


— 04C 
+ 3<yi8 
-26,6, 


+ 6,0, 



Jai, —60)* 



K21) 



The reasons of the notations adopted are fairly obvious ; h^ is the Hessian, ^4 
the cubico variant, i^ the quadrin variant, of v^ regarded as a quartic; and j\4 is 
the Jacobian of v^, regarded as a quadratic, and v^. 

40. To find the values of m and p, the shortest method will be to change 
all the expressions into symbolical forms. For this purpose, let 

Ui = Offict + . . . • = a* = ^i = yi = 

be the original quartic. It is evident that Ui is the concomitant with the 
source Vq. 

and therefore ^^ ^ ^ ^^^^y ^,^, 

= Zs^i + 



(22). 
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Next we have v^ = (cq, 6i, a^ai, — ft©)* = ^4» 

for Co = afoti, 61 = ajcxjas, Og = ajaj; and 

= |S!(a^3). 
so that «, = aj . /3? (o^g) • y i (a«ys) . 

and therefore JT, = (a/3i*)(ayt«) a^iSSyJ 

= ;K2a^«? + .... (23). 

(As in the case of the cubic, we have Z7, — UiH^ divisible by t*i and leaving as 

its other factor the Hessian of the quartic.) 

Next we have 

«s = (<^, Ci, hi, Otjui, — J,)' = ai/?|, 

where - Of = OjOj — aA = /?! (oj/^s) . 

so that ©s = oti . /3J (oj/Sg) • yi {a»y,) -^ (a,5,) ; ^ 

and therefore Ug = {a^u){a/yu){aBu) a,/3|yS52 

= ItiaiS + . . . . (24). 

Next, As is the Hessian of v,, so that 

= I ai/3x(a,|3,)».(a,y3)y!.(/3A)^!, 
and therefore ^^^ ^ {a^u)\aYu){phu) a,|3.yJ5» 

= ^.a:X + . • . . (26). 

Again, ^3 is the cubico variant of Vg, so that 

= aii^iXi (a A)*(a»y«) • ^1 (M) • (/i'^s) ^^i (ys/^s) /*! , 
and therefore 

*3 = {aPu)\ayu){^hu){yXu){Yiiu)a^,YJ^'XiLl 

= X^y\+.... (26). 

Also,y23 is the Jacobian of Vj and v,, so that 

= a!/3, (a,i(?3) . (a,y,) yf [(/J,^,) ^? • (A^s) ^f] . 
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and therefore 

= Xt^< + .... (27). 

Coming now to the new forms in (21), we have 

^4 = (^o» ^1 <Hf &s, «4l«i, — hY = p|, 
and, as before, p^ = a^di — Os&o = {(hf^s) /??» so that 

and therefore 

Z74 = (a|3t^)(ayw)(a5w)(a€w) /^lyJ^M 

= :K8x}V + .... (28). 

Next, A4 is the Hessian of t?4, and therefore 

h = i ((XT) W 

hence ^^ ^ ^ (a/3«)»(ayt*)(a^«)(|3a»)(i3H yJ^i W 

= Xi=^^ + (29)- 

Again, for ^4, which is the cubicovariant of V4, we have 

and therefore 

<D, = -^ (a/8«)»(/3yu)(a5M)((Mu)(/?<?M)(y;itt)(y(ix«)(yH 5M<?JJlS/*M 

= ;Kioa4X + .... (30). 

For *4, the quadrinvariant of ©4, we have 

*. = i(ptry. 
and therefore 

= XiM + • • • • (31). 
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Lastly, y24 is the Jacobian oft?, and v^, so that 
Ju = a? (f p) e^l 

and therefore 

=^Xiff^'M + -- (32). 

It will be seen that in every case the value of m — p agrees with the required 
value in the earlier table, and we are therefore now justified in enunciating the 
following theorem : 

Ecery concomitant of the ternary quartic can he algebraically expressed in terms 
of '^x {fl^ universal concomitant) and of the twelve fwndamental concomitants Ui {the 
quartic itself)] J3i, CT,; U^, H^, 4>8, Jj^] CTi, fl^, 4>4, i^, J^-, the leading coefficients 
of these concomitants are given m (13) and (21), their order and class in (22) to 
(32), and their full expressions can be obtained by (I) and (II). 

41. This fundamental system may be modified — as in §34 for the cubic — in 

the case of all the concomitants which have Jacobian functions in the leading 

coeflScients. We have 

<^=y^-4Ai, 

where /is the discriminant of Vgj and thus we may replace ^3 by/, the symbolic 
form of which is 

and therefore 

F= {aM\Y^u)\aYu){^hu)a,P^,YX 
= (a|^ — GosVi^o + 4a3cJ + Ad^l — 36|cf)a;iX + • • • • (26') 

will replace <1>8 in the system. 

Similarly we might replace y^j ^7 Pi ^^^ intermediate invariant of Vjj and A3; 
its symbolic form is 

-|-«K/?»y8)'(«»y8)Ms)%i, 

and therefore we have a function 

4-(/3yw)»(ay«)(a/3«)a»/3,y. 

= 1" (a^y)(a<3«)(ar*)(/^y«) «.a.^.y. . 

6 
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80 that p ^ _!. {a^y){aPu){aYu){PYu) a^^^y, 

= K(a3Ci — 6|)— 6i(a3<^o — Vi) + a»(62^ — cJ){arX + (27') 

will replojce J^ in the system. 

Next, ^4 being the cubico variant of i;^, we have 

where j^ is the cubinvariant of v^] and so we may replace ^4 by y^, the sym- 
bolical expression of which is 



\ (KM V)* 

6 



80 that J,^\{aM\^yu)\a^ur 

= {e^\a^ + 2rfii2^ — 6| — ^0^ — <?«4) wj + . . . • (30') 

will replace <b^ in the system. 

Lastly, since y34 is the Jacobian of v^ and v^, and we retain A, and h^/\t can 
be replaced by the second transvectant of r, and t?^, the symbolical expression of 
which is 

and therefore 

= { (0,60 — 26icii + C0C2) aj — 2 (a,c?i — 2biC^ + 63C0) ajJo 

+ {a^c^ — 26163 + c^a,) bl}xlui + (32') 

will replace J^ in the system. 

42. As illustrations of the general theorem of §40, the following may be 
taken. It has been shown by Maisano* that all the concomitants of the quartic 
of the second degree are (1. c, p. 201) albKabuf, which is efifectively H^ of (22), 
and {abu)\ which is I^^ of (31); and that ^raong those of the third degree are 

* ^^ Sistemi completi del primi cinque gradi della forma ternaria biquadratica e degP inyarianti, 
coyarianti e contravarianti di Besto grado," Batt. Giorn. di Mat, t. XIX (1881), pp. 198-387. 
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(1. c, p. 203) {ahu)\hcu)\cau)\ which is eflFectively J^ of (30'), and [ahcfalV'A, 
which is 27, — UiH^. Another concomitant of this degree is 

e = aj)l(i {ahu)\acu) = \ a^ {a^d^ — %^Cy + \c^ — \ {c^a^— 2 Vi + ^3^0) } A^i + • • • , 

so that eU^U^ = H^Ul + H^Ul + J^. 

Another is 

* = {ahu)\ahc) cj- 

= [«o (eo<«4 — 4<^68 + 3^) + tti (^063 — 3c,Ci + 36;jdi — Oj^o) 

— 6o(^o«4— 3Vi + 362^1 — Chlii)]u\ji\ + . . . . 

and it is not diflScult to prove that 

Lastly, when the tabulated value of J. = -|- {ahcY is taken as calculated 
by Bernardi, it can be arranged in the form 

A = ^^— 12p + ^N, 

where p is the coeflScient of (27'), '^ is the coeflScient just given and 
N=e^ — 4dia,&i + 2c^ {c^a^ + 26J) — 4i)^Jb^ + a^f?^, 

evidently a simultaneous invariant of t?4 and t?, and expressible in terms of 

v», Ky ^4» Ki hf ^i^Jw 

The general method of expressing any concomitant in terms of the set, 
here proved to be complete, is to take its leading coeflScient ^, which must be a 
simultaneous concomitant of Vqj ^8» ^8» ^4 and must be expressible in terms of the 
quantities in (13) and (21). Moreover, since they are binariants, it is suflBcient to 
consider the coeflScients of the highest powers of a^ contained by them ; and it 
is found that in every case ^ can be arranged as combinations of quantities, 
which are concomitants in aj and 60 • Thus, for instance, © above has for its 
leading coefficient the simultaneous linear covariant called Li by Salmon (p. 178) ; 
$ has a leading coeflScient composed of a part v^i^ and the simultaneous covariant 
called L2 by Salmon (p. 179), and similarly for A. 
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IV. — Complete System of Algebraically Independent Conoomitafits for the n***. 

43. It is at once evident that all the leading coeflScients of the concomi- 
tants just obtained for the quart ic consist of (i) the algebraically independent 
invariants and covariants of the binary quadratic, the binary cubic and the 
binary, quartic in aj and — bo qb variables ; of (ii) the Jacobians of this binary 
quadratic and binary cubic, and this binary quadratic and binary quartic ; and 
(iii) of the original quantic. 

The forms of the characteristic differential equations satisfied by these 
leading coefficients show that every solution is a concomitant of the simultaneous 
system of binary quantics formed in the above way ; the theory shows that every 
such solution can be algebraically expressed in terms of the members of the 
above set. 

And the result is true for the general quantic of order n , so that we can 
now state a complete system of algebraically independent concomitants. 

44. First, let Z7=a; be the quantic which, written explicitly, takes the 
form. 

n! _ 

i,.f 

nl 

We shall represent the leading coefficients in symbolical forms, as in §§33, 40 ; 
their explicit forms are obtainable in the same way as the explicit forms of con- 
comitants of binary quantics, and indeed are the same as those binariants when 
Ui and — &o replace the variables. 
We have, first 

r7=a;=aoa:?+ 

Next, let 

v% = (co, 6i, ajai, x- bof = ap* (ojai — aj&o)* = a? "V** 

then the concomitant is 

CT, = rjaf^^X + ; 

and A, = OjCq — ij, £he Hessian of Vg, so that the concomitant is 

H, = h.xi^'-'ui +...., 



Forsyth: Systems of Temariants that are Algebraically Complete. 45 

and as usual we have 

(Ui— UH^)'^ul = Hessian of U. 

Next, let 

then the concomitant is 

Us = rs^f-X + ..-.; 

and the associated set is given by Aj (the Hessian) and ^3 (the cubicovariant) of 
Vs, the concomitants being 

and so on. 

In general, let 

v^ = (.... , Cr^^, br^i, arlaij — b^y = d^^Yf, 

where p^ = a^ai — a^bo] and we shall suppose p, <t, t to be equivalent symbols. 
Then it is known from the theory of binary quantics that all the concomitants 
can be expressed in terms of the following set of binariants of the second and 
of the third degrees alternately in . . . • , c^_3, 6r-i> ^n viz. 

6) (2, r) = a?-^i3r ^ (KprM"'» 

6) (3 , r) = ar ^i3r vr ^ (H'M pr'<yr''^r\ 

0(4, r) = ar-i3r^(KprM"'. 

6)(5, r) = ar'^/^rvr-Cpcrr Mpr^-^-s 

6) (6 , r) = a?-''/?r-'-(pty)vr'^r'» 

6) (7 , r) = ar ^i3?- vr '(p^)^K) pr'^r M"'» 

and so on; the symbols p^, (T^, t^ in these respectively denote a^ai — as^o, 
^i<h — 1^8*01 ^^d y%<h — Tsh' The series of functions concludes with the term 
(d{r, r), the form of which depends on the evenness or oddness of r. 

In order to find the order and the class for each of the concomitants, we 
must take two separate typical forms, say o {2s , r) and 6) (& + 1 > ^), where r 
may not be less than 2s in the former nor than 2« + 1 in the latter. 

For the former we have 

6)(&, r) = a?-'•|3r''(pty)''p^"^r^ 

when this is changed into a further symbolical form for the concomitant^ (ptr) 
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becomes {a^^^ and so ultimately comes to be {a^u) ; that is, every power of (per) 
introduces a unit for the class. Again, p^ becomes of the form 

and so ultimately comes to be Ol^^{^du)\ that is, every factor of the form p^ 
introduces a unit for the class and n — 1 for the order. And a? ""'" ultimately 
comes to be aj""'', and so with ^^. Hence finally, the order is 

2(n — r)+ 2{r — 2s){n — \) = 2n(r — 2s-\' 1) — 4(r — «), 

and the class is & + 2 (r — &) = 2 (r — ») , 

and therefore the concomitant is 

Similarly for o(2s + 1, r), the symbol for which is 
we hsiVe 

For this class of the complete set of the concomitants given by TF^, rt the 
values of fx, for a given value of r, are 0, 2, 3, . . . . , r and TTq. r has for its 
leading coeflBcient i?,., being 

= v^?^''+^>-X + ; 

and the values of r are 2, 3, . . . . , w. Thus the total number of concomitants 
in this division is-g-7i(n + l) — 1, 

45. Next, for the class of concomitants whose coefficients are the algebrai- 
cally independent Jacobians of t>,, Vg, , v„, we take j\,stj\, 4 »/$. 5» ••••»/». n • 

Evidently 

y..r = ar*/3r''(ptT)p,(Tr'. 

where p^ = a^cti — agio, o"^ = (^^(^i — i^s^o; ^^^ the concomitant is 

•'a, r -^ J%y r ^\ «*i ~r . . . . 

The values of r are 3 , 4 , . . . . , n , and the total number in this class of con- 
comitants is therefore n — 2 . 
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Hence the total number of concomitants is 
1 , for the original quantic, 
+ -|- w (n + 1) — 1 for those in the first of the classes, 
+ n— 2 u u » second " 

i. e. the total number is -|- (n + 4)(n — 1), agreeing with the former result. 

These concomitants are algebraically independent of one another, and every con- 
comitant of the quantic can be algebraically expressed in terms of them. 

Y. — System of Two Quadratics. 

46. The two quadratics may be taken in the forms 

Offx^ + 2bfpcix^ + 2aiXyXs + c^+ 2biX^^ + a^, 
a^ + 2blfCiX^ + 2a[xix^ + c^ + ^b^x^x^ + alfx\] 

the characteristic equations are 

o o 3 3?) 3 

A = 2). + i>^ = 6.-a^+Co|^ + 26,^ + 6^|7+c^|, + 26{^. 

There are twelve coeflScients in all ; there will therefore be eleven equations 
subsidiary to, and eleven independent solutions of, Z>i + -Di = ; and ultimately 
there will be (§§18 and 36) nine independent solutions common to the two 
equations. 

From the form of the characteristic equations, it at once follows that they 
are the simultaneous concomitants of two hmary quadratics, the literal coefficients of 
which are Cq, &i, a^, and Cq, bi, Oj, and that the variables of the concomitants are 
two sets, viz. Oi and — &o> ^i ^^ — *o- 

47. The subsidiary equations for Z>i + Z>i = are 

da^ dai da^ dal da{ da^ d^ dbi dc^ dh'^ db'i cZcq 

"O" ~ ~0~ ~ "0~ ~ "O"" 'o'~~0"~ ar~a7~2&i~ar~^~26j;' 

of which six integrals are immediately given by 

^0 =^ ^0 » ^1 = <*i , ^s == a^ ; 
00^^ Oq, tfj = ai, 02 ^z a^^ 

and we may take either 0i or ^' as a '' variable of reference." 
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The fUU system of equations, subsidiary to the solution of A = in func- 
tional combinations of the solutions of 2>i + Z'l = , are for the alternative 
variables of reference : 

diAOi — 2^,A<?i = 20, 
*iA<?, — ^,A<?i= ^4 
*iA<?i— <?fAtfi= <p 
OiAdi — 2^,'A(?i = 2-^, 

diAdi— e]Adi= (it 

where the eleven quantities defined by the equations 

;K,= Mi-a.6U' di, =h[ai-ag>',\' *-«A-aA, 



d'A9i — 


2diAdi = 


203 


eiAoi - 


diAei = 


e'i 


eiAdi — 


diA»i = - 


- * 


eiAe, — 


2<?^(?f = 


^X^ 


e'Ax»- 


X»A<?f = 


X* 


eiAd, — 


e,Adi = 


^4 


eiMs- 


• '^Aoi = 


^« 



*4 = <^ifl\ — 26iai6o + ai^o 



•'• — 2JiaiJi + aX 



'4'4 = Co«i — 26{ai6o + o^feo 



all are solutions of Z>i + Z)^ = 0. Further, the quantities ^4, 1/^4; ^i, ;C4; ^; ^4, if/4, 
are solutions also of A = . 

For each of the variables of reference, the first five of the equations of the 
set are sufficient to give all the equations, subsidiary to A = and necessary for 
the derivation of solutions additional to those already obtained. 

Taking di as the variable of reference, we have common solutions of the two 
characteristic equations given by 

Ofs. Oi, »4, ^4; ^1 

and four more are necessary, given by the solutions of the first five equations in 
the first bracket of modified equations subsidiary to A = . If, then, we sub- 
stitute 



e, 1 






is 






~6C~ \ 


Xs 



= 9 



= 9 



t—] 




Oi 


I--1 




' T, 



= fj 
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then the equations come to be 






0iAp = 2g ' 


erAi/ = 


2q' ' 


^Ag= Bt 


BCAg' = 


oi 


0iAe = 4> ' 


efAe-' = - 


- <?» 


0iAr = 2p 


BS^Ar' = 


2p' 


B{Ap= •4'« 


^"Ap' = 


X* 


0iAs.z= (li 


Bi^As' = 


K 


ejA(T= a*. 


Bi^Aa' = 


N. 



and what we wish are four independent solutions of the first five equations in the 
former of these brackets. Such solutions are 

B = eBi — J^ ^ ^i} 

and X4 and ^4 are the respective Jacobians of ^ and 64 (with ai and &o as variables) 
and of ^ and 4'4 (with a^ and &o as variables). 

Hence it follows that every common solution of the txoo characteristic equaticms 
can he expressed in terms of the nine common solutixms 

48. If we take the first five of the modified equations in the second bracket, 
we find the four new solutions to be 

5 = 2^4^+ (?^-^ = X4, 
and every solution can be expressed in t&rms of tke set 

^0» ^8» Xk\ %y ^4> ^8; ^> \y /^4- 

49. Other solutions of the system of equations are 

f\% — ct24 + «sCo — 2bibi 
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an intermediate between ^^ and ^^ ; 

9= p^i —g^i = m^a — hi4) «! — a A («s'co — ««co) + ^0 («»*i — «f &i) . 

Sf = - p'^i + q'x, = {bico - b,4) a^- a^ {aic, — a^4) + hS {aJJb, - a,h[) , 
the former a Jacobian t)f 64 and 1//4 (in a^ and 60**8 variables), the latter a Jaco- 
bian of 64 and Xi i}^ ^1 ^^d &o as variables) ; 

g\% — A— qi^i={bico—bic(i) a^ai—aA (o^'cq— 61JO— «i*o (*A'— «|Co)+&o*o (ot^i— «i^i) 1 
an intermediary between g and gr', and a Jacobian of 64 and ^4. 

These four are the most important of the solutions, and they will be used in 
connection with the fundamental system to be made symmetrical later. 

Other solutions — the simplest in form — are as follows : they should be expres- 
sible in terms of the fundamental set, and the verification of this leads to the 
values given for them. The left-hand sides of the equations give the solutions, 
the right-hand their values : 

qx,—ce,= 4)3„ 5>4 —&ei = -^^i, 

P^4— 9^4= 9 y P% —9'Xi=— 9" i 

eO^ — q^= X4, -- Si + q'^ = ^4 ; 

^4^4— p<?>= i^4. —Zi+p'l^= ^4; 

efi^ — 8^= 04 , j-\ + s'^ = 0i ; 

pK—<^'4^i=9ii+^/uy p>4— o''a:4 = — fl'ii— 4>/w; 

5A.4 — a^4 = g , s'fi^ — &\ = — g'. 

And the equations which express the values of the quantities g, ^, g\%,f\%y - ^ - • 
in terms of the fundamental systems are 

9'^= /W4Z4— M4. 









g^ii'i = /*4<7 — ^4^8*^1 
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It may be remarked that a form more directly intermediate between g and 
^ is given by g^^ + -y/i^i ^^^ value of which is 

(J^Cq — bicS) aiui 3- (a^Co — a^cS){aJ)l^ + aibo) + {a^bi — a^b[) 60*0. 

which with similar forms will be adopted for the system in the case of three 
quadratics. The form gi^ adopted in the present system is directly connected 
with one of Gordan's concomitants, and the corresponding concomitant has its 
order and its class each greater by unity than those of the present g^. 

50. The fundamental system can be modified so as to be symmetrical with 
regard to the two quantics. We have seen that 

eW'4 = ^J + 4>*^^, 

so that in the first fundamental system we can replace ^4 and fi^ by Xa ^^d 64 
respectively, and in the second by 6^ and n^4^ respectively. The two systems are 
the same, and it thus follows that every common, solution can be expressed in terms 

of %,%\ ^] ^,,3,'; 04, 4'4, %4, ei. 

61. It is now necessary to determine the order and the grade of each of the 
concomitants determined by these leading coefficients. It is easy to show that 



u= 


= e^x + 


U' = 


= e^ +...., 


* = 


=.^ai«i 4- .... , 


0,= 


= ^.«! + 


0^ = 


= ^i«J + 


©4 = 


= e^3*lV{ + , 


% = 


= 4'iai«! + 


X,= 


= Xt^i^i + ' 


0i = 


= ei4»? + 



and therefore every simultaneoua concomitant of the two qiuidratics can be expressed 
algebraically in terms of U, U', <P, S,, Qi S^, %, X^, Si. 
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In addition to these nine, it is convenient to have other six, the leading 
coefficients of which are respectively Xt, fii; g, ^,g\t, and /u- It is easy to 
determine their order and class ; the concomitants are 

A4 = \Av{ + . 
Q = gra^tt? + . 

and the equations which ^ve the values of these in terms of the members of the 
fundamental system are 

Mi = &i% — ^ei, 

G''<D = A40i — M4X4, 



@iX,F^=GC +0,0r+0! 



^,0n 



uJ[iGa = AtO' 



040^4) ] 
0i< 



)40i*l 
^i0,<I>l 



The six concomitants A4, M4, O, G', Ga, -^ij may be used as subsidiary to the 
symmetrical set, it being understood that in expressions they represent the fore- 
going combinations of the members of that set. 

52. Now Gordan has shown* that the number of asyzygetic concomitants 
of a system of two ternary quadratics is 20, and he has given (1. c.) the symbol- 
ical expressions for them. From the foregoing theory it follows that each of 
them must be expressible in terms of the set of nine above obtained ; the expres- 
sions I find to be as follows : 



* Clebsch, " VorleBongen liber Oeometrie " (Lindemann), pp. 288-201 and note on p. 290. 
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^11=20,, 
144^ = 6(0,0- -0,), 
ulAja = 2 ( U'e^ _ 2A4 — *4 H- ■ UF^) , 
«,5i = 2(Z7'0, — A4), 

F„=2ei, 

ulA„i =z2{Uei— 2M« -X, + U'F») , 
«.fi, =:2(?70i — M4), 

«,(7i= 2(6' — 0,<l>), 
«,C,= 2((?'-0f<D), 
ttJD = 4 (0, G^ + ©,' G^ — 20,0^4) — tt.F„(?„) , J 

N=4G», 
ulVi = 4 (<DA4 —U'G + u^ UQa) , 
««r, = 4 ($M« — 27(7' + u, U' G=„) , 
t^A = 4 (^ — U'^% — U^Xt + U'^Ai + U^Mt 

-JPG'—U*Q+ UU'^F^ + 2u,UU'Gj,), J 

«J^u = 4 (^ - £7^4 - JT'tp^ + UU'F^),\ 

the symbols on the left-hand sides being those used by Grordan. From these 

relations it is easy to deduce the equations 

u^D = F,,C^ -\-F^G, - if/Z 

w.A=/ri +/r, -m,„ 

subsisting among Gordan's concomitants. 



VI. — System of Three Quadratics. 
53. They may be taken in the forms 

a^ + 260*1X8 + 2aiXiXs + Coa| -f 26105,^8 + <h^ 1 
alf4 + 2h^iXi + 2aixiXs + c^ + 2bix^t + ai«l , 
a!>'a»i+ 26iV. + Saf V« + c^'^l + 26{ Vs + ai'^l 
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the characteristic equations are 

A + -Di + A"=0 and A = Z), + ^6 + ^i'=0. 

There are eighteen coefficients in all ; there will therefore be seventeen equa- 
tions subsidiary to the first of the characteristic equations, requiring seventeen 
independent integrals. The number of modified A-equations is sixteen, and there 
will therefore be fifteen solutions independent of one another and common to 
the two characteristic equations. 

Hence all (he aimtiltaneous concomitants can be expressed in terms of fifteen 
concomitants. 

In what follows, only the results are given ; they are derived by algebraical 
analysis similar to what has preceded, and the solutions evidently maintain the 
preceding analogy to binariants. 

In forming the equations, the following quantities occur : 



^0 = Oo^ 



Bi' = ai' 
ei'=zai' 



ei = ai 

ei=:ai. 
Xa = hai — ojii ' 
^, e,' = b[al — am ► 
^i = bi'a[-ai'bl>. 

Of these quantities, only $„, $o, %' are solutions of the equations. The modified 
A-equations are constructed for the three possible cases, according as di, ^x> or ^i" 
is taken as the variable of reference. 

The further quantities here following also occur ; they all are simultaneous 
solutions of the two characteristic equations : 



V^ = biai'-aib^' 
6i'=bi'ai>-ai'bl,') 



$i = (co , bi, a, lai , — Jo)* " 

»?« = (co , bi, Ot Jai", — bit')* J 

•^4= (<^ . H . «» K • — ^o)' ^ 
6i = icl,, i{,a,'K. -bl,)' 
y!'i=(c!>,b[,ailai',-bl,'y} 

ki = {o'o\ h[\ a^'la, , - Jo)« ^ 



^i^{coi 5i , a, Joj , — ioM . — ^o) ^ 

f, Xi = (co , ii , a, \ai, — bolai', — b^') 

>li'=(c«, h, a,K. -hSioi', -H') 

Hi = {cl, , bi, ai Jai, — b^lai , — i^) ' 

/«I = (co, ii, OsK, —hlai', —bl,') 

(ii'={cl„ bi, aiiai, -Klai', - bl,') 

Vi = {cl,', bi', ai'lai; — ftoK . — ^o) 

ri =(c^', bi', o^'K, - bolai', -K') r, 

vi'={cl,', bi', ai'lai, -Klai', -bl,') 



> > 



ri 
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where in the right-hand column \ denotes c^ya{ — hi (oi&o + ai^o) + ajb^^, and 
similarly for the others. 

64. Taking first the equations independent of one another and formed with 
Qi as the variable of reference, we have 



OjAd, — 20»Aei = 






QA^i — OiAOi = (?) 
diABi — 2%AQi = 2^3 



eiAei^-2ei^Adi= 2^3 



ttiJo' are simultaneous solutions of the two 



where ^ = aj&o — <*i*oj ^' = «i'^o 
characteristic equations. 

A set of independent solutions of these equations— necessarily seven in 
number to make up the required fifteen, for we already have 6q, do> ^o'j ^4> '^n ^ii 
^ and 4>' — is 

(M4 — ^) -^ 0| = 3g = OjCo — 61 ^ 

where the quantities ip are 

4>'=ar&o-«i6o' 

Hence it follows that every simultaneous solution of the two equations can 
be expressed in terms of the fifteen independent solutions already obtained, viz. 
Oo, %, %^) e,, ^,, ^,; <^, 4,', 4>''; ^„ ^i, 3^'; ^,, (i,, v,. 

As this set of fifteen is not symmetrical with regard to the three quadratics, 
it will be replaced immediately by an equivalent set of fifteen independent 
solutions which shall be symmetrical. 

55. Taking now the equations for each of the three possible variables of 
reference, we find that the foregoing set of eight is increased when all the quan- 
tities which arise in the other sets are treated similarly with di as the variable ; 
the new equations thus obtained are, of course, not independent equations as 
they can be derived from the eight, but it is convenient so to increase the set in 
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order to have them complete in form. Introducing quantities defined by tlie 
equations 



ei' = ${t =e,v=eri)"J 



e,=e^q=eis' = ei'i" 
ei>=6,i = eik =B['q"} 



e, =eis'=eiy] 



^i = e^ci = dip' = Bi'x" [ , >73' = en = 6ia' = ei'w" 
completed sets of modified A-equations are 


' . 


^A = v 


dCA = y^' 


erA=v" 


Vi>=2j 


V'i>' = 25' 


^^"p"z=2q" 


vq = ^t 


vV-=ei 


V"q" = ^* 


V6 = <^ 


vV=-<?. 


vV=^' 


Vy = -<^' 


v'5 = <?." 


v"y' = _4," 


Vr=2p 


VV=2t' 


V"<"=2p" 


VP = '^4 


vV = ;t4 


v"9" = m 


V<=2t 


VV=2p' 


V"n" = 2v" 


VT = ^4 


V'p' = $i 


VV' = ,7i 


V<T = Jl4 


vv=xy 


V"T" = a,i' 


v»t = ;ii 


vv = ;i. 


v'7"=;il 


V' = /«i 


V'«' = /«4 


y'V' = |i.i 


V« = //4 


vv=^i' 


V"^" = /[ti' 


Vo^ V4 


V'v' = V4 


VV' = ri 


V^=''4 


v'&=rr 


V'V' = ri' 
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in each of which sets the first eight are the independent equations for that 
set.* 

56. We first modify the algebraically complete system of solutions so that 
it may become symmetrical with regard to the three quantics. We have 

so that Xi &^^ Vi i^&y replace Xa ^^^ \i ^^^ 

so that ^4 and vti may replace V4 and (li. Hence all the simvJian&ms eohUiona can 
he expressed in terms of the cJgebraioaMy complete set of fifteen constituted by 

%, %, %') ^», ^», ^'; 4». 4»'. *"; X*^ *?*; ^«' »7o ^« fi' « symmetrical set. 

The foregoing equations used for the modification of the system are selected 
from the following aggregate : 

v[<p + V44»' + ^44»" = J ri^ + ^44»' + "4^" = J 



^4^4 = ^1 + ^*^« ] 04»74 =^4' + <?»'*^» ^ 

i4?i = ^^4 + <t?^' J ^4^^' = v: + ^'-^i' J 






57. As in the system of simultaneous concomitants for two quadratics, there 
are other solutions of the two characteristic equations (and so other concomi- 
tants) simple in form and useful because subsidiary to the expression of concomi- 
tants. The most important of these are : 

*In the case of a Bjatem of n ternary quadratics, it is easy to see (1) that the number of equations 
in each of the n complete systems formed as above is n* + 2n — 1 , and (2) that all the simultaneous 
concomitants are expressible in terms of 8n — S concomitants properly chosen. 
8 
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9 =(^ 
g" = {A 



B 
B 
B 



CM, -hi)* I, 



g„ = {A, B, Clai, — 6oK. — *o) ' 

g„=^{A, B, (7][a„ -6oK» -*o') [• 

g„ = {A, B, Gla'u -KH, -H')J 

j» = {A', B\ C'K, -i»K. -ii) 1 



ei, = (^. 5, CK -Mai', -Vo) 



j ={A', B' 

f ={A', B', 

j" = iA', B', (7'K, -h',')\ 

e ={A", B", C'la,, -6„)» 
e' ={A", B", C'lai, -60' 
e" = {A", B", C'lai', -ft^')* 

where 

^A z=b'iCo — biclt, B = a^Cf, — otcl), fC =aibi — aj>i, 

-^A' z=bA'-H'co, B' =a^l,'-a','c„ -^ G' =a^['- ai'b^, 

^ A" = b','ii- ftici', B" = a^'d,- aic^', ^ ^" = «i'*>- <^'^'- 

And the equations which express these functions in terms of the system of §56 
are of the forms 






with two similar sets ; and 

^^=-^i'^,+/„u.-^^ei 

being one of three sets. 



gis^i = (^',9 +(2e,^i-^4/i.)4»' 
g^',=v','g' + {e'J„ -2x,%W' 
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68. The orders in the x-variables and the classes in the t^variables are as 
follow, being most easily obtained from the symbolical forms : 



OBDBB. 


OLARB. 







2 


^»i ^»i ^» ; fat JtB} /i3- 


2 





^Oi ^Oi ^o'- 


2 


1 


^, ^>, ^". 


2 


2 


e,, Xi> n4l. ^4, Oi, ni\, ^„ ^i, en 


2 


3 


gu} gn> gxtJ JutJtsiJa^' «u. «n, ««/* 



which is to be read : that the concomitant in ^g as its leading coefBcient is of 
order and class 2, so that its first term is ^,t4, and so on. 

All the aimvltaneom concomitants can be expressed in terms of the fifteen, which 
oonstitvie the symmetrical set given by 



u"=e!>'xi + ' 

X4 = Zia:M + 



■}• 



■]■ 



4) =^a;fwi + 
H4 = ^4a^w? + . 



0, =^x + . . 

the symbolical expressions for which are 

U=al, U' = a':, U" = 

0, = ^ (a W, 0i = -I- («'/?'«)*. 0^' = ^ ia" ^"ny ; 

<D = aX (a'a«) . *' = «!'«. (««"«) - <^" = "X' «"«'«) ; 
X4 = /3iy^ (a/?'«)(ay'«) , ^4 = i^^'yi' (a/3"«)(ay"«) ; 
*4 = i^.yx K8u)ia'ru) . £^i= i3;V;L' (a'/?"«)(a V"«) ; 

E4 = ^«y« (a"/3«)(a'» , Bi = i^iyi (a"|3'«)(a'yt*). 



]■■ 



»3 , 
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And for the purposes of expression, the remainder of the set of concomitants 
determined by. the preceding table will be useful. 

Thus the Jacobian (Salmon's Conic Sections, §388) is 

the involutant (ib. §388a) is 

GJE 1 ^e,E . 0^ , 0i;^G^> 

8 



8 04*434 • 2 V. 04 + *4 "^ B, r 



of the ten simultaneous invariants, which are asyzygetic, nine are given by equa- 
tions similar to those which give the four asyzygetic invariants of two quadratics 
in §52; and the tenth, being 

Soo (ai^i' + aUc^, — 26(6(0 - 22 { c^[a'^ - b, {a'M' + a('&i) + a^'^ \ , 

is equal to 

^{UF^-\- U'F^ + U"F„ - 2.Vi' - 2MI' - 2NI' } . 

Similarly for other examples. 

Some investigations dealing with a system of three quadratics are given by 
Cayley and Hermite in the 57th volume of Crelle's Journal, and by Gundelfinger 
in the 80th volume. 

{To be continued.) 



Second Memoir on a New Theory of Symmetric 

Functions. 

By Captain P. A. MacMahon, R. A. 



In my first memoir on this subject (Vol. XI, No. 1) I introduced the notion 
of the ** separation" of a partition, but restricted myself to the discussion of 
rational integral symmetric functions. 

In the present memoir I am engaged with functions which are not neces- 
sarily integral, but require partitions, with positive, zero, and negative parts for 
their symbolical expression. 

The chief results which I obtain are 

(i). A simple proof of a generalized Vandermonde-Waring power law which 
presents itself in the guise of an invariantive property of a transcendental trans- 
formation. 

(ii). The law of '^ Groups of Separations." 

(iii). The fundamental law of algebraic reciprocity ; the proof here given 
being purely arithmetical. 

(iv). The fundamental law of algebraic expressibility which asserts that 
certain indicated symmetric functions can be exhibited as linear functions of the 
separations of any given partition. 

(v). The existence is established of a pair of symmetrical tables in associa- 
tion with every partition into positive, zero, and negative parts, of every number 
positive, zero, or negative. 

The results (iv) and (v) are immediate deductions from (iii), which I believe 
to be a theorem of great importance and a natural origin of research in symmet- 
rical algebra. 

Attention may be drawn to the free introduction of the zero part into the 
partitions; this forms a connecting link between arithmetic and algebra, and 
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enables us to pass in a novel and natural manner from theorems of quantity to 
theorems of number. An illustration of this may be found at the conclusion of 
this memoir, where I have given symmetrical tables of binomial coefficients. By 
employing zero parts, any algebraic function of one quantity may be expressed 
by means of partitions, and further, every unsymmetrical algebraic function of 
the quantity x is expressible as a symmetric function of any arbitrary quantities 
X in number; this is in fact equivalent to the development of ^ (x), a given rational 
and integral algebraic function of x, in a series of factorials, but it is interesting 
as showing that all algebra is in reality included in the algebra of symmetric 
functions ; for this reason I think the theorems here given are entitled to rank 
as theorems in general algebra, and should not be regarded as appertaining exclu- 
sively to symmetrical algebra. 

In one or two succeeding memoirs I hope to be permitted to further develop 
the theory of the X — x transformation which possesses many properties of great 
elegance, and to exhibit, with some approach to completeness, the theory of the 
allied dififerential operations, a large and important part of the subject upon 
which I have not entered in these two memoirs, although I have it by me in 
manuscript. 

Readers should consult " Symmetric Fimctions and the Theory of Distribu- 
tions," Loud. Math. Soc, Vol. XIX, p. 220, and **Th6orie des Formes Binaires," 
by Fa^ de Bruno. 

Section 1. 

1. The theory of symmetric functions is a part of the general theory of per- 
mutations, combinations and distributions. Formulae in the former are merely 
elegant analytical expressions of propositions in the latter theory ; this fact I 
have dwelt upon at some length in a paper, "Symmetric Functions and the 
Theory of Distributions," Proceedings of the London Mathematical Society, 
Vol. XIX, p. 220 et seq. 

As an illustration, I give the interpretations of two well known theorems in 
symmetric functions and refer readers to the paper above quoted for the neces- 
sary explanations and elucidations. 

2. If 

(1 — aiX + a^ — a^ + . . . .)"* = 1 + Ajo; + Jmj? + AgX^ +...., 
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then o^ and h^ are designated respectively "the elementary symmetric function 
of weight 7?i," and ** the homogeneous product sum of weight w" of the quantities 

a» /?, y, 5, 

where 

1 — Oiflj + Gfgx* — d^ +.... = (1 — ax)(l — /?»)(! — yx){l — hx) . . . . 
We have the well known theorems 

(-)-a. = Y, a.UTv':'.'.- '^^^ (" 

the summation being controlled by the relation l^sX^ = m and 

with, as before, the relation 2A, = m. 

3. It will be observed that (ii) is derivable from (i) by the interchange of 
a and h, 

4. These formulae give rise respectively to 

Theorem I. ** Considering n objects of any species whatever, the number of 
distinct ways of distributing them into an even number of different parcels is 
precisely equal to the number of distributions into an uneven number of diflferent 
parcels, except when the objects are all of dififerent species ; in this case, the 
former number is in excess or in defect of the latter number by unity, according 
afi the number of objects is even or uneven." 

5. Theorem IL ** Considering n objects of any species whatever with the 
restriction that no parcel may contain two objects of the same species, the 
number of distributions into ah even number of different parcels is in excess or 
in defect by unity of the number of distributions into an uneven number of 
different parcels according as n , the number of objects, is even or uneven." 

6. In these theorems it is to be understood that the phrase " of any species 
whatever" means that the objects are not restricted to be all of the same 
kind or to be all of different kinds, but may be of any kinds whatever ; the 
phrase ** different parcels" means that no two parcels are of the same 
description. 
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7. As an example of the first theorem, suppose there are four objects, say 
three pears and an apple, we have the distributions : 



Four parcels. 




Three parcels. Two parcels. 


One parcel. 


p,p,p,a 




pp,p,a pp,pa 


pppa 


p, p, a, p 




pp,a,p pa,pp 




p,a,p,p 




p,pp,a ppp,a 




a,p,p,p 




a,pp,p a,ppp 
p,a,pp ppa,p 

a,P,PP P,PPa 
pa,p,p 
p, pa,p 
p, p, pa 




No.= 4 


9 6 


1 


and 




4+6=9 + 1, 




as stated by the theorem. 






8. Again take three different objects, say a pear, 


an apple, and an orange ; 


the distributions are 








Three parcels. Two parcels. One parcel. 


p,a 





pa,o 


pao 


P, 0, 


a 


o,pa 




a,p, 





ao,p 




a, 0, 


P 


p,(W 




o,p, 


a 


op, a 




0, a, 


P_ 


a, op 





No.= 6 6 1 

and 6+1 — 6 = 1, 

as stated by the theorem. 

9. As an example of the second theorem, take two pears and two apples, 
and remember that now no two similar objects can appear in the same parcel; 
we have thus 



Four parcels. 


Three parcels.' Two parcels. 


One parcel. 


p,p, a, a 


pa,p,a pa, pa 


no way. 


p, a,p, a 


pa,a,p 




a,p,p, a 


p,pa,a 




p,a, a,p 


a,pa,p 




a,p, a,p 


p, a, pa 




a,a,p,p 


a,p,pa 




No.= 6 


6 1 





and 


6+l-(6 + 0)=l, 




as should be the case. 
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Section 2. 

The Vandermonde-Waring Law. 

10. Referring readers to the "Definitions" given on page 2 of my former 
memoir, I pass on to a further consideration of the separation theorem given on 
page 19 (loc. cit.), viz. 

(_).^.^....(a5 +----')' ^(y....) 

=^(-Y'*"*- ■ "■+j;i+;:::~'" «>-■ w- 

where S{%^ii'^ . . . .) denotes the sum of the ri}'^ powers of the quantities expressed 
by means of separations of the partition (X'f^"*. . .) of the number n ; {J^^^{J%j^^ . . . 
is any one of these separations and the summation is in regard to all the sepa- 
rations. 

11. I established this theorem in the Proceedings of the London Mathe- 
matical Society, Vol. XIX, p. 247 et seq., but having recently obtained a far 
simpler proof, I give it here as a preparation for a far more general result which 
will be established subsequently. 

12. Write 

X3=(3)xs + (21)a:,a:l+(l')a^^ 

X4=(4)x4 + (31)x8Xi + (2«)x| + (21«)x,a^ + (l^)x}, 



-?» = 2 {mim^m^ . . . .) x^^x„^x^ . . . . , 

the summation having reference to every partition (mim^m^ . . . . ) of the 
number m. 

13. We may regard the quantities -Zi, Jl^, -Zg, . . . . as transformed into the 
quantities iCi , a^j, ccg, . . . . by means of these relations, and we may enquire 
whether there exists a system of invariants of this transformation ; whether in fact 
we can form a system of relations between X^ Xj, Zg, . . . . which, to symmetric 
function multipliers pr^^ are equal to the like functions of a^, a,, a%, . . . . A 
complete system of such invariants does exist, and they are of fundamental 
importance. 
9 
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In the first place, Xi is such an invariant ; the complete system is found in 
the following manner : 

14. I suppose that the symmetric functions on the dexter of the above rela- 
tions refer to quantities 

a> /?» y> • • • • . 

which I further consider to be infinite in number. -^ 

16. I observe that the expression 

may be broken up into factors of the form 

1 + oLXi + a^x^ + a'xg +...., 

so that there is the identity 

1+Xi + X, + X,+ = n.(l + aX| + a»xi + a'x^+ ), 

a factor appearing for each of the quantities 

a, ^, y, ; 

this relation indeed, from another point of view, serves to define the quantities 
^1, Xj, Xg, . . . . in a concise manner and a posteriori one is directly convinced 
of its truth. 

16. It is convenient to introduce an arbitrary quantity (i and to write 

l+(iX, + (I'X, + ii'Xs + .... = n.(l +fiax, + fi'a'x, + (i'a'x, + ....) 
Taking logarithms, we find 
\og{l + iiXi+(i^X^+(i^Xs+ . . . •)=23 ^^^^* "^ f^^^^ "^ f^^^'^^ ■•" '^'^^^^ "^ ^' 

a 

the left-hand side of this identity is, when expanded, 

(iX, + ii'(^X, l^X\) + ii'(^Xs-X,X, + i- X?) + . . . . , 

the general term being 

_ Vi + ii +.... + 1 (^+ ^_+ l_-.^ Till' YhX^^ 



where I = / l^ ; 



i 
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whereas the right-hand side has the general term 

I £..},.£(-).........««±| + .;^...,^ .... 

17. Hence, equating coefScients of like powers of (i, we have a system of 
invariants shown by the relations 

^i=(l)aa, 



18. If we now multiply out the left-hand side in order to find the cofactor 
therein of ^x\^^ • • • • 

we see that the cofactor consists of products of symmetric functions, and that 
each product is necessarily a separation of the symmetric function 

Moreover, the coeflScient of 

Xx^Xx!^ • • • • 

in the product -Z^» JT** . . . • is (vide first memoir loc. cit., p. 9) 

wherein {Jiy'{J%y* ... is any separation of (Ai»X|'. . .) of specification (f^r^MT** • •)•* 
Hence 

^ ' Wj! TO,! . . . . Ml M, • • • • 

* At Professor Cay ley's suggestion, I abandon the expression ^^ species partition '' in favor of ^^ speci- 
fication," which is a far more appropriate word. 
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since mi + wi, + . . . . =j\ +j\ + 

Therefore 

+,.+.. ..-1 (^ + 4 + .... -1)! ^,.^^. 






*i 



wherein {JiY' {J^^^ .... is any separation of (Xi»X{* ....). 
Hence, substituting 

Y, ^(-M-^'-^--'-^'^r t;:::~" -wy'wy-. • • . <:rf;. • • . 

and equating coeflBcients of ai',a^ .... we obtain 

which is the theorem to be proved. 

19. It will be observed that the theorem arises at once from the invariant 
property exhibited by the formula 

^(-).-^.-^.... (^-+^+;;; - .... 

an application of the multinomial theorem in algebra being in reality all that is 
necessary ; the formula in fact establishes the theorem at once for all partitions 
of all numbers, and is itself a condensed and exceedingly elegant analytical rep- 
resentation of it. It is very interesting to find an extensive proposition like the 
one under view appearing under the guise of an invariant of an algebraical 
transformation ; I remark it particularly, as I have never met with a case at all 
similar to it before. 
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Section 3. 
Property of the Goefficienis of a Grronup. 

20. On page 28 of my former memoir I defined a "Group" as applied to 
separations of a partition, and I recall here that the separation (XV)(^)(|v) belongs 
to the group (? { (»,»)(;i) ; ((«)» } 

because (^') and (jit*) occur in the separations (/l*)(^) and (/*)* respectively. 

21. To put the group in evidence, it is expedient to substitute for the rela- 
tions between JT}, X,, X3 and Xi, »|, a^ another set, as follows : 

Fi=(l)y„ 

y; = (2)y,+ (i»)yi.. 

^4 = (4)2/4 + (3i)y,y, + (2»)y,. + (2i»)y^i. + (1*) .y,„ 



F^ = 2 (^rf^r • : • •) y^r^y^"^ — ; 

we then find 

F,- F3F,--|- 1?+ Y,Y\-\Yt 

= (4) y, + { (31) - (3)(1) }y^, + (2») y.. - i- (2)» yj + { (21*) - (2)(1») } y^,. 

+ U2)(l)»-(21)(l)}y^ + (l*)y,,-(l»)(l)yx.yi-4-(l*)*2^' 

+ (l»)(l)»yfy,.--l(l)'2^- 

22. Observe that the cofactor of y^x is composed of members of (? { (3) ; (1) } , 

'' y%yv^ " " '' G^ {(2); (!»)}, 

'* y»y! " " ".G^{(2);(i)n, 

and that these are the only y products which are multiplied by separations of a 
partition composed of diflFerent parts. Generally, in the cofactor of a y product, 

the equations must belong to the group 

23. I have before given the theorem that if the symmetric function (?) be 
expressed by means of separations of any partition of I which does not merely 
consist of repetitions of a single part, the algebraic sum of the coefficients of the 
separations of each group is zero. To establish this, it is merely necessary to 
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prove that, forming in succession 

F.-- ir?, 

every product ^"'-.3'!^^ 

vanishes on putting all the symmetric functions (1), (2), (1*), (3), (21), (1^), . . 
equal to unity, unless /i^i = /ii, = . . . . 
24. For this purpose put 

'Y» = y%+yi*, 

'Yt=y3 + yai + yv, 

'Yi = yi + yty-i, + 2^,, + y^v + yv, 

so that 

H-'ri + 'F, + 'F,+ .... 

= (i+yi+yi.+yi.+ )(H-2/»+y».+y».+ )(i+y8+s/s«+y8»+ ) • • 

and taking logarithms 

log ( 1+ ' Fi + ' F, +' F, + ....) = log ( 1 + 2^1 + y,. + yp + ... .) 

+ log(i +y, + y». + y». + ) + log(i + ys + yp + ys* + — ) + • • • 

and on expansion 

'Fi + ('F,-|'I?) + ('F,-'F,'F, + 4-'^) 

+ ('F,- 'F,'F,- i-'I? + 'F.'I?- \<Yi) + . . . . 

= yi + (yi« — T^) "•" (y^'~y^''y^ "^ t 2^) 

+ (yi« — yi.yi — -3- yi« + yv'!A—-^iA) + — 

+ y»+ (ys"— "2-2^) + (y»'— yj'yj + 'g-^) 

+ (y»« — yvy* — ^yv-\- y^yi — -j 24) + — 
+ yj + (ys. — -g- S'l) + (j's' — y8.yj + -y y?) 

+ (y8«— y8»y»— -2-24. + y!py8— -4-ys) + — 
+ 
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which may be written 

Ef— Vi-l-^-h....-i (^i + ^+ — — ~ l)! /y-i/ yh 

= £(_).......-. (^-f|+;...-l)l ^,^.... 

where the right-hand side, visibly, contains only products 

in which ^^ = |E6| = . . . . 

25. It is thus established that when we express the symmetric function (I) 
by means of separations of a partition of the number I, which does not merely 
consist of repetitions of a single part, the algebraic sum of the coefficients in each 
group of separations is zero. 

This proof seems far preferable to the one given in the former memoir. 

Section 4. 
The Theory of Rational Symmetric Functions. 

26. I propose to discuss symmetric functions which are rational, but are 
freed from the restriction of being integral. 

Such an expression is V^a^^^ _ V^ png _r . 
attending merely to the indices, this may be written 

in which form it appears as a partition with negative as well as positive part«. 
As far as I have discovered, Meyer Hirsch was the first who employed partitions 
with negative parts, but neither he nor any subsequent writer appears to have 
developed this part of the theory (vide Hirsch's Collection of Examples, Formu- 
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lae and Calculations on the Literal Calculus and Algebra, translated by Rev. J. 
A. Ross, London, 18 27), 

27. As a matter of convenience, I write the partition (p, q, — r) in the 
form {pgr)f and writing the parts of such a partition in descending order of alge- 
braical magnitude, thus : 

{pq , . . .rs). 

28. I call^ and s respectively the positive and negative degrees of the par- 
tition or of the symmetric function. 

29. The sum p + q + . . . . — r — a is the weight of the partition or 
symmetric function, or qua partitions it may be alluded to as the partible 
number. 

30. Strictly speaking, the partition {pq . . . . ri) may be spoken of as an alge- 
braic partition of the partible number, but no confusion need arise in the 
comprehension of what follows if we speak merely of the partition instead of 
the algebraic partition. 

31. For the sake of continuity, as well as for other weighty reasons which 
will appear, it is advisable to admit the zero as a possible part in such partitions. 
The general function to be studied then becomes 

which may be written 

{pq ...» 00 ... . r«), 

where p, q, r, « are integers. 

32. Repetitions of the same part are as usual denoted by power indices, so 
that {ppOOOrrf) 

is written (^O^P) . 

33. Regarding^!, jP». i>s, .... i>, as positive or negative integers excluding 
zero, we have evidently 



{PiPi PbO) =n — 8.{pip^ p,), 

.n — 
X2" 



{piP% — pfil — r-9 (^^« — P^)^ 
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from which we obtain in succession 

^^{PiP% Pb) = ^{PiP% P,)+^+i'{PiP% i>.0) +2{pip^ i?,0«), 

so that the function {piP% * • • • p^) multiplied by any rational integral alge- 
braical function of n is expressible as a linear function of the expressions 

(PiB P.), {piP% 2>t0), {pip^ ^,0«), , 

in which the coefficients are independent of n. 

34. Hence we are considering symmetric functions which are rational 
algebraic functions of the n quantities 

a, ^, y, 

and at the same time rational and integral algebraic functions of n. 

35. Having in view a comprehensive study of the whole theory, I proceed 
as in the. former case and put 

+ -A_i — + -^- J "7^ "^ • * ' ' 

(1 + a^Xofi^ + oLXifi + a?x^^ + . . . . \ 

/ 1 + /"xj^" + yxifi + '/'xtfi* + . . . . 

X etc. 

/ 1 + a^Xofi^ + aa^ + a^x^^ + . . . . 

\ a fi or fj? 

10 
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36. On multiplying out the right-hand side of this equation, the cofactor of 
/i£* {s positive, zero, or negative) is found to contain symmetric functions which 
are symbolical by all partitions of s into positive, zero and negative integers, 
and moreover, each of these symmetric functions (infinite in number) is attached 
to the corresponding x product. 

Equating coefficients of like powers of ;/ , we obtain 

Xo =(0)a^, + (lT)aiX_i +(22)a:,aT., +(2P)ir,ai.i 

+ {l%Ax^^ _+(l*T*)x!xLx +.... 

+ (0*) A + (101) x^x^^^ + (202) x^^^^ + (201*) aj^ccoa^i 

+ (l»02)a:JxoX_, + (l'OP)xJxoa:Li + 

+ (0') xl + (10*1) xia:«x_i + (20»2) x^x^fl:^^ + (20*P) x^A^U 

+ (1^0*2) a:?xja:_, + {l^(^V) x\7?^^^+ 

^\ • • • . |~ • • • • "Y' • • • • I ■ • • • I . . • • 

Xl =(l)a;i + (2T]^ar,a;_, + (l»T)^a^x_j +.••. 

+ (lO)xiaro + (201) x^^^i + (1*01) xjxoaj-i + 

+ (10«) xA + (20»T) ai4a;_i + (1»0»T) xi^^.^ + 

I • • • • I • • • • I • • • • 

X_^ = (T) x_i + ( 1 2) a"ix_, + ( IP) xia^-i + 

. + (Ol)jroa;_i + (102)xia-oa;_, + {\Ol*)x^x^_^ + 

+ (0»l)a^_i + (10»5)xiir»„a;_, + (lO'P) Xi^eL, + 

""^" • • • • **T™ . • • • "^^ • • . • 

etc. 

and generally in the expression of -Z,, s being positive, zero, or negative, the 
summation is taken for every partition of » into positive, zero, and negative 
integers. 

37. Observe that we may write these relations in the form 

1 + Xo = (1 + Xo)« + (IT) ari (1 + aro)»-»a:_i + (22) x, (1 + x,)— »x_, 

+ (2P) X, (1 + Xo)'-V_,H-(l»2) ai (H-Xo)''-'x_,+ (1»P) a^ (1 + x^y-^xL^ 
+ .... 

Xl = (l)x,(H-Xo)''-»+(2T)x,(l+Xo)— *x_, + (l«T)a1(H-Xo)''-»x_,+ 

X_i= (l)(H-x„)»->x_,+(12)xi(l+x,)»-*x_8+(ll»)x,(l+Xo)"-'xLi+ 
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38. And also in the forms 

39. These relations may be regarded as defining a transformation of 

-Zq, -Zj, Xj , . . . . into functions of iCo, cci, ccg ,...., 

and we may seek the invariants of the transformation. 

40. Recalling the relation . 

l+Xoii^'+Xiijt +X^^+ = n{l+aVo^«+aaJif4 + a^x^^ + }, 

and taking logarithms, we find 

logil+Xofi^' + Xjii +X^^+. . .)=i \og{l+a'xo(i''+ax,(i +a^x^*+ . . .), 

+-A_-i l-JCa --J H x^i r-iX^^-j, 

(JL /r a fi or fJT 

which may be written 

log(H-X,) + log|l + j|^^^^ +^~y/ +.... 



= E 



4.-L '"-t A 4. J_ '^-^ J_ I 



■} 



41. We may now expand each side by the multinomial theorem and equate 
coeflBcients of like powers of ^. 
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Taking first the zero power of /[£, we have 



+ 









X8X_2'3C-i ^ ■^2-^1-^-2-^-1 , ^ XfX^jX^i 

JkS-^— 1 I A -AjJi-iJi^i JO ^iA_} 

+ 4 



(l+JTo)* ■ (1 + X«)» 3 (l+^o)' 



= (0)[log(l + .o)-^-^^ 



^2^—2 _i fl^l^?— 



+ 



"•■ (l + x,)» T (l+aJoV 



x^-i , . iCj^ia!?.! 10 a^a;Lj 

+ 4 



(l + a%)* ' (l+a;o)» 3 (l+a^o)' 

+ ]. 

from which it appears that the left-hand side of the identity is an invariant of 
the transformation. 

42. Observe that this invariant consists of a logarithmic term, together with 
an infinite succession of square blocks of terms ; each of these blocks possesses 
row and column symmetry, both as regards the numerical coeflScients and as 
regards the forms of the X products. 
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43. An invariant is likewise obtained from every other power of ii positive 

and negative, thus : 

X^ 
l+Xo 

XtXLi XjXiXii I 9 -^1 -^1 



+ 



= «[rf^ 









+ ]■ 

and X-i 



1 + ^. 







XiX^2 , XiXLi 






(i+jr.)« ' (i+Zo)« (i+x.)« 

' f1 .L. Y\S M _J_ YM ' I 



+ 



= ffl[T^ 












and so forth. 



{1+Xof (1+0^)* ' (l+^o/ 

+ ]■ 
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44. These invariants may be written 

the summation being for all solutions of the equation 

in positive and negative integers, biit excluding zero j and 

^ ^ ii! /,!.... U + Zo/ U+Xo/ ' 

where the summation is for all integer and non-zero solutions of the equation 

h^ + h^2 +.... = 7W , 

m being any positive or negative but not a zero integer. 

45. We may expand the logarithm in the invariant of weight zero, and 
moreover in all the invariants we may expand the factors 



\l + Xo) ' \l+Xo) ' 



and we see that we may write the whole system of invariants in the form 

E( Vi+««+ ...-1 ('i_+^_+jl: •_• — 1)J Y^i Yh 

where now l^^^^ -f 72^2 +•••• = ^ 5 

m may be any integer, positive, zero or negative, and the summation is in regard 
to all solutions of the indeterminate equation 

in positive, zero and negative integers. 
46. We can now enunciate as follows : 
Theorem. If 

l+Xo + Xi +X,+ =n(l + a% + axi +aS+ ), 

+ X_i + X^g -I- _ a;_j -I- aj.s 

a a* 

then 
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where the summatione are for all solutions of the indeterminate equation 

in positive, zero, and negative integers, and m is any integer, positive, zero, or 
negative. 

47. This invariant property that has just been established is fundamental and 
of very great importance. 

We now proceed as in the previous more simple case, to multiply out the 
sinister of the identity, in order to find out therein the cofactor of x[\o:^ . . . . ; 
this cofactor is an assemblage of symmetric function products, each of which is 
symbolized by a separation of the partition {^[X^. . . .), and we obtain the 
numerical coefficients by application of the ordinary multinomial theorem : the 
reasoning is the same as in the previous case, and we are thus led to the com- 
prehensive theorem 

III Ujl • • • • 

or, as this may be written, 

48. (_)^ + ^+....-iL'dl^.+ — S{7ifi^^. . . .) 

ill l^l • • • • 



=E(-y^*-^ ■•-'^jtffff^wv.v. . 



wherein {'^'^ . . . .) is any partition of m (= XIX) into positive, zero and nega- 
tive integers; S{X['^^. . . .) denotes the symmetric function (m) expressed by 
means of separations of the partition (^i^Xj* . . . .) of the number m ; {J\y'{J%y* .... 
is any separation of the partition 

and the summation is in regard to all such separations. Two examples of this 
theorem are subjoined. 

Example I. 

49. To express the symmetric function (2) by means of separations of the 
symmetric function . jx 
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We form two columns, the first consisting of the diflferent separations, and the 
second involving the coeflBcients given by the theorem. We thus have 



Separable Partition 


Coefficient 


(2101) 


— 6 


Separations 


CioefflcientB 


(2)(1)(0)(T) 


— 6 


(21)(0)(T) 


+ 2 


(20)(1)(T) 


+ 2 


(2T)(1)(0) 


+ 2 


(10)(2)(T) 


+ 2 


(ll)(2)(0) 


+ 2 


{0T)(2)(1) 


+ 2 


(21)(0T) 




(20)(1T) 


r- 1 


(2T)(10) 


— 1 


(210)(T) 


— 1 


(21T)(0) 


— 1 


(20T)(1) 


— 1 


(10T)(2) 


— 1 



Hence 



(2101) 



+ 1. 



-6(2) = -6(2)(l)(0)(T) 

+ 2{(21)(0)(T) + (20)(1)(T) + (2T)(1)(0) + (10)(2)(T) 

+ (1I)(2)(0) + (0T)(2)(1)} 

- ](2l)(0T) + (20)(lT) + (2l)(10} 

- K210)(T) + (21T)(0) + (20T)(1) + (10T)(2)[ 
+ (210T) . 

50. To verify this identity, observe that 

(0) = n, 
(XO) = n— i.(;i), 

(V0) = «— 2.(V). 
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so that the identity leads to 

-6(2) = -6n(2)(l)(T) 

+ 2nU2l)(T)+(2T)(l) + (lT)(2)f 
+ 6(n-l)(2)(l)(T) 

- (n - 1) U21)(T) + (2T)(1) + (1T)(2) f 

— w(21l) 

-(«-2){(21)(I) + (2T)(l) + (lTK2)[ 
+ («-3)(21l); 
which reduces to 

+ 2(2) = +2(2)(l)(T) 

-U21)(T) + (2T)(l) + (lT)(2)} 
+ (211), 

a result which is precisely that given by the theorem for the expression of (2) 

by means of separations of 

(21T). 

51. Written in the algebraic form, this last result is 

22a» = 22a«2a'2a-» — Sa'/S'Sa"^ — Xa>fi-^Sa' — 2a'i3-»2a* + I^*P'y-\ 

62. Example II. 

To express Ss by means of separations of (S'S*). The result arranged by 
groups is as follows : 

2S, = 2(3)»(5)» -(3)»(5') - 3 (3')(3)(3)» + 2 (3»)(3)(3»)+ (3»)(5)» -(3»)(3») 

-(3')(5^) 
- 3(3)»(33)(3) + (3)»(35») + 2 (3»3)(3)(3) - (3»3»)(3) - (3»3)(3) +(3»3») 
+ (3)(33)» +2(3»)(33)(3)- (3»)(33«) 
- (3'3)(33) 

±3 ±1 ±4 ±2 ±1 ±1 

53. To establish the law that the algebraic sum of the coefficients in each 
group is constant, we proceed, as in paragraph 24, and put 

l+'Fo + Ti +'r, +.... 

= (i + yo+yo«H-yo«+--0(i+yi+2'i'+yi«+---)(i+y»+y»'+yj'+---) • •• 

+'r_i + 'F_, X ii+yj+y^+y^+. . .)ii+y^ +y^+y^+ ...)••• 

11 
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Now, taking logarithms, the demonstration proceeds pari passu with the former 
and simpler case. 

Section 5. 

The Law of Reciprocity. 

54. I pass on to the generalization of the law of reciprocity which was 
established in the former memoir, p. 3 et seq. 

55. The theorem to be proved is : 
Theorem. " Writing 

1 + X^"" + Xi/£ + X^ii^ + = n (1 +aVo^® + ax^ii + a^x^^i^ + ), 

where the product extends to each of the n quantities 

a, ^, y, (n = oo), 

and forming and developing the product 

-^Pi-^ft^p. . . . . , 
we obtain a result 

x;]X;\Xi\ .... = ... . + e{^[^^^*.. . -X'^X* .... + ...., 

6 being the numerical coefficient of the term 

{^'i^^^...-)x:ix:ix:i 

in the development of the product 

■^^Pi^ih^pt • • • • > 
then Xi\X';!^Xi\ = +0{plpl^2^l* X^^'arJ; + , 

that is to say, the coefficient of the term 

ipVpVpl' )a:,>;X' 

in the development of the product 

X'» X'« X'> 
is the same number 0." 

56. The proof here presented is, as was the one in the former memoir, 
purely arithmetical in its nature, and depends upon the consideration of a par- 
ticular mode of distribution of a given number of objects into the same number 
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of parcels, no parcel being empty ; we have invariably one object in each parcel. 
The distribution is of a more general character than the one previously considered 
and includes the latter as a particular case. It will be seen that when once the 
character of the distribution has been precisely defined and its connection, with 
the subject treated of, established by a close examination of a particular case, 
the actual proof is instantaneous; it arises in fact from a single observation 
which is of such an elementary character that it admits of no dispute. 

It is necessary to make some definitions more extended than those given in 
Proc. Lond. Math. Soc, Vol. XIX, p. 243. 

57. Suppose any number of objects, all of the same kind, to be separated 
into an upper group and a lower group, in such wise that the upper group con- 
sists of %i more objects than the lower group ; such an assemblage of similar 
objects, so separated, may be spoken of as "Objects of type (>li)"; the actual 
number of objects is immaterial ; so long as the number of objects in the upper 
group exceeds the number in the lower group by Xi, the objects are of type (Jlj). 

58. The number ^ may be positive, zero, or negative. 

a ana 

Ex. gr. Objects of type (0) may be or or etc. 

_ . a aaa 

and obiects of type (2) may be or or or etc. 

59. I make a distinction between ** Objects of type (;ii)" and *' Objects (/li)." 
I consider ** Objects of type {'K^ " to have reference to objects of any, the 

same, kind, so that objects 

a b 

or 7, etc. 
a o 

are alike of type (0); whereas, when the objects are restricted to be of a certain 
definite kind a, I speak of ** Objects (;i,)." 

60. Again : ** Objects of type {^i^^ ....)" is defined to mean 

(i). ** Objects of type {Xi) of one kind, 
(ii). ** Objects of type (^) of a second kind, 
(iii). " Objects of type (^Ig) of a third kind. 



thus ** objects of type (30T)" may be such as 

ccc ddd ee eeee f g 

ddd eee e f 99 
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where the species of object obtaining in each group is not specified ; whereas, if 
it be stated or implied that the objects in the three groups are of given species, 
say a,b, c respectively, we would speak of "objects (30T)"; then "objects 
(30l) '' might mean an assemblage such as 



doaaa bb 
aa bb c 



the excesses of the objects in the upper group over those in the lower groups 
being respectively 3 , and — 1 . 

The distinction made between "objects of type {^i^^ ....)" and "objects 
{^i^'^s ....)" will l>6 i^ow understood. 

61. Observe that "objects (0)" refers to a set of at least two objects, one in 
each group. 

62. If no restriction be placed upon the number of objects, there is an 
infinite number of assemblages included in the phrase "objects (X1JI1X3 ....)"; 
by fixing the number of objects we obtain a finite number of assemblages ; fixing 
the number of objects at 8 , " objects (30l)" will comprise the three assemblages : 

aaa b c ^ aaa bb ^ aaaa b 

b cc bb c a be 

63. We have now objects of various kinds, divided into upper and lower 
groups, and we may have boxes or parcels of various kinds, similarly divided 
into certain upper and lower groups, to contain these objects in such wise that 
one parcel of an upper group contains one object of an upper group, and one 
parcel of a lower group contains one object of a lower group, there being as 
many parcels as objects. 

64. " Parcels of type {7^i\^ ....)" and " Parcels {Xi?^^ )" are defined 

precisely as in the case of objects, capital letters being employed to exhibit them 
instead of small ones. 

65. Thus 9 "Parcels (10*2)" will comprise the four assemblages of parcels: 



A B 


G 


D 


A 


BB 


G 




B 


G 


DDD' 




BB 


G 


DD' 


A B 


GG 




AA 


B 


G 




B 


GG 


DD ' 


A 


B 


G 


DD' 
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66. Let UB now take 8 ** objects (30T)," viz. the three assemblages 



aaa 



b 
h 



CUM 



CC 



bb 
bb 



aaaa 
a 



c a be 

and also 8 " parcels (42)," viz. the two assemblages 

AAAAA AAAA B . 

A BB ' BBB 

We make a distribution of 8 '* objects (30T)" into 8 ''parcels (42)" by placing 
the objects which occur in any one of the assemblages of objects into the parcels 
which occur in any one of the assemblages of parcels, in such wise that objects 
of upper and lower groups appear only in parcels of upper and lower groups 
respectively, and one parcel contains one and only one object. 

67. This distribution is practicable because the partitions 

(30l) and (45) 

are each of the same weight, viz. 2. In this manner a definite number of distri- 
butions is obtained. 

Let us place the second assemblage of objects in the first assemblage of 
parcels : thus, as one case, we have 

AAAAA 
aaa bb 
A BB 

b be 

68. An examination of this distribution shows us that we can separate it 
into four portions, so that each portion consists of but one kind of parcel and of 
but one kind of object ; the four portions are 



I 


n 


ni 


TV 


AAA 


AA 






aaa 


bb 








A 


B 


B 




b 


b 


c 



wherein portion I contains " objects of type (3)" placed in ** parcels of type (3)," 
III '* ** ** (T)" *' ** " ** (T)," 
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this particular case of distribution possesses a property which is indicated by the 
succession of numbers 3 , 1 , — 1 , — 1 ; thus the property may be defined by 
the partition (3lP) whose weight is 2, which is of necessity the same as that 
common to the partitions (30T), (45) which define the assemblages of objects 
and parcels. 

69. We may now restrict ourselves to those distributions of assemblages of 
objects into assemblages of parcels which possess the property defined by the 
pai'tition (3lT*). 

70. This partition (3lP) will be spoken of as the ** partition of restriction." 

71. The whole number of distributions of assemblages of objects (30T) into 
assemblages of parcels (45), subject to the restriction of partition (3lP), are 
now given ; they are four in number, viz. 

AAAAA 
aaa h b 

A BB 

h he 



aaaa h 


? 


A 


BB 


a 


he 


AAAA 


B 


a a ah 


c 




BBB 




hoc 


AAAA 


B 


aaah 


h 


H 


BBB 




hbc 



72. It is to be understood that the distributions now under examination are 
connected with three partitions of the same number ; the partition of the objects, 
the partition of the parcels, and the partition of restriction. 

73. The weight of the partitions may be any integer, positive, zero, or 
negative. 
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74. The number of objects may be any whatever, subject merely to a lower 
limit which is fixed by the partition of restriction ; if a positive part ^ occur in 
this partition, 2, objects at least are thereby implied; a negative part % also 
implies at least ^ objects, whilst each part zero necessitates at least two objects ; 
thus if p be the sum of the positive parts, if there be q zeros, and if r be the 
sum of the negative parts, 

p+ 2q + r 

is a lower limit to the number of. objects which can be taken, while in general 
we may take p + 2q + r+ 2m objects, where m is zero or any positive integer. 

75. For present purposes it is necessary to consider a minimum number of 
objects as taking part in the distributions; this, as above mentioned, is known 
as soon as we decide upon the partition of restriction. 

In the example already given, 8 objects were taken, but 6 objects may be 
taken, as is evident from the partition of restriction (3lT*). Reducing the 
number to 6, we find one assemblage of objects 

oda h 

h c 

and also one assemblage of parcels 

AAAA 

BB 

and subject to the restriction, but one distribution, viz. 

[AAAA 
aaab 

BB 

be 

'76. In general, therefore, our distributions are precisely defined by three 
partitions of the same number, and in every case their number will be perfectly 
definite. 

77. It is now necessary to make a minute examination of a particular case 
of the general theorem, in order that we may see the bearing of this theory of 
distribution upon the multiplication of symmetric functions. 
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78. Since 

JCi = (1) 0^+ (10) »iXo + (10») Xi4+.. ._. 

+ (2T) a^_i + (201) xja-oJC-i + (20*1) x,a:Sa;_i + 

+ (1»T) a^a;_i + (l»OT)je?avB-i + (l»0»T)a^c4c_i + 

+ (35) «Csa-2 + (305) »sXoa;_, + (30*2) x,a^_« + ' 

+ (3T«) XjxLi + (301*) XaXoxLi + (SO^P) Xga^, + . . . . 

+ (212)xjXiX_2 + (2102)xssXiXo»-8 + (210*2) Xj^ixgx., + 

+ (2lP) XaXiO^i + (210P) XjXiXoxLi + (210*1?) x,Xis4«£., + 

+ (1«2) xjx_2 + (l»05)xJxoa!_, + (1»0»5) a^4x_, + 

+ (I'P) xja£.i + (I'OP) x?XoxLi + (l»0*r) xfa^i + 

+ 

X-8 = (5) x_, + (05) XoX_, + (0*5) a^_, + 

+ (l5)XiX_8 + (l05)XiXoX_B + (10»5)xixjx_8 + 

+ (PK-i + (OP) XoX»_, + (0»r) xja^i + . . . . 

+ (lT5)xiX_iX_, + (10l5)xiXoX_iX_, + (10*15) xia^_ix_, + 

+ (IP) x,ati + (lOP) XiXoa^i -f- (10*P) x^a^i + . . . . 

+ 

we have 

XiX_^= . . . . + {(l^)(o5) + (PoT)(5) + (l)(loT5)-f-(10)(lT5)}xJxoX_iX_,+ .... 

79. The partition of the term xJxoa;_iX_» is (1*0T5); each of the products 

(1«T)(05), (1»0T)(2), (1)(1015), (10)(lT5), 

is a separation of the partition (1*0T5) of specification (l5) ; this follows of neces- 
sity because (l5) is the partition of the term XiX_,. 

80. When the products which occur in the coefficient of the term a^XoX_iX_g 
are multiplied, a monomial symmetric function (1*T5) will be presented attached 
to a certain oumerical coefficient ; supposing the symmetric fimctions refer to 
quantities a, 6, c, . . . . , we have • 



and also 



("^)=Et444- 
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81. A term -j- • -r- • — . -«- of the symmetric function (1*12) arises from the 
multiplication (1*T)(02) in the three ways : 

/a b lN/« 1\ 

/a 6 ^\f ^ ^\ 

VT- 1 -TAT"-"?/ 

. upxvx a'ftll a6«ll afiol. 

for each of the terms — .-— . — .^^, -v-^"* — '^j 'T"'^r-"T-"^>i8 

a 1 OCT 1 6 ccP 1 1 if dr 

the same term -Tr • ^r • — . -*- of the function (1*15) . 

1 1 C (T ^ ^ 

82. Observe that such a product as 



VT • T • TAT • "?>' 



gives rise to a term -r- • ^ . — • — • -« which belongs to the function (1*012) and 

J. X 6 u 

not to (1*T2); the coefficient of (1*T5) in the product (1*T)(02) is thus 3. 

83. To connect this result with the preceding theory of distribution, observe 
that the terms 

^AJl-Jl ^^IJLJl AAA-L 
a • 1 ' c • "^ ' T • 6~ • c • cP ' 1 • 1 • o' • d» ' 

may each be considered as representing an assemblage of 7 objects (1*12), the 
numerator and denominator letters denoting objects in the upper and lower 

groups respectively ; the term — • "r ' — ' w^ ^''ose from the multiplication 



/a b JL\/ a 1 \ 

v.T-T"TAT*"^>'' 



and, conversely, we may regard it as decomposed in this manner; we may 

«| L 1 1 

further consider this decomposition of the term — . — . — • ^a *o denote a dis- 
tribution of the assemblage of 7 objects represented by the term ; this distribu- 
12 
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tion will be into an assemblage of 7 parcels (l2) and will be indicated by the 
scheme 



AA 


B 


ab 


a 


A 


BBB 


c 


add 



84, Drawing a vertical line between the A and the B parcels, the scheme 
breaks up into two portions; the left-hand portion denotes a distribution of 
objects (1*T) into parcels (l), whilst the right-hand shows a distribution of objects 
(05) into parcels (2); the distribution is of objects (1*T2) into parcels (l5), and 
it is necessarily subject to a restriction whose partition is (1*0T5) because the 
term a^Xoaj-iCC-j has this partition ; the two portions into which the distribution 
may be divided are respectively restricted by partitions (1*T) and (02) because 
these partitions are factors of the separation 

(1«I)(02) 
which is being discussed. 

85. Two more distributions of precisely the same nature correspond to the 



two terms 


a b* 


1 1 


a b e 1 




1 ' b 


' c • <P ' 


1 • 1 • c» • <P 


these are 


AA 


B. 


AA B 




ah 


b 


ab c 




A 


bbb' 


A BBB 




c 


bdd 


c cdd 



each of the three distributions is of objects (1*T5) into parcels (l5), and is not 
only subject to the restriction whose partition is (l'0T2), but also more minutely 
to the compound restriction indicated by the separation (1*T)(02). 
86. It is thus clear that, corresponding to the algebraical result 

(1*I)(02) = + 3 (1*T2) + , 

we have a distribution theorem, viz. 

"There are 3 ways of distributing objects (1*T2) into parcels (12), (l5) 
being the specification of the separation (1*T)(02), subject to the compound 
restriction, of separation (1^1) (02)." 
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87. Consider next the product 

the term -^ • -y • — • -p can only arise from the product 



/a 6 1 d\/l\ 



the coefficient of (l*T5) in the product (1*0T)(5) is therefore unity; the corre- 
sponding distribution is seen to be 

AAA 
ahd 

AA BB' 
cd dd 

the restrictions in the A and B parcels are respectively (1*0T) and (5) ; hence we 
have a distribution of objects (1*15) into parcels (12) subject to the composite 
restriction (1*0T)(5). 
88. Again the product 



w(-H)=2:^Ef44 






-?L A Jl ^ 
lie 



the term -r- . ^t- . — • "^ ^ obtained from 2 products 



/ 6 \/^ ^ J_ 1 \ 
( 3l\( — * — J_^ 

^tAt'T- ' ^r 

thus the coefficient of (1*T2) in the product (1)(10T5) is 2, and the corresponding 

distributions are A BB A BB 

b ah a ah 

BBBB ' BBBB ' 

bcdd acdd 

which are distributions of objects (1*15) into parcels (l5), subject to the compo- 
site restriction (1)(10T2). 



92 MacMahon: Second Memoir on a New Theory of Symmetric Functions. 
89, Finally we have the product 

the term -:r • -^ • — • ^ ^^ obtained from 6 products 

/^ 6 \/ 6 1 J_\ / a b\/o^ JL JL^ 
VT'TAT-T' d^r W • 1 Al • c • cP> 

/ a ^\/ b 1 1 \ /j6_ _^\/_^ JL Jl.^ 

\T' cAT'T''¥j' \i -TAi ' • cP> 
^T-TAT-T-"cP7' \T-TAi ' c • cF/' 

the coeflBcientof (1*12) in the product (10)(lT5) is thus 6, and the corresponding 
distributions are 



AA 


B 


AA 


B 


ah 


h 


ah 


a 


A 


bbb' 


A 


BBB 


b 


cdd 


a 


cdd 


AA 


B 


AA 


B 


ac 


h 


he 


a 


A 


BBB ' 


A 


bbb' 


c 


cdd 


c 


cdd 


AA 


B 


AA 


B 


ad 


h 


hd 


a 


A 


bbb' 


A 


bbb' 


d 


cdd 


d 


cdd 



these are distributions of objects (l*l5) into parcels (l2), subject to the compo- 
site restriction (10)(lT5). 

90, Altogether, in the product XiX.,, the coeflScient of (l*T!J)afiroa5_|a;_, is 
12 (= 3 + 1 + 2 + 6); the 12 corresponding distributions have been exhibited ; 
each of these had reference to objects (1*T2) and parcels (12); each, further, was 
associated with a composite restriction which was denoted by a separation of the 
partition (1*0T2) because the term scJOaj^iCc^, has this partition ; each of these 
separations had the specification (12) because (12) is the partition of the term 
XiX-,; the 12 distributions were complete, that is, they included all those that 
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were possible under the given conditions ; this most be so because there is a 
one-to-one correspondence between the distributions and term products, and care 
was taken to consider the whole of the latter. Amongst the separations which 
denoted composite restrictions were included all separations of (1^012) which had 
the specification (12) ; this is a consequence of the forms of the functions X 
and -21, . Hence if we consider the whole cofactor of a^aco»-i^~27 which arises 
from the product XiX-, and therein the coefficient of (1*12) , we find that this 
coefficient denotes the number of ways of distributing objects (1*T2) into parcels 
(12) subject to the restriction whose partition is (1*0T2); this restriction does 
and must involve all the composite restrictions whose separations have a specifi- 
cation (l2), and there is no need to specifically mention the circumstance in 
describing the distribution ; we may simply state that the analytical result 

XiX^, = + 12(l»T2)a^a:oa5^ia;_, + 

is the analytical statement of the arithmetical theorem: "There are 12 ways of 
distributing objects (1*15) into parcels (12), subject to the restriction whose 
partition is (1«0I2)." 

91. In the case just considered there is a one-to-one correspondence 
between the literal products and the distributions; this, however, does not 
always obtain. Suppose that we take the product of symmetric functions 
(1*0)(2), in which each factor is of the same weight 2, and seek the coefficient 
of (21*) in its development; proceeding in the usual manner, we have 

(.■0)(.) = Et4-tEt 
the term -t- • "T" • -^ arises only from the product 



/b a\/a^\ 
VT-T-TAT> 



but corresponding to this decomposition, there are two distributions of 6 objects 
(21*) into 6 parcels (2*), viz. 

AAA BB AA BBB 

abc aa aa abc^ 

9 7 

A B 

a a 
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the fact is that the component partitions (1*0) and (2) being of the same weight 
but different^ we obtain an additional distribution by the interchange of A and 
B) but if we form the product XI we obtain a term 2(1*0)(2), the 2 appearing 
for the very reason that (1*0) and (2) are of the same weight but different ; we 
may therefore effect a one-to-one correspondence between the literal products in 
2 (1*0) (2) and the distributions thence arising. Similarly, if we form the product 
-SJ, and (Hi), H^^) , . . . . denote different partitions of weight Jl, we will on devel- 
opment obtain a term which involves 

and, moreover, corresponding to a literal product in (^^''(^j)'" • • • • there will 
be precisely {l, + J,+ . . . .)\ 

k\h\ 

distributions, since we may permute the capital letters in any one distribution in 

all possible ways ; thus we may consider that there exists a one-to-one corre- 
spondence between the literal products in 

and the distributions which arise from them. 

92. In general, if partitions of the same weight p^ (where p^ is positive, 
zero, or negative) be denoted by (i^), (PiO> (^i'0> • • • • > the development of 
the product X'^X'^JT'. 

will produce a term involving 

{nli + itj' + . ...) ! (Ttj^ + 7t^^ +>...) ! (PY!(pf\< (PVKP'Yi' 

Til! TtiM . . . . ' — 7ti\ 7ti!\ . . . . — * ' ' ' ^ ^^ ^ ^^ > . . . . y-r^) \^%) ..-•,. 

and there will be a one-to-one correspondence between the literal terms occur- 
ring therein and the distributions arising therefrom. 

93. Hence, from what has gone before, the result 

x;iX;iX;i — = + e{>}i^A' )«X' — + 

is the analytical statement of the arithmetical theorem : ** There are ways of 
distributing objects (Xi^Xj^/l^ . . . .) into parcels {pVpl^pl* * > • •) y subject to the 
restriction whose partition is (4*4*4» . . . .)." 
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94. Recalling our former result 

-riX_|= . • . . + 12(l*T5)a^ajQa;„ia?_2+ . . . . , 
we can now establish, in an instantaneous manner, the reciprocal result 
XiX_iX^f = .... 4- 12 (l2) a:JxoX_ia;«| +•••.; 

for, take any one of the foregoing 12 distributions, viz. 

AA B 
ah a 

A BBB 

a odd 

and change the small letters into capitals and vice versa, we get thus a distribu- 



aa 


b 


AB 


A 


a 


bbb ' 


A 


CDD 


lich may be put into the form 




AA B 




ab a 




A 


DD 


a 


b bb 



and this denotes a distribution of objects (l2) into parcels (l'T5), subject to a 
restriction whose partition is (1*0T5). 

95. We have thus passed from a distribution of objects (1*12) into parcels 
(l5) to a distribution of objects (12) into parcels (1*12) without altering the 
restriction which still possesses the partition (1^012). 

96. This interchange of small and capital letters (in reality an interchange 
of objects and parcels) cannot possibly alter the partition of restriction ; this is 
manifest from the definition of the latter. 

97. Further, the process is reversible ; from every distribution of the second 
kind we are able to pass to a distribution of the firstNkind and vice versa. 

98. There is thus a one-to-one correspondence between the two natures of 
distribution, and the numbers of the distributions of •the two kinds must be 
identical. Hence 

jrjX-.iX-8= + 12(l5)a5iCo»-i»-i + I 
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for this is merely the analytical statement of the arithmetical fact that there are 
12 distributions of objects (l5) into parcels (1*T2) subject to a restriction whose 
partition is (1*0T5) . 

99. The general theorem is now practically established, for if 

^;;X;;X;; = + B{>}i^A' )«X* + i 

there are Q ways of distributing objects (^i'^^« . . . .) into parcels {pVpVpV . . . .) 
subject to a restriction whose partition is {8l'8l%* ....)» ^^nd the above reversible 
process proves that there must be also exactly ways of distributing objects 
{pVpVpV . • • •) into parcels {TJ^'TJiTJg ....)> subject to the same restriction ; hence 

X'^^X]^X[\ = + Q{pVpVp? ) <*<•<• + , 

the theorem to be demonstrated. 

100. This proposition is cardinal in symmetrical algebra and of great 
importance ; I hope, in a subsequent memoir in this Journal, to give another 
proof of it by means of differential operators. 

Section 6. 
The Formation of Symmetrical Tables. 

101. One of the consequences of the theorem of reciprocity is the possibility 
of forming a pair of tables of symmetric functions, of a symmetrical character, in 
association with every partition, in positive, zero, and negative integers, of every 
number, positive, zero, or negative. 

102. For, let the separations of the partition {8l%%* • . . .) possess in all r 
specifications which may be 

^li ^%i ^8» • • • • ^r» 

and let, moreover, 

C^J. [^J. C-^J [^J 

denote the corresponding -T-products, so that if 

103. The law of reciprocity shows that if 

-^Pi-^Pt-^Pt • • • • — . . . . "T ^•««i«*'#a«c,^ .... "t^ .... , 
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so that P consists of an assemblage of separations of the partition (si%%* ....)» 
each of which has the specification {pl^pi'pl* . . . .) which is one of the series of 
specifications 

'^j ^$> ^3» • • • • ^r> 

P on development will only give rise to symmetric functions which are symbol- 
ized by partitions included in the specification set xi, xg, X3, .... ^^; for other- 
wise the law of reciprocity could not be true. 

104. Now form X-products corresponding to all the specifications; let 
P^^, P^^, P.^, . . . . P^^ be the corresponding values of P, and further let 0^, „ be 
the numerical coefficient of x«»x;;xjja:jj ... in the development of [-?«,] , or what is 
the same thing, the coefficient of x^ in the development of P^, ; thus, 

= + (^1, 1X1 + ^1. »X» + 6l, 8*3 + 

. + P.,xl\x',\xli + 

= ....+ (6,1X1 + Bv^i + 0„x, + . 

. + p.,x:iKy.', .... + .... 



^..= 



^.,= 



^..= 



..■\-e,,,Xr)x',lX',lX',l. 



+ .. 



+ ... 



105. This result shows that the assemblages of separations 

P P P P 

are linearly connected with the specifications 

^1 I X2, X^, . , • » Xyy 

and that we may form a table, viz. 

Xi X^ X3 . . • • X,. 



p. 


On 


6ii ' ^13 i . . 


. . Blr 


p. 


"a "83 ' • • 


t 


p. 


0S1 


^8» 1 ^88 1 • • 






1 

. . .1. ..1. . 




0rl 


■•'! ' -1 1 


P.r 


Br, Br, . . 


1 



13 
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and then by the law of reciprocity 



^pq — ^9P ' 



and the table enjoys row and column (i, e. diagonal) symmetry. 

106. We may similarly invert the table and express xi, «,, xg, . . . . x^ as 
linear functions of P^^, P^^, P^^, . . . P^^ in a table enjoying the same symmetry. 

107. To make the meaning clear, omit in the first instance all partitions 
which contain zero or negative parts, and write down a complete system of 
X-products for any given weight, as follows, e. g. weight = 5 : 





6 


41 


32 


31» 

Xys:i 


2»1 i 21» 

X%Xl X^Xy 


1» 

x^ 


^6 


(6) 








1 




XiXi 


(41) (4)(1) 








XjOj 


(32) 




(3)(2) 








xjai 


(31') 


(31)(1) 


(3)(1') 


(3)(1)* 






a^xi 


(2»1) (2»)(1) 


(2)(21) 




(2)'(1) 




x%^ 


(21») (21»)(1) 


(2)(1») + (21)(1») 


(21)(1)» 


2(2)(1»)(1) (2)(1)« 




^\ 


(1») (1*)(1) 


(l')(l'') 


(1»)(1)» 


(17(1) (i')(i)» 


(1)» 



here each line is a set of ** assemblages of separations," each assemblage having 
its own specification, as appearing by the top line. The assemblages and specifi- 
cations represent symmetric functions, and the theorem is that these symmetric 
functions are linearly connected, the coeflficients being symmetrical in regard to 
a diagonal. Thus, from the last line but one we have the assemblages (separa*' 
tions of (21^)) 

(213), (2n(l), (2)(1») + (21)(1*), (21)(l)^ 2(2)(1«)(1), (2)(1)» 



linearly connected with the specifications 

(5), (41), (32), (31'), 



(2»1), (21»). 
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108. Again, let us take the weight — 2 and the separable partition (0*P) ; 
the corresponding portion of the table of ^products is 



a^o^i 



(5) 






(0»P)'(0)(OP)+(0»)(P) 



(0*5) , 



^1 



(OP) 



(oT) 



(0)»(P),2(0»T)(T)+(0T)H0»)(T)»+2(0)(0T)(T)(0)»(T)« 



showing that we have the assemblages (separations of (0*P)) indicated in the 
bottom line, linearly connected with the specifications shown in the top line. 

109. Writing down the assemblages in a vertical column and the specifica- 
tions in a horizontal row, we may then form a table which calculation shows 

*^ ^® (5) (05) (0»5) (P) (OP) (0»P) 

(0»P) 

(0)(0P) + (0»)(P) 

(0)»(P) 

2(0«I)(T) + (0T)» 

(0»)(T)» + 2 (0)(0T)(T) 

where the third line is to be read 

(0)»(P) = 4 (P) + 6 (OP) + 2 (0*P) , 
or in an algebraic form 

verified through the medium of the identity 











1 








1 5 


3 








1 

4 1 6 


2 





1 


4 


2 


10 


8 


5 


5 


10 20 

i 


10 


1 


3 


2 


8 


10 


4 



,-lJi-l 



n' 



= 4 



+ 5 (n — 2) + 2. i(n — 2)(n — 3). 



110. The table already given possesses diagonal symmetry as a direct conse- 
quence of the law of reciprocity ; the inverse table, which expresses the specifi- 
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cations as linear functions of the assemblages of separations, necessarily enjoys 
the same symmetry. Its form is 



o 



^^.^ 




Oft 


M 


?• 






o 






1^ 

o 


S" 


o 






^— ^ 






+ 


(?? 


+ 




m" 


+ 


O 


^ 


•r 


09 



M 



<N 



-1 


1 -1 i -|i 1 

1 


i 


A 


-A 


-i: A 




-1 


-A 


A 


i'l-A 




i 


-* 


i 


1 

1 




-l| A 


-A 


1 




1 


1 1 

1 
1 



(5) 

(0»5) 

(OP) 
(0»P) 



111. It has thus been demonstrated that a pair of symmetrical tables exist 
in the case of every partition into positive, zero, and negative integers of every 
number positive, zero, or negative. 

112. The theorem in regard to the coefficients in a group, given on page 35 
of the former memoir, is extended easily to this enlarged theory, and we may 
enunciate as follows : 

113. Theorem. " In the expression of symmetriQ function 



iPVPVPi' ) 



by means of separations of 



(«I'«2'«$' 



••). 



where the parts of the partitions are positive, zero, or negative, the algebraic 
sum of the coeflScients in each group will be zero if the partition 



{PVPVPI' ) 
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possesses no separation of specification 

(CiSi, SgCj, SgCTg, ....)." 

114. This theorem may be verified in the second of the tables above given 
in the cases of (2) and (P) only, as all the other symmetric functions in the left- 
hand vertical column possess separations of specification (05) . Ex. gr. 

(5) = (0)»(T)« - 1 (0^(1)^ - f {0)\V) + I {0'){V) 
- i (0)(OT)(T) + 1 (0^)(T) + f (0)(0P) - f (O^P) 



(P) = i(0)«(P)-i(0«)(P) 
-i(0)(OP) + i(0»P) 



Section 7. 
The Law of Expressihility. 

115. The law given on page 6 of former memoir may now be extended as 
follows : 

116. Theorem. *' If a symmetric function be symbolized by 

{T^fiv . . . .) 

the parts /l , |m , r , . . . . being positive, zero, or negative, and 

{W^z . . . .) '^^ ^^y partition of Jl, 



the symmetric function {^(iv . . . .) 

is expressible as a linear function of separations of 

XlT^T^^ .... il^lhth • • • ^^2^8 • • • •)•" 

117. As an example of this, we may express the function (0*) as a linear 
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function of separations of (0*) ; it will be interesting to give, as well, the complete 
tables of separations of (0*) which includes this result. 



o 

+ 



(0)« 

3(0')(0)» 

(0»)»+2(0»)(0) 

(0*) 

from which 

(0*) = iS,.3(0»)(0)»- AU07+ 2(0»)(0)} + 2(0*), 

and this merely exhibits a relation connecting the second, third, fourth and fifth 



(0) 


(0») (0") (0*) 


1 


14 36 '; 24 




12 45 


36 




1 


12 


14 








1 







00 




^ 


(0) 


1 -t 


2 1 —4 

1 


(0») 


' A 


-A 


2 

-4 
1 


(0') 




-^ A 


(0«) 




1 





binomial coefficients in the expansion of (1 + cc)*; for 

(1 +a;)»= 1 + (0)a + (0»)a:» + (0»)sc^ + (0*)a;* + . 



+ (0*)cc*. 



118. The subject of "Expansion by factorials," which is usually discussed 
in works on Finite Differences, is thus clearly within the domain of this theory, 
and the two tables last given might have been expressed by the notation and 
symbols of the calculus of Finite DiflFerences. 

On this subject I hope to say more upon. a future occasion. 

119. It is, in conclusion, to be particularly observed that all algebra is 
expressible by means of factorials, and thus any algebraical expression whatever, 
of a finite nature, may be exhibited as a symmetric function of one or more sets 
of quantities. 

RoTAL Absenal, Woolwioh, England, December let, 1888. 



De Vhomographie en mecanique. 

Par p. Appbll. 



"La d6couverte des principes de projection centrale marque incontestable- 
ment une 6poque importante dans Thistoire de la g6ometrie moderne. Les 
m6thodes fond6es sur ces principes possMent un caract^re k la fois intuitif et 
syst^matique, qui les rend 6galement propres a d6couvrir de nouvelles proprietes 
des figures et a rattacher tout un ensemble de propositions a une meme v6rit6 
generate." * 

II nous a paru int6ressant de montrer que ces memes principes peuvent etre 
appliqu6s, en m^canique, au mouvement d'un ou de plusieurs points libres soUi- 
cit6s par des forces qui ne dependent que des positions des points. On pent, par 
exemple, a Taide de la transformation homographique, rattacher les unes aux 
autres des questions de mecanique en apparence difF6rentes, comme le mouve- 
ment d'un point attir6 par un centre fixe proportionnellement k la distance et le 
mouvement d'un point attire par un plan fixe en raison inverse du cube de la 
distance. 

Un cas particulier de la transformation qui fait Tobjet de cette 6tude a 6t6 
indiqu6 par M. Halphen (Bulletin de la Soci6t6 Philomathique, 7**"* s6rie, t. I, 
page 89). Nous avons resume les points principaux de ce travail dans une Note 
presentee a PAcademie des Sciences de Paris (Comptes Rendus, Stance du 4 
f6vrier 1889). 

1). Prenons d'abord le cas le plus simple et consid^rons, dans un plan fixe 
xOy, un point mat6riel de masse m sollicit6 par une force ^dont les projections 
X et Y sur les axes Ox et Oy sont des fonctions des seules coordonn6es :%: et ^ du 
point ; les Equations du mouvement seront 

'Voyez une Note de M. Moutard, AippiwsiioM d^Andlif9e et de Qiomitrie de Poncelet. Tome I, 
I>age609. 



104 Appbll: De Vhomographie en m^niqtie, 

Supposons que Ton ait trouv6 des expressions de x et y en fonction de t v6rifiant 
ces Equations, et faisons la transformation homographique d6finie par les formules 

_ ax + by + c _ a'x + h'y + c^ ,«v 

^ ~ a'^x + h"y + c" ' y^ — a^'x + V^y + c'^ ^ ^ 

en remplapant en meme temps la variable ind6pendante t par une autre variable 
ti li6e a t par la relation 

oil k d6signe une constante diflP^rente de z6ro. Nous supposons que le d6termi- 
^^^^ \a h c \ 



A—\ a' b 



I ^1 



a" b" &' 



n'est pas nul, et nous d6signons par A, B, C, A', B, O, A'\ B\ C" les coeffi- 
cients respectifs de a, 6, c, a', 6', d, a", 6", c" dans le developpement de ce deter- 
minant; ainsi 

A = h'c" — c'6", B = c'a^' — a^c'^, G = a'b" — b'a", 

A'= cb" — be", etc., 

Cela pos6, on a 

ou, en rSduisant 

on trouve de meme 
On tire de la 
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ce que I'on peut 6crire, d'apr^s les Equations (1), 

en posant 

Xi = /«» {a"x + b"y + c")* [ C7' (« F— yX) + B'X —A'T]) 
Ti=Jt> {a"x + b"i/ + c")' [— 0{xT— yX) — BX+A7] I* 



(5) 



Par hypothfese X et T sont des fonctions de xety; Xy et Fj sont done des 
fonctions de a et y que I'on pourra toujours, a I'aide des formules de transforma- 
tion (2), exprimer en fonction de Xi et yj. II suflBra pour cela de resoudre les 
Equations (2) par rapport ^ a; et y, ce qui donne 

Ax,-\-A'y, + A" Bx, + B'y, + B" 

«- Gxi + Cyi-^C" y~ Gxi+ G'yi+0"' W 

a"x + h"y + c" = Gx,+ ^y,+ G" ' 

et de porter ensuite ces valeurs de a et y dans les expressions (5). 

D'aprfes les Equations (4) le point {xi, yi) se meut dans le temps ^ comme 
un point materiel de masse m sollicit6 par une force jP\ dont les projections Zj et 
Ti dependent seulement des coordonnees Xi et yi du point. On obtient ainsi le 
th^oreme suivant : 

ToiOes les fois que Ton sait trowoer le mouvement d^un point (a, y) sous Vctction 
dJmve force F dependant seulement de la position du mobilej on en dMuit, par la 
transformation prScedente, le mouvement d^un autre point (a^, y^ sollidte par une 
force Fi dependant seulement de la position du mobile; la trajectoire du second point 
est la transform^ 7u)mographique de la trajectoire du premier. 

On remarquera que la droite suivant laquelle est dirigee la force Fi est la 
transformee homographique de la droite suivant laquelle est dirigee la force F. 
En eflFet, en d6signant par ^i et rji les coordonnees courantes, on a pour I'^quation 
de la droite suivant laquelle est dirigee la force Fi, 

gi— gi _ >7i — yi . 
X, - T, ^ 

la transform6e homographique de cette droite s'obtient en remplapant ^i et yji par 

a!^ + byi + c g/g + h^y + d 

a^f^ + b^'n + c'' ' a'^^ + y'ri + c" ' 
14 
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Xy ct ^1 par les expressions (2), X^ et F^ P^ ^^s expressions (5). On a ainsi, 
apr^ quelques reductions, 

G'{xY—yX)'\'B'X—A^Y 

_ -G[x{n-y')-y{^-x)'\-B{j^-x) + A{yi-y) 
- —G{xY—yX) — £X+AY 

or cette Equation, ou f , >7 sont les coordonn6es courantes, repr^sente une droite 

Y 
passant par le point ^ = a;, ^ = y et ayant pour coefficient angulaire -^ ; c'est 

done la droite suivant laquelle est dirig6e la force F. 

2. Applicatiom. Examinons le cas particulier o& la force F est centrales 
c'est-Srdire passe par un point fixe que Ton pent toujours prendre pour origine O 
des coordonn6es a: et y ; alors la force F^ passe aussi par un point fixe ayant pour 
coordonnees 

situ6 & distance finie ou infinie. 

Supposons d'abord c" different de z6ro; le point (xi, y() est alors S. distance 

finie et on pent le prendre pour origine Oi des coordonn6es (xi, yi), ce qui 

revient Jl supposer 

c=:c'= 0, 

et par suite 

Af^ = B'^ = 0, 

A-bW\ B--a'c'\ A^=-hc^', B^ = (ic''. 

Appelons r la distance du mobile {x, y) ^ I'origine et r^ la distance du mobile 

(xi, yi) a. Torigine 0^ : 

r=\/x^ + y*, ri= VoJ + s^. 

On aura, en appelant F la valeur algSbrique de la force centrale (JT, Y) prise 
positivement si la force est repulsive et n6gativement si elle est attractive. 



et avec les memes conventions, 



X=^f . Y=F^; 
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Les formules (5) deviennent alors 



F,^=i? {a^^x + V^y + c'Jc'^ {ax + by) ^ ^ 

F,^ = i? {a'^x + V^y + c^Jo"{a^x + Vy) ^ , 

d'od, en vertu des relations 

ax + hy _ a'x + Vy 

^- a"x + h"y + c''' y^- a"x + h"y + o"' 

formule qui exprime I'une des forces centrales en fonction de I'autre. 

Exemples. — I. Si la force jP' est proportionnelle & la distance, F=firj le 
point {x, y) decrit une conique ayant pour centre le point ; on a alors 

III d^signant une constante, comme 11 resulte de la formule 



Done un point {x^ y^ sollicit6 par une force centrale d'expression F^ d6crira une 
conique telle que la polaire de I'origine Oi par rapport ^ cette conique soit une 
droite fixe 

«^+ G'yi+G''=0 

homologue de la droite de I'infini dans le plan xOy. 

II. Si la force F est en raison inverse du carr6 de la distance jp'= -^, le 

IT 

point (a, y) d6crit une conique ayant pour foyer le point ; on a alors 

^i-((7a-i+ G^yi+G^y?^' 
et comme 

^ = ^ + 1/"= (^Cxi+G^y,+ G'J ^^^ ~ ^^^^' + (^'^^ ~ ^'y^)'J > 
on a 

f^' d6signant une constante. Done un point (xi, y^ sollicit6 par une force cen- 
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trale exprim^e par cette demi^re formule d^crira une conique tangente a deuz 
droites fixes distinctes 

homologues des droites isotropes 

dans le plan xOy. 

Les deux lois de force ainsi trouv6es sont celles que MM. Darboux et Halphen 
ont signal6es, k la suite d'un probl^me pos6 par M. Bertrand, comme 6tant les 
plus g6n6rales qui font d^crire a leur point d'application une conique queUes que 
soient les conditions initiales (Comptes Rendus des S6ances de l'Acad6mie des 
Sciences de Paris, Tome 84). La transformation que nous venons de faire, pour 
deduire ces lois de Tattraction proportionnelle a la distance ou inversement pro- 
portionnelle au carre de la distance, a deja 6te indiqu6 par M. Halphen dans le 
Bulletin de la Society Philomathique de Paris (7^*™® s6rie, Tome I, page 89). 

Dans ce qui pr6c6de, nous avons suppos6 c'' different de z6ro ; si Ton a 

c d 

le point x[ = —jr , 2/i = "tt par lequel passe la direction de la force F^ est rejet6 

a I'infini, et la force -Fi est parall&le a une direction fixe que Ton pent toujours 
prendre pour direction de Taxe Oj^i. L'on aura alors 

c=:c^'=0, c'^0, 

et les expressions (5) de X^ et Ti deviendront 

Xi = 0, Fi = - &» (a'^x + h'hjYc' ~ . 
Exemples. — III. Si i^est proportionnel S, r, jP= /wr, on a 



puisque 

a"x + h"y + c" = (7xi + C'y, + G>' ' 

Done un point (xi, y^ soUicite par une force parall&le a I'axe O^i ay ant pour 
expression la valeur ci-dessus de Fi, d6crira une conique dans laquelle le 
diametre conjugue de la direction Oyj/i est la droite fixe 

Gxy+G^y^-^G"=0. 
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Si Ton suppose C^= 0, on a 

il existe alors une fonction des forces pour la force J^car 

Fdr = (irdr 
est une diff(§rentielle exacte, et il en existe une aussi pour la force transformSe 
Fi car 



^idxi + Yydyi — / Qi _|_ Qf,yo 



est aussi une differentielle exacte. Get exemple montre qu'il pent exister une 
fonction des forces pour la force jPet en meme temps pour la transform6e Fi. 

IV. Si F est inversement proportionnelle S. r* 

ill 1 

ona ^1=0, Yi= ^^^^_^ ^,^^_^ ^ny -^ ] 

^^ ^-^ + r- — {Cxi+c^yi+cy — ^ 

on a done ^i = 0, yi=— —j. 

[{o^ Xi — of + {a' Xi — ayy 

Ainsi un point sollicit6 par une force parallMe ^ un axe O^i ayant pour expres- 
sion la valeur pr6c6dente de Yi decrit une conique tangente aux deux droites 
fixes parall&les ayant pour Equations 

( j/'a^i — 6)» + {a"xi — a)» = . 

V. On v6rifiera de meme que, si la force jP'est constante en grandeur et en 
direction, la force jF\ est centrale et a pour expression, si Ton prend pour origine 
Oi le centre des forces F^, 

F,= —l^ 



{Gxi+G^iMf 

Comme le point (a, y) soUicite par une force constante en grandeur et direction 
decrit une parabole dont Faxe est parallfele a la force, le point (a^ , y^) sollicit6 par 
une force centrale d'expression Fy d6crira une conique passant par Oi et tan- 
gente k la droite fixe 

cette loi de force centrale est un cas liraite de la seconde loi de force centrale 
signalee par MM. Darboux et Halphen, a savoir le cas oiX le trinome homogfene 
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du second degr6 enxi, y^ qui se trouve 61ev6 h la puissance -|- au d^nominateur 
dans Fexpression de cette loi de force, deviendrait un carri parfait. 

3). Le succ6s de la transformation homographique que nous venous d'eflfeo- 
tuer, conduit ^ essayer, conune en g6ometrie, des transformations plus g6n6rales 
obtenues en posant 

«! = <?>(», y), Vx^'^i^^y) 

et en faisant le changement de variable ind^pendante 

^, 1^ et ;i designant des fonctions des coordonn6es » et y. L'on aura 

cfti~a d<"";i dx dt '^'Y 'dy dt ' 
d^Xi _ J_ 3<?> ^x^ J_ 3^ ePy 
d4~^'''Sxdfi^^^'dyW 



"^ a 5a \ ;i aa; /\ d< / "^ a ay \ a. "Sy A dt ) 

^aLayV;i Zx/^^K-k dyJ^dt dt ' 



et pour -^ une expression analogue d^duite de la pr^c^dente en remplapant ^ 
par 1^. Les Equations du mouvement 



deviennent alors 






oii 

^^ - a» ax ^ + a» "3^ ^ "^ ;i aa: V ;i dxAdt J 

"^ a ay\a ayAdi/ "^ a Lay v;i aa;/"^"9aV;i ay^Jeft eft' 

Fi 6tant donn6 par une expression analogue d^duite de la precedente par le 
changement de ^ en i^. Le point {xi^ y^ se meut done, dans le temps <i, comme 
un mobile sollicit6 par une force Fi de projections Xi et Yi. Mais, la force F 
6tant suppos6e d6pendre uniquement de la position du mobile (aj, y), cette force 
Fi d6pendra en g6n6ral de la position et de la vitesse du mobile (oi, yi). 
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Cherchons quelle doit etre la transformation pour que, quelle que soit la 
force Fj la force Fi ne d6pende que de Isl position du mobile (a?i, yO . Pour cela, 
il faut et il suffit que les expressions de Xi et Yi ne contiennent pas les deriv6es 

premieres -^ > 7^ • ^^ ^ ^^^^ ^^ Equations 

et trois autres Equations analogues pour la fonction i^. Les deuz premieres 
Equations pr6c6dentes montrent que 

f{y) 6tant une fonction de y seul et g {x) ime fonction de x seul. La troisi^me 
^nation donne alors 

relation qui ne pent avoir lieu que si /' (y) et ^ (x) sont constants : 

d'oii /{y) — ay + P, flf (a) = — aa — y . 

On a done 

d'oik, en 61iminant 4> & I'aide de I'ideutit^ 

dy \~3xJ " dx \dy J' 
2^ + -^(«y + /3) + -g^(aa5 + y) = 0. (8) 

On trouve de meme, en ddsignant par. a', fi\ y' de^ constantes 

^ = Ha'y + ^'), ^=-X(a'x + y'), 

2aa'+|^(a'y + ^')+-^(a'« + /)=0. (8') 

On a ainsi deux Equations du premier degre en -g— , ^g— dans lesquelles le de- 
terminant des coefficients des inconnues 

{ax + Y){a'y + P^) - {a'x + Y^{ay + /?) 
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n'est pas nul, car s'il F^tait, le determinant fonctionnel 

dx dy dy dx 
serait nul Si Ton pose, pour abreger, 

ai3' — i3a' = a", ya'-ay' = J^ yfi' — fiy = c^^ 
Von a, en r6solvant les deux Equations du premier degr6 (8) et (8'), 
1 32. —2a'' 1 d7i —2b'' 



X dx ~ a''x + h"y + c'' ' % dy ~ a"x + h"y + c" ' 

d'oil en integrant 

log ;i = — 2 log {a"x + &''y + c'O — log Aj, 

,- 1 

^ — k (a"x + 6'V + ^'J ' 

Aj d&ignant une constante arbitraire. Ayant ainsi determine ^, on calculera les 
fonctions ^ et if/ ^ I'aide des relations 

qui donnent pour ^ et i^ des expressions de la forme 

_ ax + hy ^c , _ a'x + Vy + c' 

a^b, c, a'j b', c' d6signant des constantes. On retrouve ainsi la transformation 
homographique d6finie par les relations (2) et (3) ; et I'on voit que cette trans/or- 
mcUion est la sevJe pour laquelle la force Fy ne dSpende pas de la vitesse, quelle que 
soit la loi de la force F en fonction de la position du mobile (cc , y). 

4). Si la force F, tout en ne dependant que de la position de son point 
d'application, 6tait assujettie ^ des conditions particuli^res il pourrait exister 
d'autres transformations de la forme prec6dente 

x^=^{x,y), yi = ^{x,y), dt^ — ^{x,y)dt 

pour lesquelles Fi dependrait seulement de la position du mobile (xi, y^. 

Cela arriverait, par exemple, dans le cas particulier oii la force ^serait cen- 
trale, et dans le cas plus particulier encore o\X le mouvement serait rectiligne. 
Prenons ce dernier cas et supposons que le mouvement se passe sur Faxe Ox ; 
r^quation du mouvement sera 

^ d^X _ yr 
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X dependant de x Beulement. Faisons 

l'6quation prendra la forme 

'"^— ^^ 

o\X le second membre peut s'exprimer en fonction de Xi seulement. On a ainsi 
une transformation, avec une fonction arbitraire ^ (a;), transformant le mouvement 
rectiligne d'un point, sous Paction d'une force qui ne depend que de la position 
du mobile, en un autre mouvement rectiligne de meme nature. 

5). Si nous revenons au cas g6n6ral nous verrons sans peine que les consid&ra* 
tions que nous avons d^velopp^es peuvent etre gtendues au mouvement d'un 
point dans I'espace et meme au mouvement de plusieurs points sous Taction de 
forces ne dependant que de la position des mobiles. 

En effet les Equations du mouvement, dans un probleme de ce genre, sont de 
la forme 

^^ _ jr J^ — T ^^1^ — jr /o^ 

Xi, X|, . . . . Xi ^tant des fonctions donn^es de Xu Xf^ . . . . x^. 
Faisons la transformation homographique g6n6rale 

y, = ^^^^ + ^*»^t''''t''*'^'^l'^''^"^^ = ^> (i=l,2,....n) (10) 

^i, 1) ^f, s • * * • <^f <^ • • • - 6tant des constantes, et yi, y% . * • . de nouvelles fonc- 
tions que I'on substitue k Xx, a^ . . . . ; faisons en meme temps le changement de 

variable indSpendante ^ 

cfti = -^. 

Nous aurons alors 






puis 



t=«'4(«f'-^.^)=«'(«^'-^.^> (") 



Comme Q et P| sont lin^aires enxi^ x^. . . .x^^ le second membre de cette rela« 
tion contient les quantit6s Xi^x% . . . .x^ei leurs d6riv6es secondes par rapport h, <, 
mais pas leurs d6riv6es premieres. On pourra done, & Taide des Equations (9) et 
(10), ezprimer le second membre de cette relation (11) en fonction des seules 
15 
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quantit6s yi, y% * . • • t/n' Les Equations (9) du mouvement sont amsi tranfi- 
fornixes en d'autres de meme forme. 

Cette transformation homographique est d'ailleurs la seule transformation 
de la forme y, = pi {xi, x^, . . . . Xn) (i = 1 , 2, . . • , w) 

dti = X (pCi , x%, . . . . Xf^ dt , 

qui transforme les Equations (9) oii Xj, -Z, . . . . X^ sont des fonctions quelconques 
de Xx, iCg, . . . . cTn ^li d'autres de meme nature relativement aux quantit6s 
yi» y^t • • • • yn ^t S, la variable ind^pendante ti. 

6). On pourrait g6n6raliser les resultats pr6c6dents de la fapon suivante qui 
nous a 6t6 signal6e par M. Goursat. 

Soient les 6quations de Lagrange 



d^fdT^ dT_ 



5^ = ^, (1=1, 2,....h) 

oil 7^ est une forme quadratique de ji, jjj, . . . . ji avec des coefficients fonctions 
de 5i, 9^9) • • • • $1; 6t oii d, Qg, ....§» dependent seulement de q^^ ft, • • • • ft, 
trouver les transformations de la forme 

dti = X{qu ft, qi)dl 

qui transforment ces Equations en d'autres de la forme 

ri = ^, (*=1, 2,....Aj) 

oil /S d6signe une forme quadratique de ri, r,', . . . . r^ avec des coefficients fonc^ 
tions de ri, rg, . . • r^ et oil JBi, JBj, . . . iZ* dependent seulement de rj, r,, . . . r*. 
Un cas particuli^rement inter essant serait celui oh la forme S se d6duirait de T 
par le simple changement de 

ft, ft, ... . ft; ft) ftt • • • • ft 
en ri, r,, . . . .r*; n', r^, r]^. 

II est ^ pr6sumer que les transformations que Ton trouvera sont analogues ^ celles 
qui, dans le cas du mouvement d'un point sur une surface, (& = 2), conservent les 
lignes g6od6siques. 



MAYER & MULLER, Publishers, Berlin. 



Zeltschrltt herausgegebea von Journal rMlg6 par 

G. MITTAG-LEFFLER. 
4to. Vol. XI in progress. $8.75 per Volume. 



Contents of Recent Volumes. 



Band IX. 



Bbndixson, I., Sur une exteDsion d I'infini de la formule 

d 'interpolation de Gauss. 
Bergeh, a., Deduction de quelques formulas ana- 

lytiques d^un th6ordme ^16mentaire de la th6orie 

des nombres. 
DOBRINER, H. , Die Fl&cben constanter Krtimmung mit 

einem System sph&rischer Kiiimmungslinien dar- 

gestellt mit Hilfe von Theta-functionen zweier 

Variabeln. 
GYLDiN, H., Untersuchungen tiber die Convergenz der 

Reihen, welche zur Darstellung der Coordinaten 

der Planeten angeweudet werden. 
Hacks, J., Einige Satze Uber Summen von Divisoren. 
LiNDSTEDT, A., "O^ber ein Theorem des Herrn Tisserand 

aus der Storungstheorie. 
LoRiA, G., Sur une demonstration du th^ordme fonda- 

mental de la theorie des Equations alg6briques. 
Markoff, a., Sur une question de maximum et de 

minimum proposee par M. Tchebycheff. 

Melun, Hj., tTber einen Zusammenhang zwischen 
gewissen linearen Differential- und Differenzen- 
gleichungen. 

Netto, E., tJber orthogonale Substitutionen. 

Poincar6, H., Sur les r6sidus des integrales doubles. 

SnELTJBS, T. J., Note sur un d6veloppement de I'inte- 



grale /e*'( 



dx. 



Stieltjes, T. J., Sur les racines de I'equation X« =0. 
Tchebycheff, P., Sur la representation des valeurs 

limites des integrales par des residus integraux. 

Traduit du russe par Sophie Kowalevski. 
Tchebycheff, P., Sur les sommes com poshes des ooeffi- 

cients des series d termes positifs. 
Weber, H., Theorie der Abel'schen ZahlkSrper. IV. 

tTber die Bildung Abel'scher Kdrper mit gegebener 

Gruppe. 
Zeller, Ch., Kalender-Formeln. 



Band X 

Bohlin, K., Cber die Bedeutung des Principe der 

lebendigen Kraft fQr die Frage von der Stabilit&t 

dynamischer Systeme. 
DOBRINER, H., Die Minimalfl&ohen mit einem System 

sph&rischer KrQmmungslinien. 
Hacks, J. , tTber Summen von grdssten Ganzen. 
Ha&iBERT, G., Sur les integrates algebriques des differ- 

entielles algebriques. 

KoBB, G.,Sur le mouvement d^un point materiel sur 

une surface de revolution. 
KoENias, G., Sur uneclassede formes de differentielles 

et sur la theorie des systemes d 'elements. 
Lecornu, L. , Sur les surfaces possedant les m^mes plans 

de symetrie que I'un des polyedres reguliers. 

Lerch, M., Un theordme de la theorie des series. 

Lipschitz, R., Zur Theorie der krummen OberflAchen. 

Lipschttz, R., Beweis eines Satzes aus der Theorie der 
Substitutionen. 

Pincherlb, S., Sur certaines operations fonctionnelles, 
representees par des integrales definies. 

P01NOAR6, H., Remarques sur les integrates irregulidres 
des equations lin&ires. 

Schwerino, K., tJber gewisse trinomische komplexe 
Zahlen. 

Staude, O., tJber eine Gattung tran'-^endenter Raum- 
coordinaten. 

Stenberq, E. a., Sur un cas special de I'equation dif- 
ferentielle de Lame. 

Stern, M. A., Sur la valeur de quelques series qui de- 
pendent de la fonction E (x). 

Stieltjes, T. J., Table des valeurs des sommes 5* = 

in-*. 

1 

Weinqarten, J., Zur Theorie des FUohenpotentials. 
Enestrom, G., Inhaltsverzeichniss der Bfinde 1—10 
— Table des matidres des tomes 1 — 10. 



^IBLIOTHLECA. MA-THEM^TICA. 

herau»gegeben von r6dlg6e par 

GUSTAF ENESTROM. 

Quarterly. 8vo. Vol. V in progress. I. 1884 [price 60 cents]. II. 1885 [price 60 cents]. III. 1886 [price $1.00]. 

IV. 1887 [price 81.00]. 

With the year 1887 commences a new series of this Journal, which will be devoted exclusively to the history 
of Mathematics. It will appear in four numbers a year. The subscription price i-^ §1.00. 



CONTENTS. 



Paqb 
Systems of Ternariants that are Algebraically Complete. By A. R. Forsyth, . . 1 

Second Memoir on a New Theory of Symmetric Functions. By Major P. A. Mac- 
Mahon, 61 

De I'homographie em roecanique. Par P. Appell, 103 



GIOENALE DI MATEMATICHE 

AD USO DE6L1 STUDENTI DELLE UNIVERSITA ITALUNE 

PUBBLICATO PER CURA DI G. BATTAGLINI 

Profeasore nella K. UnlverslU di Boma. 

Qaesta interessaiite pubblicazione conta ormai djeciotto annl (1863-1880). Redatta dal chiarissimo prof. 
Battaglini, coUa collaborazione di distuiti matematici italiani, d divenuta un repertorio utilissimo pci professor!, 
per gli student! universitarii, uonch^ pei eultori delle scieiuse matematiche, e di grande utilita nelle pubbliche 
Biblioteche. 

La sua pubblicazioae proeegue regolarmente a fasciooli bimestrali di pag. 64 in 4^ impresse su carta rasata e 
con buoni caratteri. 

Abbonamento per un anno anticipato, per Napoli, L. 12,00 

*' tutta ritalia, 14,00 

^* *\ " ** ** gli Stati della Lega postale, .... 18,00 

La Coilezione, 23 volumi, 1863 a 1885, 220,00 

Un'annata pre.sa separatamente, 12,00 

Naples (Italie). B. PELLERANO, editeur. 

The subscription price of the Journal is $5.00 a volume; single numbers $1.50. 

Subscriptions from countries included in the Postal Union may be sent by international 
money order, payable to Nicholas Murray. 

N. B. — Persons wishing to dispose of complete sets of Yol. I wnll please communicate 
with the Editor. 

It is requested that all scientific communications be addressed to the Editor of the 
American Journal of Mathematics, and all business or financial conmiunications to the 
Publication Agency, Johns Hopkins Univei-sity, Baltimore, Md., U. S. A. 



PUL»S OF I8AA0 FRIEDEN WALD, BALTIMOHE. 



AMERICAN 



Journal of Mathematics. 



SIMON NEWCOMB, Editor. 
THOMAS CRAIG. Associate Editor. 



PUKUStmO UNDER THE AUSPICB* OK Tfl* 



JOHNS HOPKINS UNIVERSITY. 



HfiaYpdtatp licyjftic oo (ilisto/tikmp. 



Vof uHE XIl. Number 2. 



i)J BBltimon: Publmihn Agency of the Johns Hopkins Unmnity. 



AGENTS; 



B. Wr^ikhmakj* ft Ct^., Nfm yp¥k, 

U. V 

E. ^ 

A. * ^^^ Ac Co.» CAJt»r^^* 

Ciisu ^u*, JtalHmvn. 

DA^atu. It Uphau. Samn^ 



A, Hr^ .r*#» 

Gautm ' \it*. /^<*rii; 

Ulkicq Hoi£J'LI. Milam, 
Kaxl J. TROttJtftli, Sira^i^MTgi 



January 1890. 



PUBLICATIONS OF THE JOHNS HOPKINS UNIVERSITY, 

BA-LTIMORE. 

I. AMERICAN JOURNAL OF MATHEMATICS. 

SiMON" Newoomb, Editor, and Thomas Ceaig, Associate Editor. Quarterly. 4to. Volume 
XII in progress. $5 per volume. 

II. AMERICAN CHEMICAL JOURNAL. 

L Rbmsen, Editor. Eight Nos. a year. 8yo. Volume XII in progress. $4 per volume. 

III. AMERICAN JOURNAL OF PHILOLOGY. 

B. L. GiLDEKSLEEVE, Editor. Quarterly. 8vo. Volume X in progress. $3 per volume. 

IV. STUDIES FROM THE BIOLOGICAL LABORATORY. 

Including the Chesapeake Zoological Laboratory. H. N. Martik, Editor, and W. K. Brooks, 
Associate Editor. 8vo. Volume IV in progress. |5 per volume. 

V. STUDIES IN HISTORICAL AND POLITICAL SCIENCE. 

H. B. Adams, Editor. Monthly. Svo. Volume VIII in progress, f 3 per volume. 

VI. JOHNS HOPKINS UNIVERSITY CIRCULARS. 

Containing reports of scientific and literary work in progress in Baltimore. 4to. Vol. IX in 
progress. $1 per year. 

VIL ANNUAL REPORT. 

Presented by the President to the Board of Trustees, reviewing the operations of the Univer- 
sity during the past academic year. 

VIIL ANNUAL REGISTER. 

Giving the list of oflScers and students, and stating the regulations, etc., of the University. 
Published at the close of the acadetnic year. 

The University Circulars, Annrml Report, and Anrituil Register will be sent by mail for one 
dollar per annum. 

Communications in respect to exchanges and remittances may be sent to the Johns Hopkins 
University (Publication Agency), Baltimore, Maryland. 



DEC ]9 ]Br\ 



\ 



Systems of Temariants that are Algebraically Complete. 

By a. R Fobsyth, M.A., F.R.S., Fellow of Trinity College^ Cambridge. 



(Ck)ntinued from page 60.) 

PART III. 

Applications to Bipartite Quantics. 

59. The theory given in Part I holds alike for unipartite and for bipartite 

quantics: the difference in details arises through the difference of the literal 

operatoi^. If in the quantic, symbolically represented by aj<, the coefficient 

of a^oja^t^ft^t^ be 

m! (i\ 

(with the conditions r + «+< = «i,p + <T + 'r = f4), then the six operators simi- 
lar to those of §1 are* 

oar. », t. p, <r, T 

A=2(«a,.,,-l,< + l,p,^,r — '^«r,»,<,p,,r + l,T-l) ^ 

Ottr, », t, p, <r, T 

Z), = 2(to^ + l,,,f«l,p,^,r — ()«r,»,«,p-l,<r,r+l) g" 

pk 
A = 2 («ar + 1, •-!, «, P, ^. r — p«r, ». *, p-1, cr + 1, r) 3- 

A = 2 (ra^-1, *, < + l, p, ,r, T — '^Ctr, •, «. p+ 1, ,r, r-l) JJ" 



(I')- 



*See the memoir there cited, p. 42, where the signs + witliin tiie bracket should be changed to — . 
16 
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I. — The Lineo-Linear Quanlic. 

60. In the symbolical form this is aju^ ;* the explicit form we shall take 
to be 

the sequence of literal coefficients and the arrangement of numerical subscripts 



* The principal memoirs dealing with the theory of bilinear fonns are given in the foUowing list : 
WeierBtraes (1858). ^' Ueber ein die homogenen Fonctionen zweiten Qrades betreflfendee Theorem." 

Berl. MonatBb., 1858, pp. 207-220. 
Kronecker (1866). ^^ Ueber bilineare Formen." Berl. Monatsb., 1866, pp. 597-612; reprinted in GreUe, 

t. LXVra (1868), pp. 278-285. 
Weierstrass (1868). ^'Zur Theorie der bilinearen und quadratiBohen Formen." Berl. Monateb., 1868, 

pp. 810-888. 
Kronecker (1868). Bemerkungen zu vorstehendem Vortrag. n>., pp. 889-846. 
Christoflfel (1868). ^^ Theorie der bilinearen Fonctionen." Grelle, t. LXVIII, pp. 258-272. 
Glebsch und Gordan (1869). ^^ Ueber bitem&re Formen mitcontragredienten Yariabeln." Math. Ann., 

t. i, pp. 85&-400 ; specially pp. 871-400. 
Beltrami (1878). '' Salle funzioni bilineari." Batt Giorn., t. XI, pp. 98-106. 
Jordan (1873). ^^8ur les polyndmes bilin^ires." Comptes Rendus, t. LXXYII, pp. 1487-1491 ; Liou- 

Tille, » S6r., t. XIX, pp. 85-M. 

Jordan (1874). " Sur la reduction des formes bilin^ires." €k>mptes Rendus, t. LXXVIU, pp. 614-617. 
^^Sur les systtoies de formes quadratiques." Ck>mpte8 Rendus, t. LXXvill, pp. 
1768-1767. 
Kronecker (1874). *^ Ueber Schaaren von quadratischen Formen. " Berl. Monatsb., 1874, pp. 59«-76. 
Nachtrag zu diesem Aufsatze. lb., pp. 149-156. 

^' Ueber Schaaren von quadratischen und bilinearen Formen." lb., pp. 206-282. 
'^ Ueber d ie congruenten Transformationen der bilinearen Formen. " lb. , pp. 897-447. 
Darboux (1874). ^^M^moire sur la th6orie alg^brique des formes quadratiques." Liouyille, 2* 86r., 

t. XIX, pp. 847-896. 
Jordan (1874). ^' M^moire sur la reduction et la transformation des systdmes quadratiques." lb., pp. 

897-422. 
Frobenius (1878). ^^ Ueber lineare Substitutionen und bilineare Formen." Crelle, t. LXXXIY, 

pp. 1-63. 
Bachmann (1873). ^'Untersuchungen fiber quadratischen Formen." Grelle, t. LXXVI, pp. 381-841. 
Hermite (1874). Extrait d^in lettre A M. Borchardt. Grelle, t LXXVin, pp. 825-328. 
Gay ley. ^' Sur la transformation d^une fonction quadratique en elle-mdme par des substitutions lin6- 

aires." Grelle, t L, pp. 288-299. 
Stickelberger (1879). ^* Ueber Schaaren von bilinearen und quadratischen Formen. " Grelle, t. LXXXVI, 

pp. 20-48. 
Frobenius (1879). ^^ Ueber die schiefe Invarianten einer bilinearen Oder quadratischen Form." lb., 

pp. 44-71. 
Gayley (1858). "A memoir on the automorphic linear transformation of a bipartite quadric function." 
Phil. Trans., 1858, pp. 89-46. 
Other references will be found in these memoirs which deal very largely with the transformation 
and canonization of the forms ; the memoirs of Ghristoffel, Glebsch and (Jordan, and the last by Frobe- 
nius, deal with ihe concomitants. 
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will be seen to harmonize with those in later examples. The six operators in 
(1') are 

„ 9,3,3 9. a 8 

From the graeral theory it follows that every concomitant has its leading coeffi- 
cient a common solution of Di = and Z>, = . Proceeding therefore to 
obtain these solutions, we first consider the set of equations subsidiary to i>i = 

given by 

doj dgi __ da% ___ dg^ _^ dhi dh% __ dh^ __ doj dg^ 

T "~ IT — IT "■ "O" ~ "^ ~ "^ ~ ^T^^ — ^oi ~ ^^ ' 

eight in all ; eight independent integrals of them will therefore be required. We 

l»ave ^1 = 01, 

*« = yi; 

and we apply the process of §35. Changing 2>, to A, we have 

Aei=o, 

so that 01 is a solution common to the two equations. Now for the 'variable of 
reference' we might take either Os or g^] taking the latter, we have Qt as the 
connecting variable of the modified equations in A. We have 

Ad, = ^, Ad, = — Oj, 

so that e,Ae, — e,Ad, = — {a^i + aji^ — — d„ 

this quantity %^ being easily verified to be another solution of the subsidiary set. 
And then A0, = O, 

BO that 05 is a solution common to i>i = and I>, ^ 0. 
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Next we have ^^ = A, — gr,, 

80 that ©sM— 2d4Ae,=:gri(A, — grj)— 2%,= 2d«, 

where $^ is easily verified to be another solation of the subsidiary set. Next we 
have A^e = 1" ^ (^ — 9s) — ^i i and therefore 

eA&.—eA0s=—Jhs/i + 9Ai9s—h) + g^i=^,, 

where 6^ is a solution of the subsidiary set. And then 

so that 07 is a solution common to A = and D^=^0. 

We now have seven integrals of the subsidiary set ; the remaining one neces- 
sary we may take to be 

©8 = ^ + ^8; 

and we have Ad^ = , 

60 that 6^\s^ solution common to the two characteristic equations. 

It is easy to see that the eight integrals thus chosen are independent of one 
another. 

61. Four common solutions of the two characteristic equations are 
^ii ^Bi ^71 ^6y fof ^^^ remaining two that (§36) are necessary, we have 

0?A (0,-08) = -05; 

0fA (04-^0!) = 20.-^03, 
of which two solutions are 

^= * ^^^ =^-^^ + 9^ — 9^^ 

"8 

and ^=^-^i+^=-h^,+ -\.(g,^h,)iaA-aa^)-9^A. 

There are thus six common solutions, the values of which in terms of the 
coefficients of the quantic are 

0i = ^o = cti, 
06=^i=(««i (hl9if M» 
0t = ^s=(— *«. 9s — hf 9%i£i^ ^)*» 
^s = 9s + J^%i 
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instead of ^, which is practically the discriminant of «| considered as a binary 
form, we take ^_^ 1/»_^il ^% 

and instead of ^, which is the Jacobian of Vi and v^ considered as binary forms 
in ^1 and hi as variables, we take 

^8 = ♦* + "g" ^5^8 

= (h {gA — 9 A) + «8 (9 A — 9 A) • 

To obtain the order and the class to be associated with each of these quan- 
tities as leading coefficients of a concomitant, we use (I) and (II) and easily find, 

©1 = ^i«i% + • • 
©T = M +.. 

08 = d^iUi + • • 

Further, we at once have 

w./i = ei+e8; 

^A+^8= <h9 Off «8 =-^81 

9if 9%t 9s 
All hi h 
an invariant, and wj/j = ©j©, + ©j. 

Another invariant, of the second degree, is given in §63. 
It follows from the general theory that every oonoamiiant of the lineo-Knear 
ternary quantic can be expressed in terms of the six independent concomitants 

0i> 06> ®tf ®8> ©»» ©8* 

62. But if, instead of taking in §60 the quantity 6$ as the variable of refer- 
ence, we take df as that variable, we are led to the following system of inde- 
pendent solutions common to the two characteristic equations : 

% = 9z + hi 

^% = 9A — gAi 

^9=<h{gA — gA) + <h{gA—g%fh), 

♦7 = (— As* h — gsi g%i<hi «8)*. 



an invariant, and 
and also 
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the first five of which are the same as before and necessarily lead to the same 
concomitants, while the sixth leads to the concomitant 

Hence (§61, fin.) <I>, must be expressible in terms of 81, @t> ®t> @8i @st @a* 

63. Now Clebsch and Qordan have already* given the complete system of 
asyzygetic concomitants of the bilinear ternary quantic ; they are, in addition 
to«„ 

Symbol Symbolio 

(O. and O.) Form. Evaluate Form. 

i =a. =«i + ^ + fl'8. 

»j =ap6. =i4+Jii + gi+2athi+2aai+2g^, 

A = «.wA = (a* + <hk + <hgi)^^ + . 

hf fh, h, 

9if 9%» 9» 

^ = a.cA(/?yx) = \—<^ + a^{ht — 9») + 9A\A+ , 

i> =UfU^a{acu) = [9iht + gA{ht — 9,)—h\g,\i4+ 

From the theorem that the system @|, 8g, 0,, @ei @tt ®i ^ algebraically 
complete, it follows that each one of thb set can be expressed in terms of 
members of that s^tem ; and, in fact, it is easy to prove the relations: 

• /=ei, 

t».» = 0, + 0„ 

«Ih = ^ + ^ + 20t + 2m.0„ 

«lh=t4(-|-*h--f»'')-®A-®.. 

'4' = — 0,. 

And the expression of <E>, in terms of the system of six concomitants is easily 
shown to be given by 

Mi©,*, = u,&, — 0A0« — ©f©!. 

*See pp. Vn et seq. of th^ memoir, quoted in the note to 2<0. 
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This equation is, after the foregoing relations, equivalent to an equation among 
Clebsch and Gordan's forms ; the verification of this result is easily obtainable 
from the canonical forms of the concomitants (p. 386 1. c). 

64. If, in the two equations of §60 which determine leading coefficients, 

^^t^® g,-h,= ik, g^ + 7H = 0z. 

we find 

o o o pj 

o o o o 

When these are written in the forms 

they are the differential equations of the concomitants of a binary quadratic in 
literal coefficients — h^t ^t g%i the variables in the concomitants being g^ and ^2, 
O) and — as . 

To this system of solutions must be added ai and Og, neither of which enters 
into the transformed equations and both of which are therefore solutions. 

This inference is verified immediately on a reference to the system of solu- 
tions obtained, the solution 65 being the determinant of the variables. 

Similar inferences in the succeeding cases may be derived after the character- 
istic equations have been transformed by similar substitutions ; but the inferences 
will be left unstated, because obvious from the respective systems of solutions, 
and the equations will not be transformed, the requisite substitutions being 
indicated sufficiently by the respective systems of solutions. 

II. — A System of Two Lineo-Linear Quantics. 

65. They may be taken in the forms 

U= (ajari + \x^ + ^^1X8)^ + (cVCi + *,«, + g^z)nt + {c^^i + ^ja^ + i7sa^) tis, 
IP = (a{xi + hix^ + gix^) u^ + {aix^ + hix^ + gix^) ti, + (o^ + h^ + glpi^ Us , 
and the literal operators are now of the form Dj, + Dl instead o{ Dj,. We must 
therefore find the simultaneous independent solutions of 

A + ^i = 0, A = A + A=0. 
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From the 17 equations, which are subsidiary to the solution of the former 
equation, it at once appears that there are eight integrals of the form 

and these integrals are used for the deduction of further integrals by the usual 
method hitherto adopted, and also for the modification of the A-equation. Also, 
as in the case of a single lineo-linear quantic it was possible to take either 
Bg or $t as variable of reference, it is now possible to take any one of the four 
6%, 69, Bi, ©J as variable of reference. 

As in the earlier case of the system of three quadratics (53-68), I merely 
give some important stages of the work and the results. 

Since there are eighteen coefficients, it follows (§18) that aU iJie simuUaneoiu 
eciutions can he exjoressed in terms of fifteen independeni nmxiUaneoua solutions. 

66. In addition to the preceding eight quantities B, which are solutions of 
Di + D{^0 and among which Bi and Bi are also solutions of A = , the following 
quantities — all being solutions of Di + Z>i = — arise in the formation of the 
modified A-equations : 

B, = (h, — gs) gx — 2g^ \ ^, = {Jii — gi) gi — 2gihi\ . 
B', = {K-9S)9i-i9mr '^',= {h-9s)9i-^Mr 
Xt = {h — 9a) «» + ^A\ P»={K — 9zi «» + 2^»«8 \ 

j(Ji={K-9'z)(4+2g'Ay ¥^ = iS-9z)oi+^A)' 

And in the modified A-equations in the fourteen quantities, so far obtained yet 
not simultaneous solutions — viz. B^, B^, d^, B'l, B'^, Bi and the eight just given — ^the 
following further quantities arise, all of them being simultaneous solutions 
of the two characteristic equations : 

^j = oafl'i + «A"I ii = <49i + aiki\. 



^ = 9iK — 9'A] 

B, = {A,B,Glgx,-hy 
J^=z{A,B,Glg,,-hWu-h!^ 

X,= {A,B, C](a„a,)» 

pi = iA, B, Gloi, ogjoi, aj,) 

^i = {A,B, Glai,aiy 



■4, = aiat — <4at', 

4',= {A',B,Gy„-h,y 

Xi=={A', B, G'Jg,, -h,l9i, -M) f, 

Bi = {A',B,G'lgi-hiy 

^=:{A',B',G'la„my 

^ = {A',B',G'la„a,lai,a,^ 

xi=iA',B,G'lai,a^* 
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> 9 






> I 



i^ = {a, B, Cfgi, — hilal, oi) 
(^ = {A, B, Clsfi —hila^, Os) 
xi = {A,B,CJffi-hilai,ai) 

the quantities A, B, C and J.', ffj C being 

A = -ih^, B = hs-gn, 0=2g,, 
A' = -2h^, B^hi-gi, G^=2gi. 

The following are the sets of modified A-equations in each of the four 
possible variables of reference ; the first seven equations of each set are the 
independent equations in that set, but their aggregate in any one set is rendered 
(as in §47) complete in form by the introduction of the subsidiary quantities 
which occur in all the other sets. The equations are : 



(|A = v, 


6;a=v. 


ei'A=vi 


^A = vi 


Vif=—Ot 


V^ = <>5 


v^ = -«i 


vi«? = di • 


VsP=q 


V»r = 


V^i/ = 3' 


vy=«' 


V.? = 07 


Vifi^^Xn 


Vi9f = ^i 


v;»' = ;k^ 


V8y = t 


V.t = ^ 


vi^' = -^i 


Vi^' = -4' 


V«a = — -^ 


V.« = 4^ 


vi/ = -t 


vX=^. 


V8'< = * 


V»P = ^6 


v^ = *' 


V^p' = <r' 


V»« = >^t 


V,(T = ^ 


v^=^^ 


Vi(T' = 4^ 


V8< = t» 


Vf? = 4>. 


vi«'=a. 


v;^'=«', 


Vi^=X» 


Vin = x* 


vi^=^ 


v>;»'="i 


V.« = J<i 


Vi^=vi 


V^T'stt, 


V^=^Pt 


V8a = ^ 


V«" = w» 


V^' = i^ 


Vi/^ = p^ 


VsT = oi 


V»9 = pi 


Vi<' = 4»i 


vi^'=4>.' 


^^ = v. 


V»/=pT 


vi? = ;Ki 


v;'/=^^ 



17 
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where the various quantities are defined by the relations 

ei = ejw = esp = ecj/ = eyi ' 
^,= 0j« = 0^ = e^x/ = e^'\ x»=^ff = ^^ = %'^ = ^i^\ 

67. The independent simultaneoiis solutions of the two characteristic equa- 
tions can be derived from any one of the sets ; let us, then, consider the first set, 
retaining for this purpose only the (first seven) independent equations. Regard- 
ing these equations as furnishing one system of common integrals, we have the 
eight solutions of Di + D{=zO before given, 6i, $„ 6„ d« and $i, $i, $'„ 6i; and 
those constructed later, viz. Bi', 0«, 6t; ^; ^'s! 4^9 1 "4^1 i being fifteen in all. Two 
more are necessary to make up the reqvdsite number of seventeen solutions of 
Di + Di=sO; and they (as in §60) may be taken 

^t = h + 9$i 

Now Of and di both satisfy A = , and therefore it appears that of the neces- 
sary fifteen simultaneous solutions we already have 

ei.eii e„e^;d„'^,;0„^,;andt, 

so that six independent integrals — the proper number — ^must be obtained from 
the modified (v8-)®<luations. Six solutions, algebraically independent of one 
another and of those already obtained, are: 

A + g^i =4S, 

2*- 2pe,= (A,-sr,)» -h 4%, = A, 

e^ + y^s =4i, 
ad,— e»i/6 ='4'i 
«»_2w4'T= iK-9',y + 4%i = A', 
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Hence every Bimultaneous solution can be expressed in terms of the 15 (= 9 + 6) 
solutions already obtained. 

68. These fifteen solutions are not, however, symmetrical with regard to the 
two quantics, and they will therefore be replaced by a system which is symmet- 
rical and at the same time is algebraically equivalent to them. Among special 
relations — a fuller system will be given immediately — we have 

so that we may replace i^ by 6^; we have 

80 that we may replace x$ ^7 ^ii ^^^ ^^ second of these equations we shall use 
to replace tf^s by ^ ; and lastly, we have 

60 that we may replace ij/s by 4^^. 
The set is now constituted by 

Oil 0,1 Ai e,]_ e,\ ^,] . ., 

a system symmetrical with regard to the two quantics ; and it follows that every 
simvitaneous solution can be esepreased in terms of &iie set. 

Two of the set, viz. A and A', may be simplified in form as in §61, for 

^(A-0|)=sr^-gr^ = 3„ 

which will be taken as leading coefficients when the system of concomitants is 
established ; but for the purpose of expressing dependent solutions it is conve- 
nient to retain A and A'. And as an intermediate quantity we have 
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a simultaneous solution of the two characteristic equationSi which also admits of 
some simplification in form by taking 

but for the same purpose as A and A' it will be convenient to retain A^,. 

69. Passing now to the consideration of the aggregate of modified A-equa- 
tions in B^ as the variable of reference, we notice that eleven out of thirteen 
have their right-hand sides solutions of A=0, and that therefore, when any 
pair is combined, they lead to a solution ; for instance, from 

V^ — — ^6» V^ — ^ 

we have as a solution of Vs = 0, i. e. of A = 0, the quantity b^^ + t%. The 

number of such combinations is 55 r= -g-, ll.lOj; and the corresponding 55 

solutions can be expressed in terms of the fundamental set« Some of them are 
merely combinations of solutions already obtained, though not yet expressed in 
terms of the fundamental set ; some of them are solutions new in form. The 
relations are given in the following table, which is to be read 

^^7 + (-?)(- 05) = <^, # + (-y)(-e5) = ^i, 

?^ + (— ff)0t = — JI7, s4'5 + a0t —vt, 

and so on: 
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The quantities which occur in this table and not abready defined are given 
by the following definitions, in which 

^ = -gi{h-g,)+g,{hi-9l>)i 

it will be seen that all the functions are of the nature of Jacobians : 

=2(^.8, ©I^i.-AO* ] to =2(3^,8, «;k«.)* 

«»= 2(|k., 8. «;j^i, -*,](«/{, -Ai) \' %»=2{^,%€l<h,<hK,<4) 
g' =2(3.,8.«M.-Ai)' J to' =2(3^.8.®K.«i)* 

ii=2(3^,8.«](s'i.-^«..«.)r 

70. The simplest integral relations among the solutions already obtained are : 



ii=2(3.,8.®K-^K«i) 



«7Z» = 4^* -^A^ 



i^ = M-^ I. 

PW* = a:7^5 — '<K I ; 
„M,/ _ A fl' _l_ J.,.' f ' 



M^x^i 






V; 



'"I'T^T = Xl 

-6^ A) e!,x!,=^i; 

-^*A'r xi^ = 9i' 



-6SA' 

- ^r A' 

- 6i'A' 



-4^A ) 
-i^A' )' 

»V5 — ijif^6--v*» J . to'-"/* — tou^s =-441 ! , 
flu^i-fl'0, =4»iW' toui^-to^i =tWi(' 






A'^ — 2Aue7'«^T+A4^=fl» 

A'^r-2A„0^4'i+A0r=fl" 
A'aj? — 2Au;tT^ + A4.I = U* 
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^ 


^ 


«• 


r 


<>7 


X»-t«A 


4^«-ejA 


^ui— ^t'4*A 


i4-4«A 


No relation. 


Norelat^"^^**^. 


^ 


No relation. 


^l>^-6t'4^iA 


v^-e,d^ 


• 


See«^ 


See e,^—^% 




^i 


c^-i^^A 


<^z*-^li^'A 


;ci-«rA 


See Vi 


See Xr^e d^^g^ 




;kt 


No relation. 


fH-^A 


No relation. 


^ ^^^^iA„ 




PT 


No relation. 


See x,v. 


See 4^i>^+tt„(>i 




^•i 


PjV,-^44A 


No relatJee ;|j^;^ 




^ 


S"*i+^„ 




w» 








/ 


Jee^i^i 




leex;^ 




^6 0^^ 




> relation. 










tee ;tii;i 




relation. 




(H-4.^iA' 




ixi+fl'^ 
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r^ 



A'p? -2A«p,pi +Ap{'=% + (AA'-Ay^* 
A'4S' - 2Ai,<?>,;ct + A;t! =« + (AA' - AJ,) « 
A'l^ -2A«i;^ +A6>i*=i| +(AA'-A!,)4^5 
A'g4 — 2Ai,i;iQ, + Ai;r =tf + (AA'-AfO^^r 
A^xi^- 2A„xi<^ + A<|^" = iC .+ (AA'- AJO^r ^ 

The remainder are given in the following table, which is such that some equiva- 
lent value has been found for every product-pair of the twenty quantics in §66 
which are of the third degree in the coefiScients. There is no equivalent value 
for the product 6^^] and the table is to be read, for instance, in the line X^, 
there is no equivalent value for ^^l/^] 

and for ^>^ a reference is made to the entry for ^Xii ^^^ ^^ ^^^ ^^ noticed that 
the results are all of such a form that the difference of two of these product- 
pairs is expressible in terms of quantities each of which has at least one factor 
of the second degree. 

71. Each of these relations between the solutions of the differential equa- 
tions implies a syzygy between the corresponding concomitants of the system of 
two quantics, the concomitant u„ — whose leading coefficient is unity — ^being used, 
where necessary, to make the order and the class uniform in the syzygy. 

72. Each of the solutions obtained determines a concomitant; the order 
and the class of each such function so determined are given in the following table : 



OBDBR IN X. 


CLASS IN U. 




1 


1 


^1. ^1. ^8f ^8. ^». ^»» ^W 


2 


2 


e„ Bi '^„ ^. 


3 


3 


^». 4»». v». v'tf %. <4, x»' X»> iif ii. *i. U- 





3 


^,e„ei. 


1 


4 


^,^,•4^,, '4'!,. 


2 


5 


fl. flu, fl'. 


3 





^, Xi' Xi- 


4 


1 


Pi,pi>1h,^'n- 


5 


2 


ft, Jilt, ft'. 



130 FoBSTTH: Systema of TBrnariarUa thai are Algebraically Ootnp^. 



73. The symbolical values of the more important concomitants are as fol- 
low, the original quantics being 

jr= bjUp = c.tty = ...., W^ b',Ufi, = C',Uy, = 

and capital letters 0^, <!>,,... . denoting the comcomitants which have the 
corresponding small letters $rt ^$ with the same .suffixes for leading coeffi- 
cients: fei= b,upi 

le{= 6i«^; 

f 08 = — 0i + «.6^; 

'0, = — 0J-hM.C(,6,«^; 

f0, = -(M(/3ya'); 

0„=-(W'«)(/3/3'x); 
0i = -(6'c'«)(^yx); 

<I> = — «^% (JbUu) ; 

-1- ip, = ti,CpMpUy (Wu) — cjUpUyUy {bVu) ; 
-|- 'Pi = — M^cj^Mp/My, (56'«) + clUfftty,Up {bVu) ; ' 
-^ei = — d'yu^, {b'cfu) ; 

-|-At= -|-08<I> — dp/t*y«y(6cu)t«,; 
J- Ai = _ '-f 0i* — d^«,t»y (Vcfu) u, ; 

^ <!., = «^;cA 03'fe) - 6ic A«, C3'fe) J 
^ <I,i = _ «.6^X (iS^'aj) + 6.cX«y G^^'a^) 5 
^Xi= 6;^X(|8'3'x); 
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^ <Di = - -f e^ei + d>y {Vdu){]^>yx) «.; 

-|- Y, = - ^ 0,tp, + 6X {hcx)(^^u) u^; 
^ T,' = - -f 0^q»i - My {Vdx){PM w.; 

-|- ri, = — i- 0,q»i + c«t*,, iWu)i^yx) «« ; 
-|- Hi = - -f 0^*5 - c4«, (iy^X/Jya) «. ; 

1" X, = - -|- ©i0k - c.«, (5&'w) (/3Va;) «, ; 

-f Xi = - -f 0,0^ + C^Uf, {hVu){^'/x) tt, .* 



III. — The Quadro-Linear Quantic. 

74. This may be taken in the form 

(oa^ + 6a5 + ca^ + 2/x^, + 2^a^i + 2^0^) «i 
+ (a'a^ + ^aj + (/a^ + 2/avr» + 2«^a:ga;i + 27t'xia^) «, 
+ (a"a^ + 6"a5 + c>'4 + 2/"avr, + 2/avB, + 2h"xiX,) «,, 
which is symbolically represented by a|t(.. The characteristic equations are 
•rw «ji3, 3, 9,„/.,9,i9,f3 ,3 ,3 

*I have not worked out in any detail the forms for three lineo-linear quantios ; but it is interesting 
to see that the cubic determinant formed of the coefficients 

aiiftiifl'i; al,hl,gi\ alf,hl\gl' 
Oai^aifl'a; <ii^M^gi^ al\hl*,gi' 

08,^8,(78; ai,hi,gi; ai', hi\ gi' 
as the three ^^ strata " (see Scott^s '' Determinants," Chap. YII), is a leading coefficient of a concomitant. 
18 
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All the simuUaneoiis sduticns can he eacpressed in terms of fifteen indepefndent 
simultaneous sclu/tions. 

76. It appears that, of the seventeen equations subsidiary to D^ six inte- 
grals are at once given by a^ g^o^d^ ^^d^, as in previous cases, we have a 
choice of variables of reference in q or ol. 

The systems of integrals and the modified A-equations are formed as in the 
preceding cases, with the following results : 

Quantities, being solutions of 2>i = but not of A = and occurring in the 
equations, are 

6i = a', ^t = ^> 08 = ^ 1 

% = 6^, Cja', a") J ^9 = Oc, d)3, — A) ^ 

4^10= (pf ^, c'K a%, —A) 
4>io = (p,f^,c'][(7, — A)» 

where the symbols A., f£, p are defined by the equations 

a=-|-(A'-/), ^ = -f(2/-o"), p=i(Jy-2/'). 

Quantities, being solutions of both 2>i = and A = and occurring in the equa- 
tions, are, in addition to j/i = a, given by 



y, = (&,/,cK«")* 



e, = (-A",a,j7'](flf,-A)» 



r > 






And it is not difficult to see that, when 0, is the variable of reference, the 
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seventeen integrals of the equationa BubBidiarj to Ai being 

Vu y%i Vzi y4f y5» yei y^; ^n %i ^a ^5> ^ei ^n ^si ^»f ^107 ^ui 

are independent of one another. 

76. The modified A-equations are 
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ejA=v 


ejA=v' 


V»=2* 


V'»'=2*' 


V* = y, 


V'*^ = zi 


v'=y« 


v'7=-y. 


Vi>=2gr 


Vjp'=2gf 


vg'=y4 


W = «i 


Vr=3» 


VV = 3«' 


V»=2< 


V'«'=2<' 


v<=y6 


V'<' = 2, 


v»=y« 


y/vf = z. 


v»=?» 


v^=^. 


v;c=^4 


Vx' = ^i 


VOf= 2o 


V'<r'=2a)' 


V" = »7j 


V'«' = 55 


V«' = ^. 


vV = n, 



^^ = »0j = if$f 

where ^^ = X^ = ^^ 
dg = r^ = r'^ 

Vie =^ W2 = T 65 



and the first nine equations are the independent equations for each of the 
variables of reference. 
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77. Taking first the set of nine independent equations in $, as the variables 
of reference, eight independent integrals (the necessary number) are given by 

5, =&» —iy, =/» —he, 

\ = e -ay, = (p» + (iV, f,(i + l/'<f, pcf—(i1a', a")*, 

^ = ryi- Zdy, + SW = I -—-\ 7Zj Z0\ JZH K, a")«, 



^ = ?y, — %, 

ei = Jyi — qyt 
t!, = lyi — tyt 

z» = iy« — vy8 



6"V 
+ Sb"p(i 

+ V 


— h"pd 
+ W'li* 

+ pV 


h"(ld 

+ 2pV 


¥d* 
■hSpiid 
— 2jtt* 






Here 5, and ^4 are the discriminants of y, and ^4, regarded as binary quadratics 
in a! and a" as variables ; \ is the Hessian (with changed sign) of y^ similarly 
regarded as a binary cubic, and ^5 is its cubicovariant ; ^s, i^4, 975, 2^5 are the 
Jacobians of y^ with y^, y^ y^i ye respectively, similarly regarded as binary 
quantics. And if we take 

«5 z= y/V + 6¥p(icf — 4yy + 4pV — SpV, 
being the discriminant of yg, regarded as a binary cubic, we have 

so that ^5 is a simultaneous solution and it may replace ^5* 

We thus have the result : 

Every simvllaneous solution of the two characteristic equations can he expressed 
in terms of the fifteen independent simultaneous solutions 

yii y»> y«» y** y5» ye, Vi^ ^», ^4, h, K^ i%^ h^ n%, ^e; 

anA every concomitant of the quadro-linear quantic can be expressed in terms of the 
fifteen concomitants which have respectively these fifteen quantities f 07* their leading 
coefficient^. 

78. Taking next the set of nine independent equations in 6^ as the variable 
of reference, the corresponding eight integrals are 
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i^ = Jtr-i%.=/'-bc, 

K^tf^-s^z, =(p« + /^y', p/^ + yV, fc/-(i'lsf,-h)\ 
[^^ = /a^ — Zs^tfz^ + 2lf\ replaced as before by] 
5b = = «// V + eV^pfii^ — AVy + 4pV — 3p»^», 

f, = Pz, + %, = (6a' +/a^ fa' + ca%, - A), 
i, = Vz, + tfys = (- Jy', p, II, dig, -h)\a!, a"), 

these quantities bearing similar relations to the quantities 2, viewed as binary 
quantics in g and — % as variables. Hence we see : 

Every simiiUaneous solution of the two characteristic equations can also he 
expressed in terms of the fifteen independent simultaneous solutions 

VlJ ^) 2^81 ^41 ^» ^ti Vlf ^91 ^4) K, ^6> ^3> ^41 ^5 > V^J 

and every concomitant of the qvadro-tinear quantic can also he expressed in terms 
of the fifteen concomitants which have respectively these fifteen quantities for their 
leading coefficients. 

79 To obtain the order and the class 
of each of the concomitants, we may use 
either the method of developing opera- 
tors in §7 and 8 ; or we may obtain the 
symbolical forms, the umbral coefiScient- 
combinations being given in the accom- 
panying table. For any one of them such 
as ^5, we first change the quantities 

V'j p, II, cf (its coeflScients regarded as a binary form) into umbral combinations, 
so that 

% = — S^ajaj — S^h (ojoi — 2a,a,a8) + gh^ ( 20,030, — oloa) — A«e4o, 
= — {<hg — (^J^y{(h9 + (Hh). 

Now we have also 

aa — agi— bi^i (a^hs — a^\) = h^^ {ajb^ , 

Oagr + OjA = d^hi {a^ + a^d^) = diSi (d. — d^ai) , 
so that 

2» = — Ml {<hh) Cin {a^c^) di8i (d. — d^oi) 
and therefore 

Z^ = — b^c^d^UpUyU^ {ahu){(zcu) d^u^ + 6a:Ca.u.w^t*Yd5wa (o6w)(acu) . 





of 


a\ 


of 


Oia. 


0,0i 


OiO, 


»1 


a 


b 


c 


/ 


a 


h 


"l 


a' 


V 


d 


/' 


9' 


V 


«. 


all 


hli 


efi 


/" 


9" 


h.11 
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The second term is seen to be resoluble, for djw, is it &ctor; it is in fact equal 
to what is called Fi^: and thus Z^ effectivelj detennines a concomitant 
dJb^gd^UpU^Ut {abu){acu) . 

The symbolical expressions are here given for all except A,, Ai and ^j, which 
are long and complicated in their symbolical form. The order in x and the class 
in u are 8 and 4, 4 and 6, 4 and 6 respectively for these three; and for the 
others are immediately evident from an inspection of their values: 



^1 = yiaa«i + 

r; = ysaaX + 
T* = y*4 + 

Zt = 2ea5i«i + 
A, = ^«{ + 



= <4m., 

= — I? + apa«^«.«,, 
= — Fi + a,w.a., 

= _ rj _ 2 F, F, + a^l4«.t4. 
= «/*a,^(ayx), 
= — 2 F1F4 + a,a,«<i£5 (a&) «»., 
= - F,~ FjF,- F? + a.a^X, 

= Cffii,jbj:,uju>y {ahu) , 

= FjZ, — dJb^gji^UfUyUt (a5t<)(actt) t», , 

= a.6,«p(a6tt), 

= T ^ |-aA(«6tt)(«i5«)«.. 



80. The operators which serve for the full development of the concomitants 
in powers of the variables from the leading coefficients are : 
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80 far as powers of the ^variables are concerned ; and 

-^|--^-^+(2A-V)-4+(a-A')|r + ^^-/)-|j 

80 far as powers of the t^-variables are concerned. 

82. Other solutions of the modified A-equations can be obtained, different 
in form but of course not algebraically independent ; of these the most important 
are the set of three 

8„=ikt—8y^ — iy^ — (2/p — iib'\-Vfc)a!+{2f(i — b(/ — pc)a^', 
h^=2qt -py^—sy^ = (2Xp + V'^ + f*A'0 a' + (2X/^ — ^p + c!7J')a\ 

which are respectively intermediaries between \ and 5^, 5, and ij, h^ and ^5; and 
the set of functions of Jacobian form similar to those in §69. 

83. The last statement is justified by the theorem: 

The Jacobian of any tvoo simtjUtaneoua aohUums regarded aa binary forma in d 
and d^ is also a solutum ; and similarly for the Jacobians of adlutiona regarded aa 
binary forms in g and — h. 

The proof for the two cases is very much the same ; taking it for the former, 
let U and V be two solutions of orders m and n respectively in d and d\ and 
let J be their Jacobian. Then 

Now on looking at the groups of subsidiary quantities and comparing them 
with the equations, it appears that (1) for every simultaneous solution CT, the asso- 
ciated quantity g^, satisfies A = 0; hence, as a\ U, ^> g^ » 3^^^^ satisfy 
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Di = 0, it follows that J satisfies that equation ; and (2) the modified A-equation is 

so that v«^= ^- U— TJ. V= 0, 

and therefore J satisfies A = 0. This proves the proposition for the former 
part ; the latter part is similarly proved. Examples occur in i?2> ^41 Ss) ^5* 

84. A set of dependent concomitants will thus be obtained having each as 
its leading coefficient a Jacobian in a' and a'' or in g and — A of any two leading 
coefficients already obtained. 

The relations among the various solutions will be similar to those previously 
obtained ; only five examples will here be given, being those which connect the 
system of §77 with that of §78 immediately succeeding. They are 

y8% = ll — *i24. 
2^424 = ^ — ^424, 

y5^6 = ^5—^6^8 I 
%>76=l5 — ^524^' 

where ^5, an intermediate between \ and A5, being equal to 

(p' + f.6", -f pf^ + -f i/V, fd — i^a\ a!^\g, -A), 

is determined by the relation 

IV. — The Cubo-Linear Qiuinlic. 

85. This I take in the form 

+ Us (a"a5 + Sh"a^ix^ + S/oJos + 36"a^Xi + 3c''4ci + e/^a^Og 

+ i"a| + 3/';rJa:3 + 3Fa^:rJ + Fa^) 

instead of a form such that the coefficient of tii is a imi-ternary cubic with coeffi- 
cients as in Cayley's Third Memoir ; the advantage being that all the analysis 
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of the quadro-linear quantic, afi &r as it goea, is valid here without any diange. 
The characteristic equations are 

and 

+ (^/-^^Olr + (6'-/")|7 + (^'-J/O^^ = 0. 

86. In addition to the quantities formed with a' as variable of reference 
which (§76) were for the quadro-linear quantic solutions of Di^zO but not of 
A= 0, viz, dr (where r=2,3,..,.,10) and the quantities which were for 
that same quantic solutions of 2>i =0 and of A =0 , viz. t/, (where « =;? 1 , 2 ,...., 7) , 
all of which occupy similar positions in the construction of the equations for the 
present case — there are the additional 0*quantities, solutions of 7}^ = but not 
of A = 0| given by 

where e = -i- (SA/ — Z") , « = -^ (2/ — 2fc") , <» = -j- (»' — 8/) 5 and there are the 
19 
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additional ^-quantities, solutions of Di= and of A = 0, given by 

y, = (— i", <T, n, 6, 7K a'0^ 

yio = (i' +/', / + 1d\y + Fla', dj. 

And the modified A-equations additional to those in the first column (6SA = v) 
of the table in §76 are 

v(ei40r')= ye, 
V (015^0 = 4Mr', 

87. Without proceeding to the formation of the modified A-equations when 
g (= 0^) is taken as the variable of reference, or to the formation of the depen- 
dent equations in all the subsidiary quantities which arise in the two cases of 6^ 
and of ^5 respectively as variable of reference, these equations are sufficient to 
give the algebraically independent concomitants in terms of which all others can 
be expressed; but the simplest set of independent solutions, though com- 
plete functionally, form a system much less complete in point of form and 
syzygetic irreducibility than in preceding cases. This, however, is not impor- 
ta^it from our point of view, the purpose being the formation of an algebraically 
complete system. Such a system is given by : 

(i) The quantics in a! and a" as variables, viz. : 

two of order zero in d and a'', being yj, y,; 
two of order one in a' and a'^ being y^, y^i 
three of order two in a' and a'', being y%, y^ yio; 
two of order three in a' and a'', being yj, ygj 
one of order four in a' and a", being y,; 
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(ii) the algebraically independent concomitants of each of these, taken 
singly, viz.: 

the discriminant of each of the three y^^ y^, yi^] 

the Hessian and the cubicovariant (or the discriminant, replacing the cubi- 
covariant) of each of the two y^, ya] 

the Hessian, the quadrinvariant and the cubicovariant (or the cubinvariant, 
replacing the cubicovariant) of y^ ; 

(iii) the Jacobian of y, with each of the seven y^, y%,yii yio> t/tt Vsi y» ^^ turn. 

88. The total number in the system is thus 27, being less by three than the 
number of constants in the original quantic; this is the (§18) required number. 

The order and the class of each of the concomitants determined by a leading 
coefficient will be determined subsequently (§§106-112) for the general bitemary 
quantic. 

V. — The Guho-Guhic Quantic. 

89. Without taking in separate detail the cases in order of simplicity after 
the last, viz. the lineo-quadratic, the lineo-cubic, quadro-quadratic and quadro- 
cubic, I pass on to the cubo-cubic, merely giving the equations on accoimt of the 
mass of algebra. Prom the form in which the coefficients are taken for the 
present quantic, the equations apply to these omitted cases so far as in such 
omitted quantics the coefficients occur. 

The quantic is taken in the form 

and the coefficients U in this quantic are 

a7\ 

+ ZhxiT^ + e/ariXjgXa + czi^ 

+ t»i +3y4Bs +3fei%a:J + 7a^, 

the literal coefficients a, h^ g, . . . . being supposed to have the same indicative 
suffix as the quantity U in which they occur. 
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The characteristic equation i)^ = A = has the operator A given by 

^\ o o c^ o 






08 



3 000 

• o O O Jl 

+ 2A^^ + %^ + l^oia^ + 8*„^ 

+ (2/«,-2c„) ^ -2hx^ + (i»-2yu) ^ + (2;»-2A!u) ^ + (3A^-2iJiO ^ 

pi o o o o 

+ (2/u- <^)^- ^Sin +(^-''»)^ +(2?u- Ma^ + (3^- W^ 

pi o o o o 

+ (2/«- cb.) a^ - •w^i- + (^- ios) ^- + (2y«- *«) a;fc- + (3^- k.) -g^ 

3 • o o o 
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91. Proceeding in the usual manner and forming the modified A-equations 
in solutions of the subsidiary equations of 2)| = 0, we first take aiQ for variable 
of reference. The notation for these solutions of the subsidiary equations will 
be maintained as in the last case, viz. a solution of A = but not of A = 
will be denoted by 0, and one which is simultaneously a solution of Dj = and 
D = arising in the modification of the A-equations will be denoted by y. 

The quantities y which thus arise are : 

y% ={9ooj ^Wj ^lo)) 

Vs = (<^oo»/oo> &oo][«oi> «lo)^ 

2/i4 = (^ > ^00 1 Jao I *oo][«oi > «lo)^ 

Vi = (S^io) ^10 — fl^oi» — ^i3[«oi» «io)*» 

yt = (cio, 2/10— %, 610— 2/oi, — ftoijooi, alo)^ 

yi6 = ihof ^ho — kii Syio — 3^01, iio — Sjiji, — ioi\(hi} «lo)^ 

y« =(«»> — 2au, Oogjaoi, aio)*i 

y, = (S^ao, — 2gii + ^, fl^oa — 2Au, Ao^X^on «io)', 

yg = (C20, — 2cu + 2/20, Co3 — 4/u + b^, 2/^ — 2bii, bJ^Ooi, ajo^, 

yie=(4o, — 2Zu + 3*8o, ^w— 6&u + Sy^, SAjo,— 6/11 + ^, 3^— 2iu, toslooi, alo)^ 

yi7 = («3o» — Soa, 3ai2, — OoaJaoi, Oiof, 

yis = (fl^soi — SflTa + Ago, 3flri3— 3^21, —g(»+ Sh^, — h^Ja^i, aio)S 

y^ = (cso, — 3cai + 2/50, 3ci, — 6/a + Jgoi — Cqs + 6/12 — 36^, * 

— 2/os + 36„, — ftoslooi, a^o)^ 
ya = (^80, — 3^ + 3*80, 3Z„— 9Aii + 3/^0, — ?o8 + 9A^«— 9ya + ^. 

— 3A^ + 9yi8 — 3ia, — 3yoa + 3iu, — ^Jood «io)*, 
y^ = ^10 + g^i, 

yio = (/lO + Coi, &10 +/oiI«oi> «io) > 

yaa = (^0 + ?oi > Jio + hi 1 *io + yoij^oi » «lo)^ 

yia = (^ + 9ni "^ ^1 — fl'wjc^i) «io)) 

yu = (A + ^U) *» — C02, — &u — /Qzjfloii (hoff 

ygj = (^ + Zu, 2yjBo + *ii — 7o8i - yu + 2Ajo« + igo, —J(» — iiiX<kiJ (ho)\ 

y%t ={fho+ gZLy —^ — 9lXf ^u + 9<»l<hiJ «lo)^ 

y» = (/» + <hij ^80 —/a — 2cu, — 26a — /12 + ^os, &12 +/o83[«oi> ^lo^* 

yM = (*8o+Za, 2y8o— 2Zu, ^— 3yn— 3A^a + Zw, — 2%+ 2A\b, iu + yosjooi, Oio)*, 

yi8= J»+ 2/u + CflB, 

yjj, = (630 + 2/a + Cj,, — 6a — 2/13 — c^Ki* ^io)> 

ya = Om + 2A;n + ^, *» + 2yu + hzhou «io), 

y» = (ygo + 2A^ + Zu, ^ +ya — *i2 — Z08, — ia — 2yxa — A^Jagi, aio)', 

yij = ^80 + 3ya + 3A:i3 + Zos. 

The quantities 6 which arise in the formation of the modified A-equations 
can be expressed in the following manner: Let any of the quantities y, which 
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are evidently binary quantics in Ooi, Oio, be of degree r in those two variables ; 

and let the operator J^ _9_ 

r dchi 
be denoted by S so that the highest power in the derivative has a numerical 
coefficient unity. Conformably with this definition we have 

and so on. Then the quantities d are : 

^2 = <3tio (the variable of reference), 

^8 = % » 
(9b , 04 = Sys , 5^8 , 
e,,e,=:8y,,S'y,, 

^18, 6u = 52/«,5V«, 

^15. ^14, ^18 = 5^7 , i^yi , *V» 
^19, ^18, ^17, ^16 = ht , 5^8 , 5^8 I 5*2^8 i 

6aQZ=5yio, 

^28 = 5^18, 
^86» ^a» ^2i = ^yUf ^^14) 5Vl4> 
^8Q» ^», ^28,087 = 5y;6» 5*^15 , 6^16 , ^VlB » 
^88, ^841 ^83, ^88, ^81 = ^^16, ^^16, ^Vw, *Vl6> ^Vw* 
^88; ^87» ^88= 5yi7» 5*^171 ^^17. 
^42. ^41) ^40» ^8» = 5yi8» ^yi8» ^Vw* 5*^18, 

^47) ^46, 046» ^44, ^43 = 5y», 5*^207 ^Vaoi ^Va)! ^'^yjoi 

^581 ^B8i ^61f ^B0» ^4«» ^48 = 5y81» ^Va. ^Va* ^Vtti 5*^01 ^V^i 
^66 » ^84 = 5^28. ^y»i 
^681 ^57» ^68= 5y28» ^y«8» ^Vwj 
^881 ^n» ^«0» ^B9 = ^yUf ^2/841 ^'^241 5V84» 
^86, 6«4, ^88 = *y», 5^86, %»» 
de7, ^68 = 5^88. 5^88, 
^88 = 5^271 
^89=5^88, 

^711 ^7o = 5y88» 5*y8»f 

wherein the first member on the left-hand side is equal to the first on the right- 
hand side, the second to the second, and so on. 

92. These 70 quantities 6 and 29 quantities y make up the necessary number 
of 99 integrals of the equations subsidiary to 2)i=0. The 99 integrals, as 
taken above, are independent of one another. 
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93. In order to express in a concise form the modified A^^uatioiiSi such a 
relation as d^AO^e — 4dieAd2 = 4011 

will be represented by [d^, 4] = 461,; 

with this notation the modified A<^quations are : 



[^8 , 1] = y% (ii) 

[e, ,2] = 2e,o k.. (v) 

[$10, 1]= yt :> 
[ex„2] = 2d„ 

[«„, 1] = y, J 

[e„, 2] = 20„ 
[0„, 1]= y, 
[©TO, 1] = yio 

L^M. 1]= yu J 

[$„, 1]= yu (xii) 



(vii) 



.(viii) 



(^) 



[Bu 

[^» 
[<^ 

{9„ 

[«« 



3] = 3dtt 
2] = 26,, 

1]= yuj 
4] = 4fl«, 
3] = 8«„ 
2] = 20«, 

1]= yu-* 
5] = 5e„ 
4j = 4e„ 
3] = zdu 

2]=2(J„ 
1]= yiJ 

3] = 30„ 
2]=2«„ 

1]= y») 

4] = 40„^ 
3] = ZSa 

2] = aOo 
1]= yi8 

4] = 40« 
3]=30« 
2]=20« 



.(xiv) 



{XV) 



. . . (xvi) 



[«» 
[«« 

. . . (xx) [^« 



(xvii) 



6] = 6e„ 
6] = 5e„ 

4] = 40„ 
3]=30„ 
2] = 20„ 

1]= ya 



.(xxi) 



ll = «».) 



1]= y«J 

3] = 30„ 
2] = 20„ 

ij= y»- 

4] = 40«,- 
3] = 30„ 
2] = 20„ 

1]= Vu' 
3] = 30„' 
2]=20„ 

1]= y«. 

f3 = ^M..(xxvi) 

1] = yiT . . (xxvii) 
1] = y»" (xxvUi) 

1]= y^J 



. (xxiii) 



• . (xxiv) 



(xxv) 



1]= y^ 

Of these 69 equations 68 integrals are required, which, with the 29 simulta- 
neous ^Hsolutions already obtained, make up the (§18) 35 requisite number of 

f^ .4.5.4.5 — 3 = j97 independent solutions. 

94. Now regarding the indicated 25 groups of the complete system of equa- 
tions, we find first that each group furnishes a certain number of solutions inde- 
pendent of one another and derivable only from that group ; and the number of 
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solutions so furnished is less by unity than the number of equations contained in 
the group. In fact each group of itself determines the algebraically independent 
concomitants of the quantity y occurring in the group regarded as a binary 
quantic ; the aggregate of these independent concomitants, excluding the quan- 
tity y, will be called the binariant-aystem of that binary quantic y. Thus the 

binariant-system of 

u = {Aq, Ai, A^, Jxi, x^y = a; 

is composed of ^ ^^j^y al'^bl^^ 

-f (a6)V)«r'6r*cr', 

^{abyal-'br\ 
■ir{ah)\ac)a:''b:-''ci-\ 

and so on ; in terms of these all the invariants and covariants of u can be alge- 
braically expressed. 

We thus have a number of solutions for each of the binary quantics y, and 
derivable from them in the case when y is of degree in a^i higher than unity ; the 
number of additional solutions thus obtained is 

1 from each of the set ys . 2^4 » ye » yn» ^m, y»i 3^89= 7 , 

2 " " ". " y5,yT,yi4, yi7,y28, y» =12, 

3 " " '' " ys , yi5. yi8, ^24 =12, 

4 " '' '' " yi6,yio = 8, 

6 from y^ = 6 , = 44 in all. 

As we have now used the equations in a group among themselves, we may now 
take only a single equation out of each group ; it is most convenient for the 
purposes of integration to retain the last equation of the group. 

96. We thus have 25 equations left, which will furnish 24 independent 
integrals. 

The combination of any pair of equations leads to the Jacobian of the two 
quantities y occurring in those equations, regarded as binary quantics in Oqi, a^o ; 

we derive a solution 1 /a a \ 

easily seen to be the Jacobian of y^ and Vs . Combining, then, equation (ii) in 
20 
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turn with each of the equations last in the other groups, we have the necessary 
number of 24 independent solutions ; and these are the 24 Jacobians of y^ and 
each of the remaining quantities y which are not independent of a^ and a^o* 
Combining, then, all our solutions, we have 

(i) the 29 quantities y, 

(ii) the 44 derived through the binariant systems, 
(iii) the 24 Jacobians, 

making the total of 97, the required number. 

96. The process of derivation from the 99 independent solutions of i>i = 
shows that the 97 simultaneous solutions are independent of one another ; it 
follows from the theory that every simultaneous solution can be expressed in 
terms of them. 

The order and class will be left undetermined until §§106-112, when they 
will be given for the general quantic. 

97. If we take d^=z g^ as the variable of reference instead of d2 = aiQ and 
proceed in the same way, we find a set of binary quantics which have — 7i^ and 
+ g^Q for their variables instead of ctqi and o^q. The forms yi, y^, ^9, yu* Vu ^^ 
unaltered ; the remainder have their coeflScients the same, and their modification 
consists in the mentioned change of variables. 

The aggregate of independent simultaneous solutions is similarly consti- 
tuted ; we have in addition to the quantics their binariant systems, and the set 
of Jacobians taken of course with regard to the variables of the system of 
quantics. 

We shall denote the quantics in these variables by g, so that if y(^=(*][aoS «io)^ 
for any index fi and degree ;i, then z^ will denote (♦][ — Aoo» S'oo)^ ^itti the same 
coefficients as y^ . 

VI. — The Ternary QuarUic of Order n and Glass m. 

98. The complete system of algebraically independent concomitants consists 
of three classes, the arrangement being made conveniently with regard to their 
leading coefficients. 

The first class of leading coefficients consists of a number of binary quantics 
in GToi ft^^d ajo as variables ; (the results will be enunciated only for this system, 
but it may be borne in mind that there is an equivalent system in g^ and — ^00 
as variables). 

The second class of leading coefficients is constituted by the several bina- 
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riant systems of each of the binary quantics in the first class taken singly ; that is 
to say, the system of algebraically independent concomitants of any such quantic, 
the quantic itself excluded. It is evident that any quantic of the first degree 
only in Oqi and Oio, or one of zero degree in them (that is to say, independent of 
them) will supply no leading coefficients to this class. 

The third class of leading coefficients is constituted by the Jacobians of any 
one quantic which involves Oqi and aio with each of the others in turn which also 
involve these variables. 

It thus appears that, if the first class be completely given, then the second 
and third classes can be derived from them. 

99. Let y be any one of the leading coefficients of the first class, deter- 
mining a concomitant of the form 

yjtwi + 

A linear substitution is Xi = Xj, ai= ^, ce^ = X^, which must leave the con- 
comitant unchanged (save possibly as to sign), and must therefore leave y simi- 
larly unchanged. The effect of this substitution is to interchange coefficients of 
the quantic symmetrically associated with x^ and ce^, u^ and t^; this interchange 
must therefore not affect y, a binary quantic in Oqi and Oio- But a^i and Oio are 
interchanged by the substitution ; hence the sole effect on y (except a possible 
change of sign) is to reverse the order of the terms. 
Let (j^iA be the first term in y; the form of y is 

as follows from the differential equation ZJ, = A = to be satisfied by y. The 
last term in the series will be afo^', where A' is the value of A when the above 
interchange is effected. 

It thus appears that a knowledge of the single term a!^iA is sufficient to 
determine y. But now we proceed to show, what is indeed the ordinary infer- 
ence in the theory of binary quantics, that a knowledge of A alone is sufficient 
to determine y. 

For y is isobaric and therefore a!^iA and al^ are of the same weight. 
Denoting the quantic by a^t^* and using the assignation of weights in §4, we have 

weight of il — weight of A^ 

^ weight of aio — weight of Uqi ' 

But the umbral values of a^i and aio are ajar'^oj and ajaf^oi respectively, so 
that 
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weight of ajo — weight of a^i = weight of ocj — weight of a^ 

= 1, ' 
and therefore p = weight of J. — weight of A'. 

Thus when A is known we can deduce p and so find y; and for this purpose it ia 
really suflBcient to take any term in A, obtain the corresponding term in A' by 
the interchange of coeflBcients of the quantic symmetrical with regard to u^ and 
t«8, Ojj and iCg, and find the diflference of the weights which determines p. For 
instance, in the case of the cubo-cubic we have in y^i as coefficient of the first 
term ^-30+^; taking k^ , which is the coefficient of ajarf^ (disregarding numerical 
coefficients), we change it into the coefficient otx^i4j i, e. intoyo8» so that 
p = weight of Ajgo — weight o£j^ 

— weight of Oaolai — weight of d^^\ 

= weight of Og — weight of a, + 3 (weight of og — weight of aj) 

= 1 + 3.1 = 4, 

agreeing with the form there given. 

Hence it appears that the theory of binary quantics applies, so that if we 
hnmo the coefficient of the highest poioer of a^i in y, and even nothing hut this coeffi- 
cientj we can obtain the value ofy hy pure differentiation with the operator A. 

The determination of the quantics y therefore resolves itself into a deter- 
mination of the coefficients A of their first terms. 

100. In the general biternary quantic we write («, t\ ^ in place of a,.,,,j,p,^,^ 
(with the conditions w = r-f« + <,w = p + (y + r); so that («, t)„^ ^ is the literal 
coefficient of xloif^^v^v^ul and its umbral value is given by 

The operator A(=i?e) of §59 is in this notation 

the summation extending over all the values of s and t such that s + t \b not 
greater than n, and all values of a and r such that c + r is not greater than m. 

101. All the leading coefficients A of the binary quantics y, which are tliem- 
selves leading coefficients of concomitants, are encluded in the formula 

(0, Or-x,x + Jl(l, t- l).,x+i.x-i+ ^^\7^^ 2, t- 2)_,+3,,_, + . . . . 
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for the values <z=:3l, Jl + 1, • . . . , n, 

/or each single value ofjk ; and the values of 31 are 

31 = 0, 1, 2, . . . . , m or n 
a>cc<yrding as m is less or is greater than n. Such a quantity we shall represent 

Having now the coeflBdent of the first term in the quantic y, it is necessary 
to determine the degree poi that quantic in Oqi. Taking any term of A^^ ^^ ^, say 
the first which is (0, <)r-A?A» we make the substitution which interchanges the 
terms in sc^ and a:$, u^ and u^, before indicated; this interchange gives us 
(<, 0)x,.-A, sothat 

^ = weight -of (0, <)r-A, A— weight of («, OX,r-A 
= weight of aj*"^ar"'a5""^a8 — weight of aj^'ajar^^aga;"^ 
= t (weight of as — weight of a^ + {r — 2X)( weight of a^ — weight of aj) 
= < + T — 2;i. 

Hence the quantic^ which may he denoted by y^^ ^^ x» is 
y^u. = (\h A, ^ A». ^ A» t + r-2!i\ A'-^^-^|A.x5a„. a^y""'", 

with the foregoing limitations on the values of t, r, X] tlie quantities Oqi and ajo 
demOing (0 , 0)o, i and (0 , 0)i^ o • 

For instance, in the case of the cubo-cubic the several quantics 
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X 
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* 
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Vi 











Vb 
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1 
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2^22 


8 


1 




2/24 


8 
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V2 


1 








ViB 


8 


1 





2^18 


1 







9l2 


1 


2 




2/is 


2 


2 


2 


y» 


2 








Vb 





2 





92 


2 







»11 


2 


2 




2/2 8 


8 


2 


2 


1/14 


8 








Vr 


1 


2 





l/tx 


8 







2/1 8 


8 


2 




2/17 


2 


8 


2 










Vt 


2 


2 





y» 


1 




1 


2/26 


1 


8 




2/2» 


8 


8 


2 


y*, 


1 


1 





ViB 


8 


2 





2^10 


2 




1 


2/26 


2 


8 




2/19 


8 


8 


8 



are given in the accompanying table. The reason that there is no entry here for 
^, T, X = 0, 1, is that the corresponding coefficient of the first term is (0, 0\^ 
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which is one of the variables of the quantic. And this omission is general for 
the special group of values. 

102. Let N be the total number of quantics in the above system for the 

w^m*®; then, adding unity on account of the single omission just referred to, we 

have 

N+ 1 = (m + l)(n + 1) for the value X = 

•i-mn '' " ;i=l 

+ (w— l)(n— 1) '• *' %=2 

+ 

= (wi + l)(n + 1) + Twn + (tw — l)(n — 1) + , 

the series containing either n+ \ or w + 1 terms, whichever is the smaller 
integer. 

We thus have all the leading coefficients of the first class^ and the number of 
them. 

103. The leading coefficients of the second class are constituted by the members 
of the binariant systems of those of the first class considered as isolated binary 
quantics. The number of members in the binariant system of a binary quantic 
of degree ^ is p — 1, provided p be not less than 2; but if p be zero or unity, 
there is no binariant system. Hence only those quantics of the previous class 
for which < + t > 2^ + 2 will furnish members of the second class of coeflScients ; 
and, if y^^ ^^ ^ be one such, the number it furnishes is t + r — 2X — 1. Thus the 
total number of coeflBcients of this class is N' zzzX {t + r — 2X — 1) with the lim- 
itations <+T>2;i + 2, 

t> Ji<n, 
r> X<m. 

104. The leading coeffieients of the third class are constituted by the Jacobian 
of any one of the first class involving Ooi and Oio (say yi^ o. o) with each of the 
others of the first class involving those quantities; and it is with regard to a^i 
and aio that the Jacobians must be taken. Now, of the N quantics in the first 
class there are either n + 1 or m + 1 (whichever be the smaller integer) which 
do not involve aoi and Oio— they are in fact given by t=zrz=:X — and therefore 
the number of quantics, other than yi,o, o» which do involve those quantities is 

im+ 1 
taking in the last term the smaller of the two integers. Each such quantic 
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combined with yi^o^o furnishes a Jacobian, and therefore the number of leading 
coeflBcientfi of the third class is -^ . 

Hence the total number of leading coefficients of all classes is 

N+N' + N"] 

and each of these leading coefficients determines one of the system of algebrai- 
cally independent concomitants of the bitemary quantic, in terms of which any 
concomitant can be expressed. 

105. As regards the equivalent system obtained by taking g^^ as the variable 
of reference, exactly similar results are obtained. There is a set of iV^-quantics 
in — Aoo and g^Q as variables and of the same degrees, so that we have 

z,,,= (|l. A.^A« ^_^-l-^A*+^-'-| A..]l-Aoo. g^y^^"'. 

We have If' further coefficients of concomitants obtained by taking the various 
binariant systems of these z-quantics ; and the third class of N^' Jacobians of any 
one of them, say 2i,o,o> with all the others, the variables being in the present 
case — Aoo» 9w* 

106, Having now obtained the leading coefficients, it is necessary to deter- 
mine the order and the class of each of the concomitants so determined; for this 
purpose the symbolical method will be adopted. 

We first change A^^ ^^ ^ iJ^to its symbolical form, which is easily found to be 

aJ-'oT-^aJ-'a;-^ {a^ + a^y. 

The effect of the operator A on A^^^.k is to change («, <)^^^, that is, 
a?— -*aJaJar-'-""aJa; into 

<(«+ 1,<— 1),,, — (T(«, 0<r-l.r + li 

that is, into 

so that in the symbolical form the effect of the operator A is 

a a 

and similarly for repetitions of the operator. Now when this symbolical A-form 
operates on (ojo, + a^z) the result is zero, so that this quantity behaves like a 
constant for A; hence we have 
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y,,,,, = ar-'ar-'(a,a, + a8a8)^[(|l, A, -^T » } «8"^a;-*]^aoi, aio) ] 

after substitution and reduction. And in this expression all the symbols except 
Ooi and Oio are umbral. 

107. We can at once derive from this form of y<,r,A the order and the class 
to be associated with it, completing the elements of the concomitant. For every 
factor of the form a^a^ — a^^ — that is, a. — ajcxi — there are a single power of x 
and a single power of u occurring. For every factor of the form a^ajo + «A)i — 
that is, 6?/?"*"^ (aj/?2 + ag/Jj) = M^T^^ {^p — «i/?i) <^®re are a power n + 1 of sc 
and a power m of w occurring. For every factor of the form o^Ooi — OsOio — 
that is, cyyf ""^ {(hYs) — there are a power w + 1 of sc and a power m — 1 of « 
occurring. Hence the order in the a>variables is 

n — t + X + {t — 7i){n+ l) + (n+ 1)(t — X)=n(< + T— 2^) + n— :1 + t; 

and the class in the t4-variables is 
m — r + X + {t — X)m + {m— 1)(t — X) = m{t + r — 2X) + m — 2t + 2X. 

But by means of concomitants occurring earlier in the sequence, it is possible 
(as in §79) to take a linear combination of y<,r,A and powers and products of 
those earlier concomitants such that the symbolical form of the concomitant 
determined by the linear combination is divisible by a power of w« equal to 
2^ + {t — X), i. e. by i^J.; and thus y^.r, a determines a concomitant which may be 
called congruent with 

Retaining, however, the simpler form of leading coefficient, the concomitant 
thence determined is 

and thus the order and the class of each concomitant of the first class of leading 
coeflScients are determined. 

108. Passing now to the second class of leading coeflBcients, constituted by 
the binariant systems of those in the first class, we know that they can be 
arranged in two sets which are respectively of the second and the third degrees 
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in the coefficients of the binary quantic coeflBcients, but which have not yet been 
given in any form either really or umbrally connected with the coeflScients of 
biternary quantic. For this purpose let 

where p=t — X, gr = T — X, J.= aj""*ar""' (0,0, + a^^\ a^ = a^io + OjOoi, 
6^ = ojiOox — OgOio* Then the transvectants may be represented in the forms 

for those of the second degree in the coefficients o{y, and in the forms 

for those of the third degree in the coefficients of y . 

109. Consider first the former class, those of the second degree in the coefiS- 
cientsofy. We have 

so that 

the numerator on the right-hand side extending to all values of p and a such 
that p + (X = &. Also 

the summation on the right-hand side being for values , 1 , . . . . , p of )/ and 
values , 1 , . . . • , (T of f£ . Hence 

=zAB^-^ei^''bi''''''{aby{a^y'''{dbY{d^y-^^l-'^^ 

the summation extended to all values , 1 ,...., p of r ; to all values 
0, 1, . . . . , <T of II, and to all values of p and a such that p + a=z2s. 

When the various terms in this summation are completed into forms which 
contain the variables, so as to give the concomitant having {6\ ^^ ^ for its leading 
coeflScient, it appears that they are of varying order in x and of varying class in 
u. But, as will be seen immediately, the difference between the order and the 
class is the same for all the terms ; and therefore, on the multiplication of each 
21 
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term by a power of u^ proper to the term, all the terms are made to be of the 
same order throughout and the same class throughout. And evidently this 
order and this class are the order and the class of the particular term, or aggre- 
gate of terms, in the summation, and they give when completed the highest order 
and the highest class of all the terms. 

Considering, then, the term occurring under the sign of summation as the 
typical term, we have as in §107 

the order in ar-variables 

= 2{n — t) + 2^ from AB 

+ {p — p){n + 1) from af-^ 

+ (2 — <^)(^ + 1) from Of-' 

+ {p — v — (i){n + 1) from if-"-'* 

+ p — v from {a^Y'"' for (a^) z= a,<^, + a^^ = a^ — ai^i 

+ (i from {dbY 

+ a—,ii from (d^))'"'* 

+ {q—p—a+v+(i){n+l) from 4,|-p-'+''+'* 
= 2{n — t + X)+ 2{n+ l){p + q — p — a) + f + a — v, 

while from the same typical term the order in w-variables 

= 2 (m — r) + 2X from AB 

+ {p — p)m from af "** 

+ (? — <^)(^ — 1) from e|-' 

+ {p — V — (i)m from Jp-"-** 

+ {q — p — <y + '^ + f^X^ — 1) fro»a 4)|-p-'+''+'* 

+ V from (aby 

+ {p — v) from (a^Y'"' 

+ (i from {dbY 

= 2{m — r -{- X)+ 2m{p + q — p — a) — 2q-{' 2{a + p) — v. 

The diflference of these two is at once seen to depend only upon n, m; <, r, X; 
and p + a {=2s) and is therefore the same for all terms. 

The greatest value of each is given by the terms for which i/ = 0, so that 
the order of the concomitant is 

2{n — t + X) + 2{n+l){p + q—28) + 2s, 
and its class is 
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2{m — r + X)'{'2m{p + q—28)—2q + 48] 

and the power of w,, which must be associated with the foregoing typical term 
in its completed form, is ul . These are tJie order and the class of the concomitant 
having as its leading coefficient («)<,r,A» the trans vectant of the second degree and 

«*^rankofy<,r,A. 

110. But, as in §§73 and 79, the preceding concomitant can, by the addition 
of suitable combinations of concomitants occurring earlier in the series, be 
reduced so as to leave only that single term which involves the highest power 
of Ug. in the whole sum of terms which is the expression of the concomitant ; 
and the concomitant can therefore be considered as congruent to the function 
given by that single term when the power of w. has been removed from it. 

Now the highest power of w. occurring in the completed form of the typical 
term is 

X from -4, for J. gives when completed a2''^v!^''^{aaUf, — a^-wj^ 
+ X from jB, similarly 
+ p — p from a^^^ 
+ p — y — ^ from Zf """"'' 
+ p — V from (o^))'*"*' 
+ (I from (^6)'* 
= 2p+2X—2vy 

and the term or set of terms for which this is greatest are the terms given by 
I' = 0, so that the power of u„ to be removed is w^+**. 

And the function to which the preceding concomitant is thus reduced is the 
sum of quantities 

for all values of p and a such that p + <r= &, the symbol n implying the product 
of t quantities similar to those which immediately follow that symbol. 

111. Similarly proceeding with the concomitant^ whose leading coeflScient 
«')«,r,x is of the third degree in the coefficients of y<,r,Ai we find that the order 
of the concomitant is 

S{n — t + X) + {n + l){Sp + 3q— is— 2) + 2s + 1, 
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and that the class is ^ 

3(w — r + X) + ^(3i>+ Sg' — 4«— 2) — 3g^+ 4«+ 2. 

All the elements of the concomitants, determined bj the second class of 
leading coefficients, have now been obtained. 

112. Lastly, for the third class of coefficients constituted by the Jacobians, 
we take the Jacobians of yi,o,o ^it^ ^^^ the other quantics. The Jacobian of 
yi,o,o wi*'^ yt,r,\ can be taken, with the preceding notation, in the form 

from which it appears that the order in x is 

{p+b + l)(n+l)-2-t + X, 

and that the class in u is 

{p + q+l)m+2 — r — q + X. 

This completes the determination of the elements of all the concomitants in 
the algebraically independent system of the biternary rfm*^. 

113. As a special case of the foregoing, serving to render the results obtained 
more precise, I add the elements of the system of the qtuxdro-quadratic^ repre- 
sented by 

{ctwfl^i + SAooa^iO, + 2g^^x^ + bofpi + 2/f^x^ + Cooa^) x^ 

+ ;;;;;;;;;.;;;;!!;!!!!!;!!;;;;;;;;; 

+ (Ottol + 2h^XiXi + 2g^XiXs + 6»a5 + 2foiX^x^ + c^^^) w|. 

The quantities y^ are the same as those denoted by the same symbols in §91 ; the 
values oft,r,X are those to be associated with y^ from the preceding general 
investigation ; h^ is the Hessian of ^^, so that «=: 1 and ^^ is its cubicovariant, 
for which also «= 1 ; i^ is the quadrin variant of y^ for which «= 2; and j\ ^ is 
the Jacobian of y, and y^. The values of m and of ^ are the orders in a- variables 
and the classes in t6-variables of the concomitants determined by the leading 
coefficients; and the necessary 33 concomitants (§§18 and 35) of the system for 
the quadro*quadratic have their elements as given in the following table : 
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In terms of these concomitants every concomitant of the quadrato-quadratic 
can be expressed ; the simplest cases of all appear to be 

(Fi + Fj + Fi3)-^w| = linear invariant aj, 

(Fi + F,)-r-t/, = linear concomitant a^a^xi^. 
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The following short abstract of the contents of the paper maj prove useful 
for reference : 

iMTBODUCmON AND BlBUOORAPHY ; 8EB ALSO NOTB TO {60. 

Part I. t-S— The differential equationB of ternariants. 
4 — Assignation of weights. 
5-13— Expansion of concomitants in powers of yariables, and detennination of leading coeffi- 
cients, of order m and of class p. 
18 — Equations satisfied by leading coefficients of different kinds of temariants. 
14— Determination of order and class from symbolized form of a leading coefficient, and deter- 
mination of m — p by inspection of its weight. 
15-18— All the concomitants of a quantic can be algebraically expressed in terms of a finite 
number of independent concomitants. 
16 — Notation for the quantics, and values of the literal operators which occur in the differ 

ential equations. 
IT^Leading coefficients are simultaneous concomitants of a system of binary quantics. 

Part II. 19-21— Algebraically complete system of concomitants of a quadratic, 
2»-82— ** ** " " " " cubic. 

88— Symbolical representation of concomitants. 

84— Modification of the complete system of the cubic. 

85— Method of obtaining from the differential equations the number (218) of concomitants 
necessary to form the complete system of the ntic. 
86-4)^Algebraically complete system of a guartic, 
48-45— " " ** " a ternary ntlc. 

46-62— " " " " two guadraiies. 

58-58— '" •' " " three guadratic8. 

Part III. 69— The literal operators for bipartite quantics. 

60-64— System of a bipartite lineo-linear quantic. 
65-78— '* of two lineo-linear quantics. 
74-84^ <^ of guadro-Ztnear quantic. 
85-88— ** of leading coefficients for cubo^inear quantic. 
89-87— " " " " «* Cttfto-cuWc quantic. 

98_105-. " »» " « " bitemary n^^m'^' . 

106-112— Determination of the order and the class of the concomitants of the tiPm^ given by 
the leading coefficients. 
118— Special case of the quadro-gpiodratic. 



ERRATA. 



P. 4, 1. 4, for concomitants read quantica, 
P. 12, 1. 18, for also db is read also ie db . 
P. 81, 1. 11, for Ui read CTg. 

P. 82. 1. 10, for "I" read *, . 



On Some Applications of Circular Coordinates. 

By F. Fbanklin. 



The interesting geometrical questions treated by Humbert in a recent 
number of this Journal (Vol. X, p. 258) may be investigated with advantage by 
the use of " circular coordinq,tes." The theorems relating to the orientation of 
systems of lines given in the article just cited, and the more general theorems of 
the same nature due to Laguerre and Humbert (see Humbert, Sur le th6or&me 
d'Abel et quelques-unes de ses applications g6om6triques, lAouuille, 1887, III, 
327), present themselves at once ; some of them may be stated in a way which 
suggests more readily certain interesting cases of the theorems ; and there natu- 
rally arise also some slight additions to the theorems. 

A second application of circular coordinates is made in this paper. Namely, 
it is obvious that when x , y are understood to be circular coordinates, the differ- 
ential equation 

dx dy 

{x - a^Yix — a^y^....(x- a^y^ ~(y — hYiy — \Y^ .... (2/ - KT 

defines a curve in which the angle made by the tangent with a fixed line is a 
linear combination of the angles made with that line by the rays drawn from its 
point of contact to a set of fixed points. Thus the discovery* of any curve 
defined in this way is reduced to a question of quadrature ; and on the other 
hand the integration of the dijBferential equation is accomplished if the curves 
possessing this property are known. It is obvious, further, that the equation 

__i. ^ <^ % 

^ (aj-aO^x-o,)''. . . . (»-aJ^- "^ {y-hY\y-h,Y^ .... {y-KY^ 

defines an oblique trajectory of the foregoing curves. I give a number of illus- 
trations of this geometrical interpretation of such equations, treating in conclu- 
sion the curve defined by the equation 

sin a;cfa; = sin ydy^ 



162 Feanklin : On Some Applications of CircvJar GoordiruUes. 

which, when sin x is represented as an infinite product, falls under the above 
head. In connection with this case, I discuss the values of certain series which 
happen to be suggested by it, and which seemed, though not specially pertaining 
to the subject, to be of sufficient interest to warrant their consideration here. 

I. — Introductory. 

If X, F denote rectangular coordinates, the name of "circular coordinates" 

has been given to the quantities X+ iF, X — iF, which we shall denote by 

x^y. Thus 

x = X+iT=Te'\ y = X—iT=re''^, (1) 

where r, S' are the ordinary polar coordinates of the point (X, F); and hence 

— = 6^'*. (2) 

y V J 

If S' denote the angle made with F= by the line joining the points 1 and 2, 
we have ^<^ _ gcg — xi /gx 

y^ — yi' 

and, in particular, if ^ be the angle made with F = by the tangent to a curve 
at the point {x,y), ^i^ _ dx_ .^. 

dy * 

We shall use the name inclination (or inclination with respect to the axis 
F= 0) for the angle 3^; and when more than one line is concerned, the quantity 
SS'* will be spoken of as the inclination of the system of lines. The function e*** or 
e*"* may be called the clvnant (or inclination-function) of the line or system of 
lines. Thus the clinant of a system of lines is the product of the clinants of the 
separate lines. 

It should be observed that if two sets of n lines each have equal clinants 
with respect to any axis, they have equal clinants with respect to any axis. To 
say that two systems of n lines each have equal clinants is the same as to say 
that they have the same orientation, or that the sum of the angles which the 
lines of one system make with an arbitrary axis is equal to the like sum for the 
other system. But relations between clinants other than that of equality — and 

*It is understood throughout that 2^ is determined only to modulus n-. When two inclinations 
differ by a multiple of fr , they are regarded as equal. 
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even this relation when the systems do not consist of equal numbers of lines — 
depend upon the axis of reference. 

If the coordinates of a line be defined as the quantities u and t; which occur 
in the equation ux + vy+l = 0, (6) 

it is plain that the inclination of the line is given by the equation 

6^**=--. (6) 

The clinant of the system of lines joining the origin to the points (a^, ^i), 

y^y% — y»' 

and the clinant of the system of lines Uix + v^ +1 = 0, , u^x+v^y+1 = is 

^m _ jr_)n ^i^» ^* , (8) 

^ ' v^v^ . . . .u^ 

A third variable will often be introduced for the sake of homogeneity; it 

will then be understood that — , -^ must be used for the quantities above 

denoted by x and y; and — and — for the quantities denoted by u and v. The 
points (1, 0, 0), (0, 1, 0) are, of course, the circular points /, /. 

II. — The Theorems of Lagubrrb and Humbert. 
The clinant of the asymptotes of the curve 

A = a^ + aypi^^^y + .... + a^-ixy**""^ + a^* + zA^ = 

is, by (7), (— )* -^ . In order, then, that the asymptotes of another curve 

5=6^"+ 6iaf-V +.... + ft»-ixy— ' + i»2/" + zA = 

have the same orientation, it is necessary and sufScient that 

5,:2>o = a„:ao. 

But this is also the necessary and sufficient condition that in the pencil 

aA + ^B=zO, 
22 
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there be a curve in whose equation the group of terms free of z contains a^ as a 
factor ; i. e. a curve which passes through both the circular points. Hence the 
theorem : 

In order that two curves of the n** order have the same asymptotic orientation^ it 
is necessary and sufficient that in the pencil determined by them there he included a 
circular curve. 

If we consider the more general system 

aA + pB + ryG+ + ;ii = 0, 

where 

(7.= c^x"" + + c^** + zCi, ,Z = /;)iB^+..,. + Z^y* + 2Z1, 

and a, ^, . . . . Jl are arbitrary parameters, the necessary and suflBcient condition 
that the asymptotic orientation of the curves of this family be constant is obviously 

^ — Al — _ ^n 

But this is also the necessary and suflScient condition that any curve of the family 
which passes through / pass also through J. Hence the theorem :* 

Qiven a family of curves of the n'* order whose equation involves any number of 
variable parameters ; in order tliat tlie orientation of tlie asymptotes he the same for 
all these curves^ it is necessaiy and sufficient that every curve of the family which 
passes through one of the circular points pass also through the other. 

To find the clinant of the system of lines joining the origin to the intersec- 
tions of two curves, we eliminate z between the two equations ; the required 
clinant is the ratio of the coefficient of the highest power of y to the coefficient of 
the highest power of x in the resulting equation. Now these coefficients are 
unaflFected by the terms containing xy in the equations of the given curves ; 
hence the theorem : 

In determining the orientation of the system of lines joining the origin to the inter- 
sections of a curve F^ with any other curve^ F^ may be replaced by F^ + xyF^^^ , i^-» 
being an arbitrary function of a, y, 2 of the degree n — 2. This may be other- 
wise stated as follows : 

The orientation of the system of lines joining a given point O to the intersections 
of a curt)e F^ with any other curve, is unaltei'ed if F^ be replaced by any curve of 



* Given by Humbert, this Journal, X, 260. Humbert, however, takes a, /3, .... A rational functions 
of one parameter ; it is evident that this restriction would not interfere with the above proof. 
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the n^ order through the intersections of F^ with the circular rays of O; and, in par- 
ticular, if F^ be replaced by any system of n lines joining each of tlie n intersections 
of F^ vyith 01 to one of the intersections of F^ with OJ. If the curve is real, there 
is one and only one such system of n lines that is real. 

The following special cases may be noticed : 

1^ If O is a focus, and if (with Humbert) we designate as a directnx the 
line joining the points of contact of 01 and OJ with the curve, the directrix 
counts twice among the system of n lines* In the case of a conic, therefore, the 
directrix counting twice entirely replaces the conic ; whence the theorem that 
the inclination of the system of lines joining the focus of a conic to the intersec- 
tions of the conic with any curve is twice the inclination of the system of lines 
joining the focus to the intersections of the directrix with the curve. If the 
cutting curve is a straight line, this becomes a familiar theorem ; if the cutting 
curve is another conic having O for a focus, we see that the inclination of the 
system of lines joining to the four intersections of the conies is four times the 
inclination of the line joining O to the intersection of the directrices. 

2^ If is on the curve, the tangent at O is one of the n replacing lines ; if 
is a Jc'ple point on the curve, the 7c tangents at constitute k of. the n 
replacing lines. 

3^ If the curve passes I times through the circular points, the line at infinity 
counts I times among the n lines. 

It is obvious from 2° and 3** that if we take as axis a line with respect to 
which the inclination of the tangents at O is 0,* the inclination of the lines 
joining to the intersections of the curve Fn with any other curve G is equal to 
the inclination of the asymptotes of G counted I times, plus the inclination of 
the liQ^s joining to the intersection of G with a certain system of n — k — I 
lines. In particular, if k + l=nf the inclination of the system 0(-Pn> O) is 
simply I times that of the asymptotes of G. The following particular instances 
of this last case may be mentioned : 

a). The sum of the angles made with a tangent to a circle by the lines 
joining its point of contact to the intersections of the circle with any curve is 
equal to the sum of the angles made with the tangent by the asymptotes of the 
curve. 

* Viz. the tangent itself if O is an ordinary point, a bisector of the angle between the tangents if O 
is a double point, etc. 
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b). Given a {jJeSar^quartic ^^*^ *^ '^^'^^^^ P°^°* ^' ^^* ^^ ^^^^^ ^^^ 
angle between the tangents at O. Then the sum of the angles made with OX 

{cuuic 
.. with any curve C is 

equal to ] . ^ ^I? of the angles made with OX by the asymptotes of the 

curve C. Thus, for example, the orientation of the lines joining the double 
point of a lemniscate to the four intersections of the lemniscate with any trans- 
versal depends only on the direction of the transversal ; the sum of the angles 
made by the four lines with an axis of the lemniscate being twice the angle 
made with the axis by the transversal. 

If we make no reference to any particular axis, the theorem of which the 
foregoing cases are illustrations has the form : If be a A-ple point on a curve 
Fn which passes n — k times through the circular points, the orientation of the 
system of lines joining to the intersections of F^ with any curve C, depends 
only on the orientation of the asymptotes of C. 

To find the dinant of the system of common tangents of two curves given 
in tangential coordinates, we should eliminate w between the equations of the 
curves ; the clinant is the ratio of the coefficient of the highest power of u to 
that of the highest power of v in the resulting equation. But these coeflScients 
are unaffected by the terms containing uv in the equations of the curves ; hence, 
in determining tJie orientation of the system of tangents common to a cwrve F^ and 
any other cwrve, F^ may he rejplojced by F^ + uvF^_^, Fn-% being an arbitrary 
function of w, v, w of the degree n — 2. 

On the other hand, to find a set of foci of a curve F^ not touching the 
line at infinity, we have to intersect each of the n lines given by the pair of 
equations .^ — q^^ — q^ 

with one of the n lines given by the pair of equations 

v=0, i^, = 0; 

whence it is plain that if two curves have the same foci, their equations differ 
only in the terms involving uv\ we have, therefore, this theorem of Laguerre's : 
Tlie orientation of tlie system of common tangents of two curves depends only on 
the position of the foci, and is therefore the same as that of the system of lines 
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joining a set of foci of the one to a set of foci of the other. Obviously, this 
theorem may be regarded as dualistic to that of page 164 (end). 

When one (or both) of the curves touchesf the line at infinity, this theorem 
requires some modification. If a curve touch the line at infinity at g points 
u = ttit?, . . . . w = agV^ which cfo not include I or J, its equation is- of the form 

{u — a^v) . . . . (w — agv) vf"^ + terms of lower degree in t£? = ; 

and it is plain that the equation of any other curve having the same finite foci 
and the same contacts with the line at infinity will differ from this equation only 
in terms involving uv. Now, if we take any second curve <!>„/, touching the line 
at infinity at ^ points,* the clinant of the system of nn' — g^ common tangents 
of F^ and ^^, other than the line at infinity will be obtained as before through the 
elimination of w between the two equations, and will be unaffected by the terms 
containing uv in these equations. Hence the orientation of the system of common 
tangents of two curves ^ exclusive of the line at infinity^ is unaffected by replacing each 
curve by any other curve Juiving the same finite foci and the same contacts with the 
line at infinity] and, in particular, is the same as that of the system of lines 
(other than the line at infinity) joining the finite foci and the contacts with the 
line at infinity of the one curve with the finite foci and the contacts with the line 
at infinity of the other curve. For example, the three common tangents of two 
parabolas have the same orientation as the axes of the parabolas and the line 
joining their foci ; and the four common tangents of a parabola and a circle have 
the same orientation as the axis of the parabola counted twice and the line join- 
ing the centre of the circle with the focus of the parabola, counted twice. 

If, among the g contacts with the line at infinity the circular points are 
included, Laguerre's theorem requires furtfcer modification ; we shall consider, 
however, only the extreme case of curves whose foci are all at infinity; the 
general equation of such curves is evidently 

uvwF^^^ {u, V, w) + avU' +.... + 5t;* = 0. 

Now the result of eliminating w between a given equation of this form and the 
equation of any curve of the class r not touching the lin^ at infinity is evidently 

* These points I suppose to be different from the g points of contact belonging to jP; if any of the 
latter coincide with any of the former set, complications are introduced which it does not seem worth 
while to discuss. 
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so that the clinant of the ay stem of common tangents ^ which is a^jJ/^ depends only on 
the value of r, and is otherwise independent of the nature of the other curve. 
That is, 

Gwen a curve F all of whose foci are at infinity^ the orientation of the system 
of tangents common to it and any curve G not touching the line at infinity depends 
only on the class of Gf so that the orientation of the system of tangents to F 
through a point is independent of the position of the point, and the orientation 
of the system of tangents common to F and any curve of the r^^ class not touch- 
ing the line at infinity is the same as that of the system of tangets to F through 
r arbitrary points. 



It is worth while to examine more explicitly the case of the tangents drawn 
from a point to a curve. 

If the equation of a curve in tangential coordinates is . 

au** + it;'* + ci£?* + . . • • = 0, 

the system of tangents through the origin is given by 

w=0, aw* +,... + it;** = 0, 

and the clinant of this system of lines is a/i. 

Observing that a change of origin is effected by replacing t(; by ti; + at^ + i^v , 
we see at once that in order that the clinant of the system of tangents drawn to 
the curve from any point be constant, it is necessary and sufficient that the terms 
in w all contain the product uv] in other words, that the foci of the curve be all 
at infinity. This is a proof of Humbert's theorem independent of the proof 
given above. 

The systems of tangents through / and J are given by the equations 

t;= 0, 0^**+. . . . + cvf= 0; tx = 0, it;* + . . . . + cw''= 0; 

* See Humbert, this Journal, X, 263. Humbert gives only the case where the second curve is a 
point ; the more general theorem is, however, an obvious corollary from Humbert's. It should be 
added that Humbert makes an oversight in saying that curves which have all their foci at infinity touch 
the line at infinity n — 1 times and pass through / and J\ it is only necessary that they touch the line at 
infinity at J and «/, and that the line at infinity count as n tangents from I (and likewise from J). Thus 
the line at infinity need not be more than a double tangent ; and the curve may therefore have n — 2 
tangents parallel to a given line ; while if the line at infinity were an (n — l)-fold tangent, the curve 
could have but one tangent parallel to a given line. 
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so that if ari, a^, . • . . x„ be the sc's and yi, yi, . . . . y» the y's of the foci, we have 

arix, cc» = (— )** -^ , yiy, y,, = {—f —- , 

c c 

fiClCCj • • • • fl/f^ a 

i. e. the clinant of the system of lines joining the origin to a group of foci is d/b , 
which is the same as that of the system of tangents from the origin ; hence the 
system of tangents drawn from any point to a curve and the system of lines 
joining that point to a group of foci) have the same orientation : a particular 
case of Laguerre's theorem (page 166, end). 

Denoting the lengths of the focal radii of the origin — i, e. the lines joining 
the origin to a set of foci — by r^, r,, . . . . r«, we have, since r{ = Xf^^y 

(rir, r^)^=xix^ ^n-ym y« = ^ • 

If, then, two curves have the coeflScients a, 5 in the same ratio, the orienta- 
tion of the system of lines joining the origin to a group of foci is the same for 
the two curves; and if they have the coeflBcients a, b, c in the same ratio, the 
product of the focal radii of the origin is also the same for both curves. But the 
equality of the ratio of a to 5 for two curves is evidently the condition that in 
the tangential pencil determined by them there be one which has the origin for 
a focus; and the equality of the ratios of a, 6, c for two curves is the condition 
that in the tangential pencil determined by them there be one which touches the 
line at infinity and has the origin for a focus. Hence we have the theorem : 

If, from a given focus of a curve belonging to a tangential pencil, lines be drawn 
to tfie/oci* of any cwrve of the pencil, the orientation of this system of lines is conr 
stant; and if the cwrve to which the given focus belongs touches the line at infinity, 
the product of the lengths of the lines draum from it is also constant. For example, 
in a system of conies touching four lines, the bisector of the angle formed by the 
lines joining a focus of a given conic of the system to the two foci of any other 
conic of the system is a fixed line ; and if the given conic is the parabola that 
belongs to the system, the product of the distances from its focus to the two foci 
of any other conic of the system is also constant. 

*L e., anj complete set of foci, for instance the real foci. 
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And it is evident, conversely, that 

I/a point be such thai the systems of lines joining it to the foci oftvoo cmves 
have the same orieniaiion^ is a focus of a curve belonging to the tangential pencil 
determined by the two curves ; and if the product of the lengths of the lines be also 
the same for the two systems^ the curve of which is a focus touches the line at 
infinity. 

The property contained in the first clause of this and the preceding theorem 
was given by Humbert (this Journal, X, 262); he points out that it defines by a 
simple geometrical character the locus of the foci of a tangential pencil. 

The equation of this locus is very easily obtained. In fact, the foci of the 
curve F{u^v^w)=^0 are evidently given by the equations ^(a, 0, — x), 
F{z, 0, — y) = 0. Hence any focus of a curve belonging to the pencil 

F{u, V, w) + X<I)(w, r, -M?) = 
satisfies the equations 

F{z, 0, -x) + ;i*(2, 0, —x) = 0. F{Q, z, -y) + ;i*(o, 2, -y) = 0; 

hence the locus of the foci is 

F{z, 0, —x)^{Q,z, —y)-F{0,z,—y)^{z,0, —x) = 0. 

It is evident that this equation of the {2ny^ degree contains the factor «, 
and that after striking out this factor, every term is of at least the (n — l)"* 
degree in x and z and of at least the {n — 1)*^ degree in y and z. 

The tangents to this locus at the circular points are given by the aggregate 
of terms of lowest degree in (a;, 25) and (y, z) respectively, that is, by the equa- 
tions 1 



z 



\F{z, 0, ~a;)cl>(0, 0, - l)-<l>(a, 0, —x)F{0, 0, -1)[ = 0, 



±\F{0,z,-y)^{0,0,-l)-^{0,z,—y)F{0,0,-l)\=0. 
z 

The intersections of these two pencils of lines are the singular foci of the locus j 
and these intersections obviously satisfy the equation 

F{z, 0, — x)4>(0, 2, —y)-F{0, z,-y)^{z, 0, -x) = 0, 

that is, they lie on the curve itself. Hence 

The locus of the foci of the curves belonging to the tangential pencil determined 
by two curves of the w** class is (apart from the line at infinity) a curve of the 
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(2n — 1)** order which has the drcuHar points for (n — l)-pfe points and which 
passes through its own singviar foci.* 

If the curves F and <!> both touch the line at infinity, or if one of them touch 
it more than once, the locus degenerates. For ezample^ if the curves F and 4> 
each have the line at infinity as a simple tangent, 

F{z,0,—x), F{0,z,—y), c|>(z, 0, — x), 4>(0,z,-y) 

each contain z once as a factor ; and the locus 

F{z, 0, -x)<I>(0,e, —y) — F{0, z, —y)^{z, 0, — x) = 

includes the line at infinity counted twice, and a cv/rve of the {2n — 2)** order 
which has the circTilar points for (n — l)-jpfe points. Thus the locus of the foci of 
the parabolas which touch three given lines is a circle, and the locus of the foci 
of the curves of the third class which touch the line at infinity and seven other 
given lines is a bicircular quartic. 

Given a number of points (asi, yi), . • . . (a^, y„), let the point defined by the 
equations 

X n \xi ' x^ * Xn/ y n \yi ' y^ ' ^ yj 

be called the harmonic centre of the system of points 1 , 2, .... n with respect 
to the origin. It is plain that if the points are real (so that x^ and y^ are conju- 
gate imaginaries), the harmonic centre G may be constructed by laying off on 
Ol, 02, .... 0», distances equal to the reciprocals of 01, 02, ... . On^ and 
taking for OG the reciprocal of the n^^ part of the resultant of the system of 
forces represented by Ol, 02, .... On. 

The direction of the harmonic centre depends only on the ratio of / — 

to / — ; its distance only on the product of / — by / — . 

The harmonic centre (a, y) of a set of foci of the curve 

aw* + a^^^w + .•.. + 6t?* + }>^'~^w +.... = 0, 

* Humbert (1. o., p. 377) gives this theorem for the particular case of a tangential pencil of conies ; 
he deduces it from a construction of the locus by points, which shows the locus to be a circular cubic 
on which /and t/are corresponding points. 

23 
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is given by 

— — \^JL — Si. ^ — Y^ ^ — ^1 . 

X ^^ Xi a ' y Am/ yi 6 ' 

and for any curve of the tangential pencil determined by the above curve and 
the curve 

av^ + aiu*-^w? + + i3i?« + piff'-^w + = 

the harmonic centre of the foci is given by 

n _ ai + ^1 n _ hi + %^i 
X ~ a + 7^' y ~ b + X^ ' 

whence, eliminating ;i, the locus of the harmonic centres of foci for the curves 
of the pencil is 

(«ii^i — <*i2>i) ^ — w {(^iP — olJ>) x — n {api — abi) y + n? (a^ — a6) = , 

a circle. JSence the theorem (given by Humbert without demonstration, 1. c, 
p. 281): . 

The harmonic centre, with respect to a point of the plane, of the real foci of each 
of the cv/rves of a tangential pencil, describes a circle. 

Concerning this locus of harmonic centres, the following points are obvious : 

V. The locus passes through the origin if a:6 = a:/?; i. e. if the origin is a 
focus of a curve of the pencil. 

2°. The locus becomes a straight line if OiiJi = oir^ij i. e. if for one of the 
curves the harmonic centre is at an infinite distance from the origin. 

3^ The harmonic centre is a fixed point for all the curves of the pencil if 
a : Oi : 6 : &i = a : ai : ^ : ^i; i. e. if the origin is a double or multiple focus of some 
curve of the pencil. Finally, observing that the equation of the locus of the 
foci of the curves of the pencil (see p. 170) is, apart from the line at infinity, 

{a^ - ab)^-^— \(a,fi — aib)x + {a^i-aby)y\ ^^"^ +.... = 0, 

we see that when a:b= a:^ this curve not only passes through the origin but 
it has at the origin the same tangent as the circle of harmonic centres ; whence 
this theorem of Humbert's (1. c, p. 276) : 

Let F be the locus of the foci of the curves of class n belonging to a given tan- 
gential pencil : the harmonic centre of tJie n real foci of any one of these curves with 
respect to a point arbitrarily chosen upon F remains on a circle touching the cwrve F 
at this point. 
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III. — On the Differential Equation 

dx d^ 

Chneral RemarTcs and Miacdlaneoua Examples. 

The differential equation 

Jx__Jy^ /i\ 

^(x)-^(y)' ^'^ 

where 

admits of a simple and interesting geometrical interpretation itx^y are regarded 
as circular coordinates. Namely, writing the equation 

dx ^(g) 

dy ~'4'(y)' 

we see that it defines a curve having the property 

^r = 2A + ft^ + jA, (2) 

^r being the angle made with the axis of X by the tangent at any point P, and 
^t the angle made with the axis of X by the line joining P to the point (a*, 6*). 
Obviously, the curves belonging to the equation 

have the property {^^ denoting the inclination of the normal) 

^ir= 2A + ft^i + .... + qn^n. (4) 

and are the orthogonal trajectories of the former set of curves ] and, more gene- 
rally, the oblique trajectories of the curves 

dx dy 

the angle of intersection being a, are given by 

The curves defined by the last equation have the property 

^r=a + 2i^ + gA+.... + ?A. (6) 
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When the ^'b are all integers, positiye or negative, ^ and 4" ^^^ rational and 
the equation is integrable ; hence we can always obtain the equation of a curve 
defined by the property that the angle made by its tangent with a fixed line is a 
sum of integer multiples of the angles made with that line by the rays from the 
point of contact to n fixed points, which we may call direction-centres. If the 
q% besides being integers, are such that 

qi + q%+ — + ?»= 1, 

the equation giving the inclination of the tangent will not be affected by changing 
the directions of the axes of reference ; and the property of the tangent of the 
curve given by equation (1) may be stated th^ : the system of lines consisting of 
the tangent and the rays from its point of contact to the direction-centres corre- 
sponding to negative exponents, has the same orientation as the system of rays 
from the point of contact to the direction-centres corresponding to positive expo- 
nents; each direction-centre being counted a number of times equal to the 
absolute value of the corresponding exponent. 
Let us consider some examples. 

1**. — = . This equation defines a curve in which the tangent ^ 

coinddea with the radius vector. Its solution is ^ = ex or F= (7X, a straight 
line through the origin. 

2°. 1 — = 0; orthogonal trajectory of preceding; normal coinddea 

X y 

with radius ^)ector. Solution : xy=^c or X* + F* = C7, a circle with its centre 

at the origin. 

3^ -^ 1 — 2 > = ; biaector of angle formed by tangent and radiua 

•u ~~" a y """ a 

vector coinddea with bisector of angle formed by raya to the two pointa X= ± a , F= . 
Solution : a*— a^ = c (y* — a*) , or X^ — 7* — a*= GXYy an equilateral hyper- 
bola passing through the two points and having its centre at the origin. 

4^ -J — '■ — g + o g = ; orthogonal trajectory of preceding ; biaector of 
*3cr "~~" a y^ ~~~ a 

angle formed by normal and radiua vector coinddea with biaector of angle formed by 

raya to the two poviia Jr= ± a, F= 0. Solution : (a? — <^^){y^ — «*) = c, or 

(X* + Y^y — 2a* (X» — 7*) = (7, a Oassinian with the two points for foci. 
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6*. ^ ^ — -^ ^ = 0: crterdation of tangent and (n — 1) times radius 

a* — a** y" — a* * ^ ^ "^ ' 

vector ie equal to orientation of rays to a system ofn paints {beffinning with the paint 
X=.a, Tz=: 0) uniformly distributed on a circle whose centre is the arigin. Solu- 
tion: af^—a^:=zc{t^ — a"); or, in polar coordinates, r* cosn^ — a^:=zG7^ sin?t3. 

6*. ^ n + ^ \, = ; orthogonal trajectory of preceding j orientation 

of normal and {n — 1) times radius vector is equal to orientation of rays to the system 
ofn points defined in 5\ Solution : (x* — a'*)(y" — a^) = c] or, in polar coordi- 
nates, 7^ — 2a*r* cos n^ = (7. The curves r* = 2a'* cos n^, r* cos n^ = a*, are 
particular solutions of 6*^ and 5** respectively ; when n = 2, these are a lemniscate 
and an equilateral hyperbola with its vertices at the foci of the lemniscate. 

Of course, whenever g^i + j'j + ••.. + g^n = 1 » whether the q^a be integers 

or not, the property of the tangent is independent of the direction of reference ; 

e. g., the equation 

dx dy ^ 

Va + 2bx + ex* ^ ^/a + 2by + c\f 

gives a curve whose normal bisects the angle between the rays drawn to two 
fixed points ; and, more generally, the equation 

V>,.(x)'^VP^(y) ' 

Ptnip^) being a polynomial of the {inj^ degree in x, gives a curve such that the 
sum of the angles made with any line by the normal and by the radius vector 
counted (n — 1) times is half the sum of the angles made with that line by the 
rays to 2n fixed points. 

If the sum of the j's is not equal to 1 , the equation connecting the inclina- 
tion of the tangent with the inclinations of the rays to the direction-centres will 
be modified if the direction of reference is altered; the modification consists, 
however, merely in adding a constant to the value of ^^ 

In the examples that follow, when the word inclination is used, it is under- 
stood to have reference to the axis of X. 

V. — py ^^j = ; inclination of tangent = (n + 1) times vnclinatUm of 

tU y 

radius vector. Solution : x"* — y"^ z= c, or r* = (7** sin n^ • 
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8^ -THFi + n+i = ;* inclination of rufrmal = n + 1 Hmee incUnation of 

radius vector. Solution : r* z= (7" cos n^. Of course, in 7** and 8^ n need not 
be an integer. 

We may remark that a particular solution of S"" coincides with a particular 
solution of 6"", viz. the solution r* z= 2a^ cos n^ ; in this curve, then, we have, if 
n is a positive integer, 

^;,= (n+l)3o and 3^,+ (n - l)3o = ^ + ^, + .... + ^., 
whence also iri^^ = ^i + ^| + .... + S^^ ; 

so that, for instance, in the lemniscate'the sum of the angles made by the focal 
radii with the axis is 4 times the angle made by the radius vector with the axis. 
We may here notice a point concerning the Cassinian generally. The 
equation being written 

the two foci, 1 and 2, by means of which the curve is usually defined, are on the 
axis of X at the distance a on either side of the origin ; and it is evident on 
inspection of the equation written in the form 

(x?y^ — a\ix? + y^)^ + (a* — 5*)«*= 

that these two foci are at the same time the two singular focif and two of the 
ordinary foci, the remaining two ordinary foci, 3 and 4, being on the axis of Y at 
the distance Vb^-r- a^ja on either side of the origin if 5 >'a, and on the axis of 
X at the distance Va* — h^ja on either side of the origin if 6 <C a ; of course, if 
& = a, i. e. if the Cassinian is a lemniscate, 3 and 4 coincide with the origin. 
Now by a known property belonging to bicircular quartics in general, 

and by example 6** 

^jy + ^0 = ^ 4" ^a* 

Hence ^^ — 3o = ^s + ^4i 

and 23o = ^ + S, — ^s — ^4 • 

* This is, of course, the orthogonal trajectory of the preceding ; but it is also plain that the curves 

corresponding to this equation are simply those corresponding to 7^ turned through an angle -t- • 

1 1, e., foci obtained by intersecting tangents at I and «/. It is because land J are inflexions that 
these foci play the double part in the Cassinian. 
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In the particular case of the lemniscate, ^8 = ^4 = ^07 ^^^ this equation 
becomes 43© = ^ + ^i> as otherwise found above. 



If r^ = F-^{x), and if F-^{X—iT) maybe taken the conjugate of 
F-^ (X + i F) , then writing 

F''^{X+iY) = U'\^iv, 
the solution of -u ^ , 1. <^y n 

' 7(^ + ^7(20 = ' 

may be written u cos a + v sin a = (7. 

If, further, we write 

F{u + ir) = i^i(w, t;) + iF,{u, v), 

the curve is given in rectangular coordinates by the equations 

X=F^{u,v), Y^F^{u,v), 
the parameters being connected by the relation 

t*cosa + t;sina = (7. 
The next two examples may serve as illustrations of the foregoing. 

*"*' ^~** 77 7^ — 3 + ^** /7j « = ; normal makes an angle a wUh bisector 

of rays to points X=z dt k, F= 0. Here we may take 

F{U']'iv) = k cos (u + it?) = A (cos u cosh v — i sin u sinh v) ; 
hence the curves are given by 

{X=. h cos u cosh t;, F= — A; sin w sinh t;, 
w cos a + t? sin a = (7. 

If a= 0, u=z G] if a = -o , v=z (7; in these cases the equation of the curves 

is evidently 

X^ T^ , X^ Y^ _, 

{k cos Oy ~ {k sin C)» — • ' {k cosh (7)« "^ (A; sinh (7)» " * ' 

either of which represents a system of confocal ellipses and hyperbolas ; either 
equation is converted into the other by the substitution of iC for G. 
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It is easy to eliminate u and v in the general case ; viz. we have 

2 X — = 2 (cos't* cosh* V + sin' u sinh' v) = cos 2u + cosh 2v, 

^ ya 

2 p = 2 (cos^t* cosh't; — sin* w sinh't?) = 1 + cos 2w cosh 2t;, 

so that cos 2t«, cosh 2t; are the roots of the equation 

*«;l' — 2 (z * + r*) ;l + 2 (X* — ro — &» = • 

The equation of the curve is therefore 

cos a cos""^ Xj + sin a cosh""^ ;ig zz (7, 
^i and 7^ being the roots of the preceding equation ; or, more explicitly, 

+ Bin a eoA-^+ ^ + ^^(^'+ I'V-^CJ^- 1-) + ^^^ <;. 

When a = or -^ , one value of % is constant, and the equation of the curves 
may be obtained by putting ;l = c in the quadratic equation for JL; when we get 

&»c*— 2(X»+ r»)c+2(X»— F*) — A? = 0, 

2X*(c — 1) + 27* (c + 1) = A? (c* — 1), 

or X* F* _ - 

i*2(c + l) + \W{c — \) ~ ' 

a system of conies with their foci at X= ± A;, F= 0. 

10^ «""**-j p + e** A '^ 7g = Q ; normcd makes cm angle a with line whose 

inclincUion = inclination of the pair of rays to the points X= ± A, F= 0. Here 

we may take 

^/ , .V 7. , / , .X , sinh w cos t; + i cosh t* sin V 

F(u + it?) z= A; tanh (w + ii;) = & — r ; . . i -. — 

^ ^ \ I / ^Qgjj ^ ^QQ t; + 1 smh u sm i? 

, sinh u cosh ti + 1 sin v cos t? 

cosh* w cos* V + sinh* w sin* t; 
, sinh 2u 4- i sin 2t? 

cosh 2a + cos 2i? 
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Hence the curves are given by 



! 



TT 7 sinh 2u ^ ^ sin 2v 



cosh 2u + cos 2v ' cosh 2u + cos 2v ' 

u cos a + I? sin a = C, 

The parameters u and v are easily eliminated as follows : 

X* + r* _ sinh* 2u + sin* 2t? _ cos h* 2u — cos* 2v _ cosh 2u — cos 2v 
P ~ (cosh 2u + cos 2vy (cosh 2u + cos 2t?)* ~ cosh 2u + cos 2v 
TTftnfift 

cosh 2ti _ X* + y* + ^ cos 2i; _ X* + F* — &* 

cosh 2u + cos 2i; ~ 2i* * cosh 2u + cos 2i? ~ — 2** ' 

so that, since the original equations give 

sinh 2u X sin 2v Y 



cosh 2w + coa 2v h ' cosh 2t^ + cos v A; ' 

we have ^ , ^ 2A;Jr ^ ^ — 2hY . 

tanh 2ti = x^+Y^ + J^ ' ~ j:^ + y« _ /^ ' 

substituting these values in the equation u cos a + v sin a = (7, we have the 
equation of the curves : 

cos a tann * v-^ 4- y -u fe^ ~ ®^^ ^ x> + T^ JA ^^ ^ • 

If a = -^ , this becomes 

x^ + r*-ft* = cr, 

a system of circles through the points F= 0, X= ± A. If a = -^ , it becomes 

the orthogonal system of circles, viz. those through X= 0, F= dt iA;, the anti- 
points of the preceding pair of points. 

Thus the oblique trajectory of a system of circles through two fixed points, 
like the oblique trajectory of a system of confocal ellipses, is a transcendental 
curve ; the equations of the trajectories being, as found above, respectively 

. 2A;X . ^ ,, 2k Y ^ 

cos a tann * v-g 4, y^ + 7>g — ®^^ ^ ^^^ x^ -4- F* T^ ^^ ' 



A/ 



+ sin a cosh- ^^ + 1" + V(^' + FJ - 2A^ {X> - 7') + A:- ^ ^. 



24 
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But the former reduces to an algebraic curve in the particular case when the two 
common-points of the circles coincide, while the latter does not do so when the 
two foci coincide. To get the limiting form of the first equation when Aj = , 
we may write it 

which, when A; = 0, becomes 

2X cos a 2F8ina _ ^, 

or C"(Z«+F»)=2(Xcosa- Fsina), 

a system of circles touching the line JT cos a — F sin a = at the origin. 
The second equation may be written, if we put, for brevity, 

X^+Y^ = p, X^—Y^ = q, 



p _ V y _ 2l^q + fc* 
COS a cos~^^- ^^— p 



+ sin a (cosh-^ ^ + ^^-^^g + ^ -cosh-i ^) = ; 

when k is infinitesimal, this may be written 

cos a cos"^ — + sin a Tcosh"^ -p- — cosh~^ -p-J = 0, 

cos a cos"^ -£- + sin a cosh*-^ (^-^ . _ _ -y/ .^- _ In/-^ l) = , 

which gives, in the limit, 

cos a cos~^ — + sin a cosh~^ \2g "^ ^~) ~ ^ * 

Now co8h-^(-^ + ^) = log^ = log^!:ilI' = log-^=2log-^; and 



^ X^ yt 

I— 1 _i_ — {\c\sr^ :i— — r»na~* f r»nfl 2;^'^ -^^ 2:^^ ! hi^nce the ahnve pnuation 



2p 

• ^, :f^ = cos~^ (cos 2^) = 23 ; hence the above equati 
p JT* + F* ^ ^ 

becomes (in polar coordinates) 
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a system of similar logarithmic spirals. Of course, the trajectories for the case 
when the two direction-centres coincide are in both instances obvious otherwise. 

11^ If a curve be defined by the property that the inclination of the tan- 
gent is equal to half the inclination of the system of rays drawn from its point 
of contact to four arbitrary fixed points, its differential equation is 

dx dy 

V(a5 -^^iKaj — (h){^ — as){x — a^) ~ \^(t/ —~h)(y — h^){y — h){y -^ij ' 

the four points being (aj, 61) ... . (a^, 64). 

Denoting the function inverse to the integral of the first member by ^ , and 
the function inverse to the integral of the second member by t//, the solution of 
this equation is 

^~i(^)_4.-i(y)=a. 

If the four points are real, 61 .... 64 are the conjugates of Oi . . . . a4 respec- 
tively; and consequently if we write ^"^{X +iY)z=Ui-\'iu2, we may put 
•4'^^ (X — iF) = Wi — ii^, so that the foregoing equation becomes 

Writing, then, 

the curve is given in rectangular coordinates by the equations 

lF = 4),(i^i, c). 

The solution of the problem thus depends solely on the separation of ^ (mi + iu^) 
into its real and pure imaginary components : ^ being the function inverse to 

the general elliptic integral of the first kind, j dxJ^E{x), where -B(a;) is a 

quartic whose coeflBcients are in general complex. 

It would have been no more diflBcult to consider the oblique trajectories of 
these curves ; but in point of fact these furnish nothing new, since by rotation of 
the axes of reference they are reducible to the case just considered.* 

♦This is not the same as to say that unth a given set of four points and a given axis of reference^ the 
oblique trajectories are of the same nature as the original curves : which is not true. But with a proper 
choice of the axis of reference, any proposed case of the oblique trajectory is reduced to another case of 
the original class of curves. 
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f 



Nor would it be more diflScult to consider the case when the four arbitrary 
points are not real. The proposed curves would in this case be given by 

;Xz=<^i(t/i, W2)= ^iK, Vg), 

Ui — Vi + i{Ui—v^) = 0, 

i^i and 4^2 being of course defined by the equation 

4^ K + ivz) = 'J^iC^i, V2) + t'4'a (vi, Vjj). 

If the points (aj, 5i) . . . • (04, 64) are coney clic and are such that an "axis" 
of the four points is parallel to the axis of X, it is known* that the required 
curve is a bicircular quartic of which the four points are a set of ordinary foci. 
Hence in this case the problem of solving the differential equation may be 
reduced to that of finding the equation of a system of confocal bicircular quartics 
whose foci are any four concyclic points. It is evident that the condition that 
the four given points be concyclic is equivalent to the reiquirement that the 
quartic in x be linearly transformable into the quartic in y ; so that the case to 
which this geometrical method of solving the differential equation is applicable 
is that in which the two quartics are homographic and satisfy a certain addi- 
tional condition. It is obvious, moreover, that all the conditions of the case are 
expressed by the equations 

• («i — (h){a3 — «4) _ {(^i — q8)(q2 — (^i) _ ( ^1 — (^4){<h — as) _ -. 
(*i - h){h - h) - {bi - b,){b, - \) - \b, - b,){b, -b,)~ ' 

viz. the equation of these fractions to 1 expresses that the inclination of the pair 
of lines 12, 34 is 0, and likewise for the pairs 13, 24 and 14, 23; and it follows 
incidentally that the four points are concyclic. This follows either by a well- 
known theorem of geometry, or from the fact that the equality of any two of the 
fractions shows the quartics to be homographic and the points consequently to 
be concyclic. 

On the Equation sin xdx := sin y dy . 

It is somewhat interesting to consider a case in which f{x) is a convergent 
infinite product , as e. g. in the equation 

sin X dx =z sin ydy. 
*See ^' Note on the Double Periodicity of the Elliptic Functions," this Journal, XI, 285. 
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This equation defines a curve in which the angle made by the tangent with the 
axis of X is the negative of the sum of the angles made with the axis of X by 
the rays drawn to the points (on that axis) 

X= 0, ± n, i: 2n, ± 37t, ; 

or, as we may write it, 

-^^=^0 + ^1+^-1 + ^2 + ^-8 + ^3 + ^-3 + ....* 

The curves thus defined have for their equation 

cossc — cosy = c, i. e. sinXsinh Y= C. 

If we compare the value of the inclination of the tangent as derived from this 
last equation with that which arises from the definition of the curve, we obtain 
an interesting identity, viz. we get in these ways respectively 

a — tan-i ^^- — tan-i ^^^-^^^"^ ^ tan-^ *5H^ 

;^^_tan ___tan -j_^_^^_ tan -^— ^, 

-3.=tan-^ + tan-^ + tan-^ 

Y T 

. _, F , . _i 2XY . . _i 2XY , 
= tan -^- + tan ^»_Yi_^ + ^^n x^—r'—{2'n'f '^ ' 

whence the identity 

^^.itanhF^ , Y , 2XY 

2XY 
or 



tanh 



F=tan2rtan{tan- ^ + tan- ^,-1^ +tan- ^,-^^.+. . .}. 

*From the nature of the case (viz. because the equation dx/dy=. sin y /em x determines a definite 

direction of the tangent, and because sin y/sin x is truly the limit of — . ^ . ^-—— . - — — . . ^ » • • > 

the factors being taken in this order) the series to the right converges to a definite limit, modulo ir ; and 
it is plainly best to take each pair of terms, i?r + ^-r, as near as possible ; then lim (i*»+t^_«) = , 
obviously. 

t It is needless to say that this identity is easily obtained v^ithout the intervention of geometry ; but 
it is naturally suggested by the construction of the tangent to the curve we are considering. 
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In particular, when X= F, we have 

tan ^ ^^- = — tan ^ — « tan-^ ,- .« — ta^^ 7;^— ai — - . . (moan) (B) 

tanX 4 71? (27t? (37t? ^ / v / 



and when X= -— , 



^ being an undetermined integer. If we take each of the inverse tangents at its 
least positive value (i. e. between and — - 7t J, it is easy to see that JL = 0; for 

the series on the left is less than -s" ("t + -9^ + "^ + ••••}' ^' ^' ^^^^ ^^^ T9 ' 

which is itself less than -^ -j- 7t. 

4 

In like manner, if we put Xz= — - 7t, we obtain 

tan-^ 2^, + tan-^ 2^ + tan-^ _^ + ..,.= ^ + Xtt; 

and (with the same understanding concerning tan~^) ^ =: 1 ; for the series on the 
left is greater than the one above considered, but less than 

which is itself less than 

Likewise 

taa-^ + tan-2^4-tan-2^ + ....=-J+;in. 

and ;l = 2 because the series on the left is less than 
tan- /l, + ta- 2^. + fn- 2?;? + tan- J^ 
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This suggests that when X= (2i + 1) -^ , the value of ^ is A, giving the formula 

t«.-. t?|±^ + tan-. t?*H^V U.-. (4±iU^ + ....= i + *,. 

k being any positive integer, and tan""^ being always taken between and --- . 
But it is evident that the above method will not furnish this result; when 
2A; + 1 > 7, the superior limit arrived at by it will exceed — + fo«. But the 
formula would be proved if we could show that 

tan-^ -i + tan-^ -^ + tan"^ ,, ^' ,, + tan"^ ^, ^' ^,. 

+ tan-* irr^. — v2 + tan"* ^tttt^ — i^ + ....= 7t, 
^ 2(2n + r)^^ 2(2^ + ?^)*^ 

where n = 2i + 1 and r + r'zizn. This last formula may be more compactly 
written +cd 

5? tan-* -^-^^— ^, = 7t- 
^ 2{vn + rf 

In point of fact it is easy to prove the more general formula 



+ 00 

h,-- 2(m + /3)= 



V;tan-*_4-^,, = n, 
^-^ 2 (va 4- ^^^ ' 



a and /3 being any real quantities. There is evidently no loss of generality in 
supposing, in the demonstration, that a is positive, and that /3 is positive and less 
than a. We have seen above that 

writing, in this, — ^^^ for JT and — for T, it becomes 



a a 



tanhX 



tan-» ^ "^^ = tan-» ^ ^,^ 

a 



+ > itan-^ -= j^ — rpT- + tan-* -= — ~ — r^^X (mod 7t) . 



186 Franklin: On Some Applications of Circular Coordinates. 

Likewise 

tanh — 
tan""^ ^ , /%_ = tan" 



tan 



a 



Hence, by addition, 

Y T 

tanh— ^^^'^'^ T 7 

a a 

X — \ya — p)n -2: + {va — p) n ) 



and it is plain that this may be written 

Y T 

tanh — tanh — 

a a 



Putting, in this identity, Xz= F=a— -, the first member is 0(mod7i) because 

2 



+» 



Finally, to determine the valae of the series exactly (each term being taken 
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between and -—J we have only to observe that the^wnn from i' = 1 to i' = + <» 

can not exceed V' tan~^ —^ , which has been proved to be equal to— 7t; that 

1 

the sum from r = — 2tov= — oo is less than V' tan""^ — ^ ; and the sum of the 

two omitted terms (v = 0, v= 1) must be less than twice—- n . Hence the 

proposed series is less than -— n + — - n + 7t, and therefore less than 2n. Hence 

4 4 

a and /3 being any real quantities ; Q. b. d. We have thus completed the proof 
of the equation 

2.1* ^ 2.2* ^ 2.3* ^ 4 ^ ^ ^ 

If, in formula B, we put X= 2A;. -^, we get 

2 

2.1*^ 2.2* ^ 2.3*^ 4 ^ ^' 

and equation D enables us immediately to determine the actual value of the 
series; viz., putting a= 2A;, and /? successively = 0, 1, 2, . , . ., 2fc — 1, and 
adding the results, we get the preceding series doubled, and in addition a term 

-— (arising from /3 = , v = 0) ; hence 

Equations E and F may be combined into the single equation 
25 
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taa-^ + t«-.^ + t».-.^ + .... = (-2— 1),, (G) 
n being any positive integer. 

Putting ^/a = w, equation D may be written more simply 

+ 00 

y?tan-^-^-^ — s-. = n, (D') 

u being any real quantity. It seems very remarkable that the value of this sum 
should be independent of u. And if, in formula C, we put X= F= na -^ , n 
being any positive integer, we obtain 

\?tan-i-^-^^— -^ = (modTt). 

The actual value of the series is nn. For the sum from i;=:ltor=:+oo does 
not exceed (^ Z" ) ^* ^^ equation G) , the sum from r = — 2tov = — qo 

is less than (^ Fy ^' ^^^ *^® *^^ omitted terms are together less than n\ 

and on the other hand the sum from i/ = to r == + qo is at least as great as 
(^ — j 7t, and the sum from v= — ltov = — oo is at least as great as 

(^ J 71. Hence the value of the series lies between (n s") ^ *^^ 

(n + —J 7t; but it is an exact multiple of 7t; therefore 

V tan~i ^. ^, ,^ = nn , (H) 



n being any positive integer. This is a generalization of equation D or D' ; but also 
equation G, which was employed in the proof of H, is itself an obvious corol- 

*In the reaeoniDg, u is Bupposed non-negative ; obviously the argument is precisely similar if u is 
supposed non-positive. 
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lary from H, so that this last equation may be said to comprise all the preceding 
arithmetical equations {D — Q). 

Finally, we remark that formula shows that the series 



+ 00 

E 



tan-^ ^ 



{y + uf 



is not independent of u except when a is half the square of an integer ;* and it 
thus seems all the more remarkable that it should be independent of u in that 

case. The value of this series (obtained by putting -Z= F=:V2aa ^in for- 
mula C) is given by 

tan- ^ ^ ,, 

tanh V2^-J tanh V"2a ^ 
= - tan-^ 1 tan-i 1 + Xtt, 



tan (V2a— 2u\ -^ tan (>v/2a + 2t^) 



n 
~2 



2, being an integer so chosen that the result shall lie between E{V2a).n and 
[-B(V2a)+ 1] n, since the series is evidently intermediate in value between 
those which would arise on writing instead of a the two half-squares between 
which it lies. 



The orthogonal trajectories of the preceding system of curves are given by 

the equation 

sinxdx + sin y dyz=zO\ 

these curves have the property 

-^^=3o + ^i + ^-i + 3, + a»8 + 33 + ^-3+...., 

and their equation is 

cos aj + cos y = c or cos X cosh F= G. 

* It is, of course, periodic in respect to u in any case, the period being 1. 
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The curves having the property 

^r = ^0 + ^1 + ^-1 + ^8 + ^-« + ^3 + ^-8 + • • . • 

are given by the diflferential equation 

dsc/sin X z=i dy/ein y ; 
the solution of this is 

sin -^{x + y) = c sin — - (x — y) or sin Xz=i C sinh F. 

This last equation is otherwise evident from the consideration that the curve now 
required is so defined that its angle of intersection with any curve of the system 
first considered in this section shall be bisected by a parallel to the axis of X. 
Hence, the equation of that system having been found to be sin X sinh F= (7, it 
is plain that the required curves are given by sin X= O' sinh F. 



On JRotations in Space of Four Dimensions. 

By p. N. Cole. 



1. 

Linear Oonfigubation in Four-Dimensional Space. 

1. In a four-dimeiiBioiial space of constant zero curvature, suppose any point 
to be selected, and through this point four linear solids mutually at right angles 
to each other, to be drawn. Taken in pairs, these four solids intersect in six 
planes, and taken by threes they intersect in four straight lines. Taken all 
together, they have only the selected point in common. This system of the point, 
the four lines, the six planes, and the four solids may be employed as a coor« 
dinate configuration. The point will be the origin, the four lines may be called 
the axes oix^ y j z and w, the six planes the planes oi xy ^ xzy xu) ^ yzj yw and zir, 
the four linear solids, the solids of xyz, xyw, xzw and yzw respectively. The 
coordinate solids, in the order as written, are defined by the equations 

t^z=0, z = 0, y=0,a;=0; 



the planes by 
and the axes by 



117=0,1/7=0, 2= 0, »= 0, 05= 0, 05 = 0, 

2=0, y=0, y = 0, «;=0, 2=0, y = 0, 

y = 0, a; = 0,a; = 0,a; = 0, 

2 = 0, «=0, y=0,y = 0, 

t^=0,t^=0, ti?=0, a=0. 



In pairs, the four axes determine the six coordinate planes ; in threes, they 
determine the four coordinate solids. The six planes taken in pairs would seem 
at first sight to intersect in fifteen straight lines. But the two planes xy and zuo 
have evidently no element in common except the origin, since this is the only 
point for which we can have simultaneously i/?=0,fi; = 0,a; = 0,y=0. The 
same is evidently true for any pair of planes whose symbols have no letter in 
common. There are three such pairs, and accordingly the fifteen apparent lines 
of intersection reduce to twelve. Again, the pairs of planes xy and xz, xy and 
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yz^ QGZ and yz, all intersect on the line ic = 0, yi=:0,2=0. All the pairs of 
planes can be similarly arranged, in four sets of three each, which have the same 
line of intersection. The twelve lines therefore reduce to the four coordinate 
axes, each counted three times. 

Of the thirty combinations of the coordinate planes by threes, four sets 
which have each a common line have just been considered. Beside these, the four 
sets in each of which the same letter occurs three times in the symbols for the 
three planes, determine each a solid corresponding to the repeated letter. Thus 
the planes ay, xz and xw determine the solid a = 0. The remaining twenty-two 
sets of three planes determine no elementary configuration. 

The numerical arrangement of the parts of the coordinate configuration 
may therefore be briefly expressed as follows : 

Each coordinate solid contains three coordinate planes and three coordinate 
axes. Each coordinate plane is contained in two coordinate solids and contains 
two coordinate axes. Each coordinate axis is contained in three coordinate 
solids and in three coordinate planes. 

The coordinate (rectangular) configurations of the ordinary plane and space 
geometries divide the angular space about the origin into four plane right angles 
and eight right triedral angles respectively. 

Similarly in space of four dimensions the angular space about the origin is 
divided by the coordinate configuration just discussed into sixteen right tetra- 
edral angles. 

2. A point in four-dimensional space is determined by four coordinates 
referred to the four coordinate solids. An equation of the first degree between 
these four coordinates defines a linear three-dimensional configuration. Such a 
configuration I shall call a liiveoid. Among the lineoids the coordinate solids are 
of course included. 

Geometrically a lineoid is determined by four points. For although four 
points are determined by sixteen constants, each point heus, while remaining 
within the lineoid, still three degrees of freedom. Of the sixteen constants there 
remain therefore only 16 — 12, or 4, and this number corresponds to the four 
essential constants in the equation of the lineoid. 

Two equations between the four coordinates analytically define a plane. 
But if two lineoids intersect in a given plane, any pair of linear combination of 
the two lineoids will intersect in the same plane. Two such pairs of linear com- 
binations involve two essential constants. These subtracted from the eight 
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constants which determine the two lineoids leave siz constants which deter- 
mine their plane of intersection. Geometrically a plane is determined by three 
points. For each of the three points has, while remaining in the plane, two 
degrees of freedom, so that we have 8X2 = 6 essential constants. 

Similarly three linear equations or two points determine a straight line. 
The two points involve eight constants, but as each has one degree of freedom 
on the line, these eight reduce to six essential constants. 

The linear configurations in four-dimensional space are therefore determined 
as follows : A lineoid by 4 constants. 

A plane by 6 constants. 
A line by 6 constants. 
A point by 4 constants. 

The dualistic relation between the lineoids and points on the one hand and 
the planes and lines on the other appears clearly in this table. 

3. Among these linear configurations we are especially interested in those 
which contain the origin, and for which accordingly the constant terms in all the 
defining equations disappear. In this case a lineoid is determined by three 
further conditions, a plane by four, and a line by three. The geometry of these 
configurations is therefore analogous in form to that of the planes, lines and 
points of ordinary three-dimensional space. 

As, however, the greater portion of the following developments hold for all 
linear configurations, whether they include the origin or not, I shall state them 
for the most part in their full generality. 

If the equation of a lineoid be 

(ix+ by + CZ + dw + e=: 0, 

then we may writo ^^, ^ /_^ ^ _^ ^ = C08a. ^a' + &' + c« + cP ^'^^^^ 

Va» + Ac + <P = '^' '^' Va» + /+o»+<^' = "°' ^' ""^^'^ *^" ^^""^ "^'^^ 
are connected by the identity cos* a + cos* /? + cos'y + cos* ^ = 1 . 

These four cosines I call the direction cosines of the corresponding lineoid. 

The quantity , %ij,2 i^iJi ™^y ^^ called the perpendicular distance from 

the origin on the given lineoid. 

If the direction cosines of two lineoids be 

cos a , cos /? , cos y , cos 5 , 
cos a' , cos (i' , cos / , cos 5' 



194 Cole : On Botdtions in Space of Four Dimensions. 

respectively, we may form from these the six determinants of the second order: 

cos a COSTS' — cos/? cos a' cos/? cosy' — cosy cos/?', 
cos a cos y — cos y cos a' cos /? cos 5' — cos 5 cos /?', 
cos a cos 5' — cos S cos a' cos y cos 5 — cos S cos y. 

The six quantities obtained by dividing each of these by the square root of 
the sum of the square of all of them I denote by P^, P^, P^, P^s, P^i Psu and 
these I call the six direction cosines of the given planes. Thus 

p cos a cos ^' — cos ^ cos a' 

^* ~ V 1 — (cos a cos a' + cos ^ cos ^' + cos y cos / + cos 6 cos 5')' ' 
The denominator of the P's can only vanish when a = a', /? = /?', y = /, 
5 = y, in which case the two given lineoids coincide in all but their constant terms. 
Beside the 6 P's the plane has also for determining elements the perpen- 
diculars from the origin on the two given lineoids. 
Between the P's there is the identity 

n + il8 + il4 + il8+/l4 + P|4=l. (1) 

But since a plane through the origin* is determined by four constants, there must 
be still another identity connecting the P's. This is 

Pv^Pu + PibP4, + PiiPzs = (2) 

as is readily seen from the development of the identically vanishing determinant 

cos a, cos/?, cosy, cosS 
cos a', cos/?', cos/, cos 5' 
cosa, cos/?, cosy, cosi 
cos a', cos/?', cos/, cos^ 

4. If we multiply the 6 P's by an arbitrary quantity K, we may regard the 
resulting quantities as the 6 homogeneous coordinates of a plane through the 
origin. These six coordinates are then identical with the six Pliicker coordi- 
nates of a line in three-dimensional space. The geometry of planes through the 
origin in four-dimensional space is therefore exactly parallel to the Pliicker line 
geometry, and every proposition of the one theory can be transferred to the 
other, so far as the geometrical distinction between the three- and the four-dimen- 
sional spaces interposes no obstacle. The examination of this correspondence in 
detail I intend to treat in a future paper. For the present I will merely estab- 

*In treating the direction cosines alone we may, of course, suppose the given plane to pass through 
the origin. 
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lish two fundamental propositions for the geometry of the planes of a four- 
dimensional space. 

5. Two lineoids, ax +by +cz + dw ^6=0, 

a'x + Vy + cfz + d^w + ef = 

I call perpendicular to each other, if oa' + J6' + cc/ + AZ' = 0, or in terms of the 
direction cosines of the two lineoids, 

cos a cos a' + cos (3 cos /?' + cos y cos / + cos 5 cos S' = • 

If we have two pair of lineoids such that both lineoids of the one pair are per- 
pendicular to both of the other pair, the planes of intersection of each pair are 
naturally called perpendicular to each other. Two such planes will have no line 
in common. I call two such pairs of planes absolutely perpendicular to each 
other. Thus any pair of coordinate planes whose symbols contain no common 
letter, as xy and zw, are absolutely perpendicular to each other. 

6. We can now establish at once the important proposition : Through a given 
point in a given plane only one plane can be passed which is absolutely 
perpendicular to the given plane. That this is the case is indicated by the 
fact that four conditions are requisite for absolute perpendicularity, and these 
are sufficient to determine the four essential constants of the second plane. 
We verify the proposition by the actual determination of the six direction 
cosines of the second plane in terms of those of the first. 

We distinguish the diflFerent lineoids by subscripts 1, 2, 3, 4, and suppose 
that the planes (12) and (34) to be the first and second planes respectively. The 
four equations of conditions are then 

costti costts + cos;3i cos/^s + cosyi cosyj -f cos^i cos58= 0, 
cos tti cos a^ + cos ^i cos ^4 + cos yi cos yi + cos hi cos ^4 = , 

COSOg cos 03+ C0S/?8 C0S/?3+ COS ^g COS /j + COS 5, cos58 = 0, 

COS a% COS a^ -f cos /?, cos (i^ -f cos y^ cos y^ + cos h^ cos 5^ = . 
From these we readily deduce 

P\% cos /?3 + Pis COS ya + -Pl4 COS ^8 = 0, 
jPl2 COS /34 + Pi8 COS Y^ + Pu COS ^4 = 0, 

Pi8 COS ttj — Pjs COS ys — Pu cos ^3 = 0, 
Pjg cos a^ — Pjs cos ^4 — Pj4 cos ^4 = 0, 

P18 COS ttg + P» COS i^g — P^ COS ^8 = , 
P18 COS a4 + P23 COS /?4 P84 COS S4 = , 

Pi4 COS as + Pu COS 13s + P34 COS ^3= , 
Pi4 COS a4 + P24 COS j34 + P34 COS ^4= . 
26 
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And from these again, if we distinguish the JP's of the second plane by 

accents, we have 

p 



p 
PnPu + -* I8-P34 = -* 14 = "p" -• 84» 

p 



P 



18 



P 

Pp/ P P^ — P' — — ^ P' 



P, 



18 



P P 

T> P' A^ T> X>f n P' ^ P' - ^ pf 

-* 18-^18 r -* 34^84 — ^ •* 18 — p -^^24 p ■'W* 

-* 13 -* 18 

If now we write P^ = KP^a 

we have P^g = -ffP 4, , 

^{4 = ^^88, 
P'.z = KP,,, 

PU = £^Psu 
-P^ = ^Pi8. 

But since 2P?fc=l and 2P;fc= 1, we have K*= 1, K=:± 1. 

Wc may take either of the values of K. If we take ir= + 1 we have 



12 — -^ 34 1 

Pj3 ^^ -P48 1 

p^Zp"- (3) 

-* 23 -^14* 

-^84 ^= -* 31 > 
P81= Pl8« 

As a final verification we have 

-P18-* 84 + PldP42 4" PliP%9 ^^ Pzi P12 + -P48 -P13 + P88 -P14 =^ • 

The equations (3), regarded as defining the transition from the given plane 
to its absolute perpendicular plane, are equivalent in the Pliicker geometry to 
the analytic definition of a dualistic transformation. The relation between the 
planes P and P' is evidently a reciprocal one. 

7. These equations may also be simply interpreted within the four-dimensional 
space as follows : We have regarded a plane as the intersection of two lineoids. 
We may also regard it as determined by two straight lines. For convenience 
we will suppose the plane and its determining elements all to pass through the 
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origin. If the coordinates of any point on any one of the determining lines be 
«> y> «» ^» we may call the quantities 

X y z w 

V^'+yH^^^' \/^+P+7+P' V^+p+?+P' ^/^+P+?+P 

the direction cosines of the line. From the direction cosines of the two deter- 
mining lines we may then form determinants P' of the second order as before in 
the case of the lineoids. 

If a line and a lineoid have the same direction cosines they may be called 
perpendicular to each other. It appears at once that if a plane be determined 
by two lineoids and a second plane by two lines whose direction cosines are 
respectively equal to those of the lineoid, these two planes are absolutely perpen- 
dicular to each other. If, therefore, the direction cosines of a plane as deter- 
mined by two lineoids be P^j, and those of the same plane as determined by two 
lines be P/^, the equations (3) hold between these two sets of coordinates. In 
other words, the equations (3) define the transformation from a lineoid geometry 
to a line geometry. 

These results can of course be easily verified analytically by expressing 
the direction cosines of a line in terms of the direction cosines of the three lineoids 
which intersect in the line. 

8. The condition that two planes shall have a common line is also readily 
obtained. Thus, if the two planes be determined as before as the intersection of 
the lineoids 1 and 2, 3 and 4, each of -these lineoids must contain the common 
line of the two planes. The condition for this is obviously 

cos tti , cos /?i , cos yi , cos 8i 

cos (X2 1 cos ^2 f cos y^ J cos ^2 

cos as , cos /?3 , cos y^ , cos 8^ 

cosa4, cos ^4, cosy4, cosd4 

Expanding this determinant in quadratic minors, we have at once 

Py,PU + PizP'42 + PuPiz + P23PL + P4,Pis + ^^34^ = . (4) 

This is identical with the Pliicker condition that two straight lines in ordinary 
space shall have a common point. 

9. If a plane P have a line in common with a given plane P, and also with 
the plane absolutely perpendicular to P, we have the two equations of condition 

Pi,PL + PisPi, + PuPis + P^Pu + P4,P'iz + PuP[, = 0, 
P-a'-u "h P-aP-a H" PuPu "r PtgPas "H PuPu "r PuPu ^= 0. 



= 0. 
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From the symmetry of these equations it is at once evident the plane P has a 
line in common not only with P^ but also with the plane absolutely perpendicular 
to P. The relation between the two planes is therefore a reciprocal one. Two 
such planes I call simply perpendicular to each other. There are, therefore, oo^ 
planes simply perpendicular to a given plane. The situation of these planes can 
be readily understood by the aid of the following consideration : Through the point 
of intersection of the planes P and P' oo^ straight lines can be drawn in each plane. 
Any two of these lines lying one in the plane P, the other in the plane P', deter- 
mine one of the simply perpendicular planes. Through each of the lines in P 
there, therefore, pass oo^ of the simple perpendicular planes, and these cut the 
plane P in the bundle of rays through the intersection P and P'. It appears, 
therefore, that there are oo^ planes simply perpendicular to a given plane and 
cutting it in a given line. For example, the planes xz and yz, or any one of their 
00^ linear combinations, are simply perpendicular to the plane xy. 

In the development of this part of the subject I have not attempted any- 
thing like an exhaustive treatment. I have simply aimed to establish systemati- 
cally so much of the theory of the linear configurations containing the origin in 
space of four dimensions as is of immediate use in the theory of rotations. 

2. 
The General Theory op Rotation in Four-Dimensional Space. 

1. The general coUineation in space of four dimensions is defined by the four 
equations ^ ^ ^1^ + ijy + c^z + djw + e^ 

(^5^ + % + Cjz + d^w + e^ ' 



a/ = 



,_ a%x + % + ggg + d^w + 6g 
^~ a^x + b^ + c^ + d^w + e^' 
_ a^ + biy + Cgg + dsw + e^ ^ ^ 

~ a^x + % + CgSj + d^w + e^ ' 
, _ 043; + % + C4Z + d^w + 64 
a^x + % + C5Z + d^w 4- ^5 ' 

These involve twenty-four essential constants; that is, there are 00** possible 
collineations. That these form a group is clear. We are interested in the sub- 
group which converts a solid of the second order, more particularly a solid 
sphere, into itself. The equation of such a surface contains fourteen essential 
constants. Since these are to remain imchanged, we have fourteen equations 
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of condition among the twenty-four constants of the general coUineation. The 
desired subgroup contains, therefore, co^^ distinct operations. 

This subgroup contains again a further subgroup composed of the rotations 
of the sphere. As these rotations I define those coUineations of the four-dimen- 
sional space which not only convert the sphere into itself but also leave its center, 
assumed to be at the origin, and with it its polar solid plane, the lineoid at 
infinity, unchanged.* From this definition it appears at once that the denomi- 
nator in the equations (1) reduce to a single constant term which may be regarded 
as combined with the coefficients of the numerators, and that the constant terms 
in the numerators reduce to zero. 

The equations for the subgroup of these rotations therefore are of the form 

a/ = aiX + biy + CjZ + diw , 
y = o^a + % + c,2 + d^w, 

If the equation of the invariant sphere be 5c*-fy*4-2? + i^=l, the coeffi- 
cients ajbjC.d are further connected by the ten equations of condition 

«i + «l + «8 + «l = 1 1 «i«» + ^A + ^i'^ + did^ = Of 

b\ + bl + bl + bl = 1 J aittg -f bib^ + CiC^ + d^d^ = 0, 

c?+c5 +cS+(^ = l, a^a^ + 6164 + C1C4 + dyd^ =0, 

<? + c«H-e5 + e^=l, a^a^ + b^ + c^Cj + d^eZg = 0, ^^^ 

(h^i + &8&4 + C2C4 + d^d^ = , 
a^a^ -f bjb4^ -f- c^^ -f- d^^ = . 

The equation (2) contains sixteen constants, and as these are connected by 
the ten relations (3), it appears that the group of rotation of a four-dimensional 
space about any fixed point contains 00 • distinct operations. 

2. The theory of orthogonal transformation has been extensively studied by 
Cayley,f who has given a general method of expressing the n* coefficients of such 

a transformation in terms of the -^ n{n — 1) independent constants of the trans- 
formation. In the case of a four-dimensional space, if we call the six indepen- 
dent constants a, 6, c,/, gr, it, we have 

* See also {9. t CreUe XXXII. 
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(4) 



^airnl-y+y-a' + Z — 5» + A» — <^, 
Bat = 2 (— a — /^ -\-cg — bh), 
Ba,= 2 (— 6 — c/— ^g + ah), 
Ba^=2{—c + b/—ag — h^), 

Bci=z2 {b + g^ — c/+ah), 

Bc = 2{h +/g + c^ — ab), 

Bct = l — ^» + /— 6» + c» — A» + a» — 1«, 

5c4 = 2 (— /+ flrA — 5c — a^), 

-B6, = 2(a+/3 — M+cgf), 
Bbt = l — ^'+/*— a»+ J»— ^+ c»— ^», 
Bbtz=2{—h+/g — ab — c^), 
Bbt=2{g+/h + b^-ac), 

Bdi=2{c + h^ — ag + bf), 

Bd,= 2{—g + h/—ac—b^), 

Bds=2{/+gh + a^ — bc), 

Bdi=il — ^* + h* — (^ + a*—/* + b* — g*. 

•where ^=za/+bg + ch 

and £=l + a» + &» + c» + ^+/» + A» + ^». 

The question now arises, and this leads to developments of fundamental 
importance, whether a rotation in four-dimensional space as defined by the 
equation (2) and (3) or (4) has any points other than the origin fixed, as is the 
case in the corresponding problem in three-dimensional space. If there be such 
points, they will be determined by putting in equations (3) a/, y, zl, xd, equal 
respectively to a;, y, z, w and solving the resulting equation, 

(oj — 1) a; -f- % -h Cjz H- rfjtc = 0, 
a,x-|-(&» — l)y+C8Z + di,tt>= 0, 
asas + % + (cs — 1) « +<^«' = , 
a^aj + J^/ + C42 + (^4 — l)to= 0. 

If these equations have a coiumon solution other than 0, 0, 0, 0, we must have 
Oi — 1 61 Ci d^ 

as is ^ — 1 <?s 

a^ 64 C4 ^4 — 1 



(5) 



= 0. 
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Substituting now for the a^h^ c, d their values as given by equation (4), we find 
that this determinant is not identically 0, but reduces to 

"5"- 

In order, therefore, that a rotation may have any point other than the 

origin fixed, we must have 

^ = 0. 

We must, therefore, divide the rotations of a four-dimensional space about a fixed 
point into two classes, one containing oo* distinct operations, each of which leaves 
other points beside the origin fixed, and the other containing the remaining oo* 
distinct operations which do not possess this property. 

If ^ be 0, the four equations (5) apparently reduce to three independent ones, 
which accordingly determine a fixed line. But this is not all. The equations (5) 
in this case really reduce to two, which accordingly determine a fixed plane. That 
this is so is readily seen if we write in the four equations in the place of the 
Uj bj c, d their value as given in equation (4), in which we are now to put 3 = 0. 

We have then 

{—a^—b^—(?)x+{a — bh + cg)y+{b—c/+ah)z +{c — ag + b/) w=0, 
{-a+cg']'bh)x + {-a'-g'-h')y+{h+fg—ab)z +{-g+h/—ac)w=zO, 
{—b-c/+ah)x+(—h+/g-ab)y + {—b'-f-h')z+{/+gh-bc)w = 0, ^^^ 
(— c+b/—ag)x+ (g +/h— ac)y + {—/•^gh—bc)z+{— (»—f—g^)w=0. 

If, now, we multiply the second, third, and fourth equations by a, 6, and c 
respectively and add the results to the first equation, remembering that 
of+bg'\'ch'=zO, the resulting coefficients all vanish identically. Moreover, if 
we multiply the second, third, and fourth equations by /, gr, and h respectively 
and add them together, the resulting coeflBcients again all vanish. 

We have, then, this result : Of the oo* rotations in general defined by equations 
(2) and (3), only a minor class of co^ rotations leave any point in sjpace except the 
origin fixed. Each of these oo*^ rotations leaves an entire plane fixed. 

We shall find, however, that these latter oo^ rotations do not constitute a 
group. The resultant of two such rotations does not in general leave any point 
except the origin fixed. 

4. Those rotations which leave a plane fixed, I shall hereafter call " simple " 
rotations. The fixed plane for such a rotation, it must be noted, is not only fixed 

*See Scott's Determinants, p. 238. 
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in the sense that it is converted into itself, but it is fixed absolutely, i. e. every 
point in it is fixed by itself. 

The plane absolutely perpendicular to the fixed plane is also evidently con- 
verted into itself, but its separate points do not remain fixed. Since the spheri- 
cal solid is also converted into itself, it follows that the circle of intersection 
of the absolutely perpendicular plane with the sphere is likewise converted into 
itself. Again, every coUineation of the four-dimensional space is also a coUine- 
ation of any plane which it may leave fixed. It appears, therefore, that the 
absolutely perpendicular plane is simply rotated through a certain angle into 
itself This angle we will call the angle of the rotation the four-dimensional 
space considered. 

The 00* planes which are simply perpendicular to the fixed plane of the 
''simple" rotation have a line in common with this plane and a line in common 
with the absolutely perpendicular plane. Of these two lines, the one in the 
fixed plane remains in every case fixed, while that in the absolutely perpen- 
dicular plane is rotated in that plane about the origin through the angle of the 
rotation. If among these planes we select those which have a given line of 
intersection with the absolutely fixed plane, the transformation which these 
undergo is exactly the same as that of planes through the axis of a rotation in 
three-dimensional space. 

5. Returning, now, to the analytic treatment of the subject, we can at once, 
in case ^ = , find an interpretation for the six independent constants 
a, 6, c, /, g, h. These are proportional to the six direction cosines of the jvxed 
plane. 

For the fixed plane is determined by any two of the lineoids defined by 
equation (6), say the first and second. Calculating the direction cosines of 
the plane of intersection of these lineoids, and remembering again that 
af-^-hg-^ch-zz.^, we have at once the six quantities a*, ah.ac^ah^ — ag^ of. 

These we may regard as the six homogeneous coordinates of the fixed plane. 
Between these we have already the Plucker identity af+hg + chzzO. To 
obtain the six quantities p, we have only to divide these six coordinates by the 
square root of the sum of their squares. Thus, 

P -A- p --9 



P„=-g- P» = ^ where B = V i+a*-\-b'-\- c'+f+f+7i\ 
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For the absolutely perpendicular plane we have 





p.=^. 


^18— 2 


p --* 


p/_ ^ 


P — " 

P3i-;B • 



Since the fixed plane is determined by four independent constants, while 
the a, 6, c,/, gr, A, with the identity a/+ Jgr + cA=: 0, constitute a system of 
five independent quantities, it is clear that the extent of the rotation is measured 
by a single constant ; that is, that the rotation is in itself one-dimensional, a 
result which agrees with the preceding geometrical consideration. 

It remains to determine the extent of the rotation ; that is, the angle men- 
tioned above. If we write 

a=cosatan-^, 6= cos/? tan -^ f c = C08ytan-yi 

/= cos h tan -^ , — gf = cos € tan -^ , 7t = cos 5 tan -^ , 

where the six cosines are the six direction cosines of the fixed plane, that is, 
the six P% so that 

B — \/l + tan» -|- = sec -|- , 

the angle ^ thus defined is the angle of the rotation. 

It will be sufficient to prove this in a single case. We will, therefore, 
assume 6=:c=/=gr = yt = 0, so that the fixed plane shall be the plane of zw. 
From equation (4) we have, then, for the equation of the rotation, 

— 2a . 1— a* 

Comparing these with the equation for rotation about the origin in the plane xy, 

a/ = 0:008^ — y sinf), 

y' = a; sin^ + y cosf), 
w^ l^a-ve ^^„ ^ \ — a^ . _ — 2a 

<5084^ = 3;qp^,, sin4>_ j-q:^,, 






27 



1 + COS 4> 2 
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6. I have already mentioned that the combination of two rotations with fixed 
planes does not in general give a rotation with a fixed plane. The discussion of 
this question is included in the general theory of the composition of rotation, to 
which I now proceed. In the following I obtain expressions for the quantities 
a, b, Off, gj hj ^ of B, resultant rotation in terms of the same quantities for the 
two component rotations. 

If we write the two component rotations in the form 
xi = c^iXi + c«a-8 + c^a-Tj + c^^x^ , 
x'i^ = ciixi + ci,pci + c^sx^ + ci^xi 

and suppose the rotations to occur in order as written, we have for the resultant 

^^**<^i^^ x[^ = cilx, + ciix, + c[^s + ciix,, 

where c'J = c/ic^ + c^^c^ + q'jCv + ^W • (^) 

Turning now to equation (4), we have 

£'{cii + cii + c^ + cii) = 1 _^'/- -«''•-&"• -(/'• +/'• + /• + F- 

+ 1 _ ^n^ — a"' + J"' + c"' +/"• — f* — ¥' 
+ 1 - ^"' + a"' + W + d^' — /'• + /• — F' 
+ 1 _ ^//« + a"' + W — c"' — /'• — g^f' + ¥' 
= 4(1-^""). 

By the aid of equation (a) we then have at once 

1^(1-3"') 

= (1 _^"_a''- f'-c/' +/• + / + F)(l - ^'-a'- 6»- c»+/» + ^ + ^») 
+ (l_3"-a''+6'' + c''+/*-j7"-A")(l-^'-a*+«'* + c»+7»-^ — 7i») 

+ (1 - y' + a'' - 6" + c'' -/'• + /- r)( 1 - ^' + «*-«»'+ c*-/* + fl^ - ^*) 
+ (1 - ^'* + a'' + 6" — c" —f'—g''+ 7i''){l _^» + a» + b* — c'—/* — g> + h*) 

+ 4 (a' +f^' - h'h> + c'^X— a —f^ + cg — hh) 
+ 4 (6' + g^' - df + a'A')(- 6 - c/- ^3 + ah) 
+ 4 (c' + A'3' — ay + i'/')(- c + &/- afir — h^) 
4- 4 (_ a' _//y + cV - Vh!){a +f^-hh + eg) 
+ 4 (;i' + /V + c'3' — a'6')(— h-{-/g — ab — c3) 
+ 4 (- ^ + A'/ - aV - &'^')(9' +/^ + f>^ — «c) 
+ 4 (- «/ - cy - j/^' + a'h'){b -{.g^-c/+ ah) 
+ 4{-h'+fg'-a'V-c>^){h+/g + c^ — ab) 
+ 4 (/ + g'h' + a'^ - &'(/)(-/+ gh-bc- a^) 
+ 4 (_ c/ + 6'/' — aV - A'^')(c + h^ — ag-\- bf) 
+ 4 («/ + /'A' + b'^ — a'd){- g + hf- ac — &^) 
+ 4 (-/' + ^A' - Vd - a'3')(/+ SrA + a^ - 6c). 
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From this we readily obtain by multiplying out and recombining the results, 

Hence 3,,.^ + ^ {a!f-\-af -Vg + hcf-\-dh^ch' + ^ + 3')* 

--§^il-\-^^'-aa'-bh'-cd—/f-gg'-hh'y 

+ 1. 

Now, if the component rotations each leave a plane fixed, we have 3= 3'= . 
And if, in addition, these two fixed planes have a line in common, we have also 
a'/+ af + J/g -\- bg' + dh + ch' = . But in this case the resultant rotation 
will also leave the line of intersection of the two planes fixed and consequently 
will leave a whole plane fixed. We have therefore for this case 

^' = 0, 

^(^1 + ^^ -aa' -hhf -cd -//' - ggf -hh'y=:l, 

. B"- ^ 

•• — {1 + ^^ — aa' — bbf — cd —//' — ggf — hh')* 

__ (i+a'+y+c'+/'+g'+A'+ y)(i+ a''+y'+<^ '+/' +/+^''+y') 

~ (l+^^—aa' — bb' — cd—f/'—gg'—Jih') 

But since the a, b, c,/, g, h are independent variables, only connected in the 
present case by the three equations of condition 

^ = 0, 3' = 0, a'/+ af + bfg + bg' + dh + ch' = 0, 
it is clear that we have always 

^ -{l+^^ — aa' — bb' — cd—//' — gg' — hh'f 
and consequently 

^>^-^,(a'/-\-af + Vg + bg' + dh + ch'-\-^-\-^y 

_ (a'f+af + b'g + bg' + dh + ch' + ^ + ^ 'y 
— {1 + ^^ — aa' — bV — cd —//' — gg' — hh'f ' 
^_ a!/+af + b ' g + bg' + dh+.ch'-\-^-\-^' , ,... 

l + ^^' — au' — bb'-cd—//'—gg' — ?ih'' ^^^ 

*ln the extaraction of the square root the plus sign must be taken, as any simple example will show. 
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Again, from equation (4) we have 

S"{cii-cii) = 4(a" +/"3"), B"ic'^-c'^) = 4(/' + a" 3"), 
B"{<^-cii) = 4(6" + g"^'), B"{c'^-cii) = 4{^' + 6"3"), 
-B" (cii — ciO = 4 (c" + A" ^") , B" (<^ - c^) = 4 (A" + c"3") . 

From these, by the aid of the equations (a), we obtain 

4^{a"+/'e")=2{l-r-a!'-b"-d* + r-^^* + h'')ia+/^-bh + cg) 

+ 2 (a' + /^ -6';i + c/^Xl — e»-a» + J» + c» + /»— ^- A») 

+ 4{V + g'^-<^f + a'h'){- h+fg-ab-dS) 

+ 4(c' + h'^' - ay + b'f){9+/h + b^ — ac) 

_ 2(-a'-/3'+ cy-6'A')(l-^-a»-6»— c»+/»+/+A») 

- 4 (A' + /</ + (Z^' — a'i')(— b-e/-g^ + ah) 

— 4 (— s^ + A'/' — aV— i'y)(- c + 6/— ajr — A3) , 

4^ (/"+ a"^") = 4(— c* + 6'/ - ay - A'3'X6 + 9^-c/+ ah) 
+ 4{g'+fh' + b'^' - a'd) {h+fg + c%- ah) 
+ 2 (-/+ ^A'- iV- a'3')(l- y + a»- 6«+ c»-/» + flf»- A») 
+ 2(1 -3»+a" + 6"— </'—/'* — ^•—A'*X—/+fl'A—6c-a0) 
+ 4(-6'-c'/-^y + a'A'Xc + A3-a<7 + 6/) 
+ 4 (— A' +/^ — a!b' — c/^'X— ^ + A/— ac — 50) 
+ 2 (1 - y + a" - 6" + c" -/' + /— A'')(/+ gh-ac^ b^) 
+ 2 (/ + gf'A' + a'3'— 6'c')(l— 3» + a» + 5»_c»_/»-^ + A»). 

Combining these we obtain, after a series of easy reductions, 

(a" +/')(! + 3")(1 + ^^' - ««' — bb'-cd —ff — AA' — ^<7')» 
= (1 + 33' — oa' — 66' — a/ —^' — grgf' — AA' + 3 + 3' 

+ a'/+a/ + 6V + V + CA + cA')(a + a'+/+/'-(/' + a')3-(/+a)3' 
+ bh! — 6'A + c'jT — cgf' + Jc' — 6'c + grA' — gr'A) . 

But from equation (/?) 

, . .„ _ l+3y-aa^-6y-c(/-j(ir-gg'-M'+3+y+cy+c/+yflr+V+c/A+cA^ 
^■^^ "" l-^^^' — aa' — bb' — cc'—ff—gg' — hh' 

a + a'+/+/-(a+/)3'-(a'+/03 

„^ ,„_ + bh' — b'h + c'g — eg' + bc' — b'c + gh' - g'h 

•'• « +/ - 1 + 3^ — aa' - bb' — cc' —//' —gg'- hh' * 
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Similarly 

a + a'-f-f + (a' -/') 3 + (a -/) ^ 

„ .„ + hh' - h'h + c'g - eg' + I'c -he' -\- g'h — gh' 

** "•' - i-^^'-aa' — hh' — cc' -//' - gg' - W * 

'S.GHCQ 

„ _ a + a'-/^^-f^ + hh' - h'h -h c'g — eg ' 
^ — 1 + ^^'—aa' - bb'—cc' —ff — gg' — hh' ' 



_ fJ^f'-a^^-c&' + ho'-h'c'\-gh'-g 'h 
J — \^^y — aa'—hV~co' —ff' — gg' — hh!' 



We can now write down at once all the formulae for the combination of 
two rotations. If we denote the common denominator 1 + 33' — aci' — hh' — cc^ 
— ff — gg' — hh' by Z), the formulae are 

Ba" = a + a' — /3' — /'3 + hh' — h'h + c'g — eg', 
Dh" ^h-Jth' —g^'— g'^ — cf — c'f^ a'h — ah', 
Do" = c + c' — h^'—h'^ + ag'— a'g + h'f— hf, 
Df" =/ + /'— a^' — a'^ + hc' — h'c + gh' —g'h, 
Dg" = g + g' - h^' — h'^ + ca' — ac' + /'h—/h', 
Dh"= h + h" — c^' — c'3 + ah' — a'h + fg' —fg, 
D^"= 3 + ^' + a'/ + af + h'g + hg' + c'h + ch'. 

The formulae may be tested by aid of the equation 

^"=a"f" + h"g"+d'h". 

It will be found that this condition is satisfied. 

The condition that the resultant of two simple rotations shall be a simple 
rotation is now clear. We must have simultaneously 3" = 0, 3 = 0, 3'= 0, 
which require a'f + af + h'g + hg' + c'h + ch'=Q. 

That is, the resultant of two simple rotaiions is itself a simple rotation when and 
only when the faced plarves of the component rotations have a line in common* That 
this condition was sufficient was already clear from geometrical considerations. 
It now appears that it is also necessary. 

7. I determine next the resultant of two simple rotations whose fixed planes 
are absolutely perpendicular to each other, the angles of the rotation being ^ and 4/ 

respectively, and K and K! denoting the tan -^ and tan -^ respectively. If 

2 2 
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the six direction cosines of the one plane be Pu, Pj,, P^, P^, Pu> Psi> those of 
the other are P^, P„, P„, P^, P^, P^. We have then 

a =KPa, h =KP^, c =KP,t, /=KP,i, g ~ — KP^, h =KP„, 
a' = K'P», b' = K'P^, c' = K'P„, f = K'P^, g' = — K'Pn, h' = E'P^t. 
The equations of combination become in this case 

„ a-\-a' ^P» + K'P^ 

« - i-aa!-hh'-cd-ff- g^-hh> - 1 — 2KK' {P^P^ + P,,P^ + P^P^) 
= KP» + K'Pu, 
b" = KP^+K'P^, 

c"=KPu+E'P,s, ,. 

f'=KP^+K'p„, ^y) 

g" = KPu + K'P,„ 

h =KP^+K'Pu, 

^ =KK'{PU + Pis+ P\t+ Pl + PU+ PI) 
= KE'. 

8. If, now, a general rotation, 3^" :^ 0, be given, we may decompose this into 
two simple rotations with fixed planes absolutely at right angles to each other 
by the aid of the above formulae (y). 

Squaring and adding the equations (y) we have 

a''' + &"• + c''*+/''+ ^'^• + A''*= ^{n + J^iz+ Pl,+ Pls + Pl+ PI) 

+ 2KK {P,,P,, + P,,P^ + P,,P,,) 

+ ^'(n + n + n+n+n + n) 

From this equation, in combination with the equation 3" = KK\ we can 
determine ^and K. These equations have four pairs of solutions. Any one 
of these being given, the others are deduced from it, (1), by interchanging the 
values of jK'and K^ ^ (2) by changing the signs of the values, and (3) by both 
interchanging the values and changing the signs. 

Again, from the equation (y), we obtain at once 

_, Kh"-K 'g" p Kg o-m" 

•'is — J^% ^/» -^« ^ J^^ » 

Pn — ]^% ^/« P%i — ^8 j5^« • 
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From these equations it appears that if the signs of K and iT be changed, 
those of the P^ are changed at the same time. In other words, such a change 
of signs does not affect the position of the 6xed plane, but merely changes the 
point from which it is viewed from one side of the plane to the other. 

Again, an interchange of K and K' converts the Pn of the plane into those 
of the absolutely perpendicular plane. 

Our system of solutions leads therefore to only one pair of fixed planes. 
We have accordingly the following proposition : 

Every rotation of a four-dimensiondl space for lohich 3 :(: can be reduced 
to a succession of two simple rotations whose fixed plarves are absolutely perpen- 
dicular to each other. This decomposition can be effected in only one way. The 
quantity Q is the produ^ct of the tangents of half the angles of the simple rotations. 
The quantity 

B=l + a' + b' + <^ + f^+g' + h'+^^ 

= {1 + K' + K^'+K^K'')={1 + ir»)(l + K''), 

i. e. it is the product of the squares of the secants of the two angles of the two simple 
rotations. 

If we choose as axes of coordinates four lines lying two {x and y) in the 
fixed plane of the one simple component rotation, and two {z and w) in the fixed 
plane of the other, the equations of the rotation reduce evidently to the form 

»' = a cos ^ — y sin ^ , z' = z cos ^^ — w sin ^', , ^x 

y' = asin ^ — y cos^, t(?'=zsin ^' + wqob^'. 

The simple rotations occur when one of the angles 4), ^' is 0. In con- 
formity with the use of the name simple rotation, the general rotation may 
be called a double rotation. 

9. In closing, it remains to be noted that the orthogonal transformations 
defined by equations (2) and (3) include not only the oo« rotations of the four- 
dimensional space about the origin, but also an equal number of other trans- 
formations which are most simply described as combinations of the preceding 
rotations with a reflection on any lineoid through the origin. For convenience we 
will call this second class of transformations the conjugate transformations. 

For example, the transformation »'= — x^^'='y,^=^z^ul=^w evidently 
belongs to the orthogonal system, but is no rotation. It is a reflection on the 
lineoid »= 0. This reflection leaves all points in the planes of xy, xz, and xw 
fixed, while the planes o{zw, yw, and yz are reflected on the axis of y. 
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A simple algebraic criterion serves to distinguish between the rotations and 
the conjugate transformations. The square of the determinant * 

ax ^1 ^1 ^ 
Oj J, Cg e?8 

fls ^3 ^S ^ 

a^ b^ C4 d^ 

of any orthogonal transformation is, as is well known, equal to + 1 , and 
consequently the determinant itself is equal to either + 1 or — 1 . 

Those transformations whose determinant is + 1 are rotations of the four- 
dimensional space about the origin. 

If those transformations whose determinants are — 1 be followed by a 
reflection on any lineoid through the origin, say by the reflection 0/ = — a, 
y'rzy, ^ =1 z, i(/ = t(?, the determinant of the resultant transformation is 

— ai bi Ci di 

— Oj ia c, e?8 

fls ^8 ^3 ^3 



■a, 
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and is therefore + 1 • The resultant transformation is accordingly a rotation. 

It appears, therefore, that all orthogonal transformations of determinant — 1 
are conjugate transformations. 

Since the determinant of the combination of two linear transformations is the 
product of the determinants of the two component transformations, it follows 
that the combination of two rotations, or of two conjugate transformations, is a 
rotation, while the combination of a rotation with a conjugate transformation is 
a conjugate transformation. 

The rotations accordingly form a group, while the conjugate transformations 
do not. 

The conjugate transformations do not in general leave any point except the 
origin fixed. They may, however, leave a plane, and, in the particular case of 
reflections, a lineoid fixed. 

The further treatment of this subject I reserve for another paper on groups 
of rotations in four-dimensional space, to which the present article is intended 
largely as a preface. 

Ann Abbob, Sept., 1889. 
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Sur lea Equations aux Deriv&es Partielles de la Physique 

Mathematique. 

Par H. Poinoar^. 



Quand on envisage les divers problfemes de Calciil Integral qui se posent 
naturellement lorsqu'on veut approfondir les parties les plus diff6rentes de la 
Physique, il est impossible de n'etre pas frapp6 des analogies que tous ces prob- 
l&mes presentent entre eux. Qu'il s'agisse de Pelectricit^ statique ou dynamique, 
de la propagation de la chaleur, de Toptique, de T^lasticite, de Thydrodynamique, 
on est toujours conduit k des Equations differentielles de meme famille et les 
conditions aux limites, quoique differentes, ne sont pas pourtant sans offrir quel- 
ques resemblances. Nous ne citerons ici que quelques exemples. 

J'imagine d'abord que Von se propose de trouver la temperature finale d'un 
corps solide conducteur, homogfene et isotrope, lorsque les divers points de la 
surface de ce corps sont maintenus artificiellement h. des temperatures donn^es, 

Ce problfeme traduit dans le langage analytique s'6nonce comme il suit : 

Trouver une fonction Fqui dans une portion de I'espace satisfasse k T^qua- 
tion de Laplace, 

et qui prenne des valeurs donn^es aux divers points de la surface qui limite cet 
espace. 

C'est le prohRme de Dirichlet. 

Supposons maintenant que Ton cherche quelle est la distribution de I'elec- 
tricite statique a la surface d'un conducteur donn6 j nous retrouverons le meme 
probl^me analytique. 

II s'agit de trouver une fonction V qui satisfasse a T^quation de Laplace dans 
tout I'espace exterieur au conducteur et qui se reduise i a Pinfini et a 1 ^ la sur- 
face an conducteur. 
28 
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C'est un cas particulier du probl^me de Dirichlet, mais on connait un moyen 
(par les fonctions de Green) de ramener le cas g6neral a ce cas particulier. 

Les deux probl^mes, absolument dilFerents au point de vue physique, sont 
identiques au point de vue analytique. 

D'autres analogies, quoique moins completes, sont cependant 6videntes. 

Nous citerons d'abord le problfeme suivant ; un liquide est contenu dans un 
vase qu'il remplit compl^tement ; divers corps solides mobiles sont plonges dans 
ce liquide ; on connait les mouvenients de ces corps et on suppose qu'il y a une 
fonction des vitesses ; on demande quel est le mouvement du liquide. 

C'est \k le probl^me des spheres pulsantes de M. Bjerknes (imitation hydro- 
dynamique des ph^nomfenes electriques). 

Au point de vue analytique, il s'agit de trouver une fonction V qui satis- 

fasse a Tequation de Laplace a Tinterieur, d'un certain espace et telle que sur la 

dV 
surface qui limite cet espace la d6riv6e -^ ait des valeurs donn^es. 

dV 
Je rappelle quel est le sens de cette notation -^ - dont il sera fait un frequent 

usage dans la suite. Soit un element de surface quelconque; et a, /?, y les trois 
cosinus directeurs de la normale a cet element ; nous posons : 

dV dV , ^dV . dV 

Ainsi dans le problfeme hydrodynamique, nous retrouvons la mSme Equation 
diff6rentielle que dans les problemes thermique et 61ectrique; les conditions aux 
limites seules diflferent. II en sera encore de meme dans le probl&me de induc- 
tion magn6tique. 

Supposons un ou plusieurs aimants permanents mis en presence d'un corps 
magn6tique parfaitement doux M. II s'agit de trouver une fonction V (le 
potentiel magn6tique) qui satisfait a P^quation de Laplace dans toute la por- 
tion de I'espace qui n'est pas occup6e par des aimants permanents et qui est 
assujettie en outre aux conditions euivantes. Aux divers points oil il y a 
du magnetisme permanent, AV n'est pas nul, mais pent etre regard^ corame 
donne. La fonction V est continue dans tout Tespace ; ses derivees sont con- 
tinues a riut6rieur du corps M et h, Pext^rieur de ce corps, mais elles sont 

discontinues a la surface du corps M. Dans le voisinage de cette surface, 

dV 

-T- aura done deux valeurs dilFerentes selon qu'on se placera a I'interieur 



Partielles de la Physique MatMmatique. 213 

ou & Text^rieur du corps M) mais le rapport de ces deux valeurs sera une con- 
stante donn6e. 

Ici encore, nous retrouvons la meme Equation differentielle, avec des con- 
ditions aux limites analogues quoique differentes. 

Voici maintenant des cas ou Inequation differentielle est 16gferement modifi6e. 

Supposons que Ton cherche la loi du refroidissement d'un corps solide isol6 
dans Tespace. II s'agira de trouver une fonction F satisfaisant h. Tequation 

et qui de plus est donn6e pour < = 0. Enfin a la surface du corps le rapport de 

dV 

y a ^ est donnee. 
dji 

Dans les problfemes d'optique, on a trois fonctions inconnues u, v, w et 

quatre equations : 

d^u ^ ^ d^v ^ . d^w ^ ^ du , dv dw 

Les conditions aux limites yarient suivant les probl^mes ; mais dans les questions 
de diffraction principalement elles ne sont pas sans analogic avec celles que nous 
avons rencontrees jusqu'ici. 

Ce sont encore les memos Equations, avec des conditions aux limites ana- 
logues, quoique difierentes, que Ton rencontre dans le probl^me de la viscosite 
des liquides, trait6 d'apr^s des id6es de Navier. Les r6cents travaux de M. 
Couette ont rappel6 Tattention sur cette question, qui 6tait tombee dans un 
injuste oubli, malgr§ le beau chapitre que Kirchhoff y avait consacr6 dans sa 
Physique Math6matique. 

La theorie de r61asticit6 nous offre des Equations plus compliquees, mais 
qui ne different pas beaucoup des prec6dentes. . 

On a encore trois fonctions inconnues w, », w^ auxquelles j'adjoindrai la 

fonction auxiliaire 6 = -^ — \- ^ — ^. -^ et trois equations dont la premiere s'ecrit: 

Au + ^^ = 0. 

Je n'ecris pas les conditions aux limites tout Jl fait analogues, mutatis mutandis^ 
& celles des probl&mes pr6c6dents et je passe immediatement a une question trfes 
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importante en hydrodynamique et qui consiste a trouver les composantes de la 
Vitesse en tons les points d'un liquide quand on connait les composantes du tour- 
billon en tons les points de ce meme liquide. Ce problfeme au point de vue 
analy tique s'enonce comme il suit : 

Connaissant trois fonctions a, /?, y, trouver trois fonctions inconnues 
u, V, Wf qui satisfont k certaines conditions aux limites et de plus aux Equations 

__ dw dv ^ du dw dv du du dv dw . . 

^ dy cfe ' " dz dx ^ ^ dx dy ^ dx "^ dy '^ dz ' ^ ^ 

L'analogie avec les probl^mes precedents ne parait pas d'abord 6vidente, mais 
elle le devient si on observe que les trois premieres Equations (1) peuvent (en 
vertu de la quatrifeme) etre remplac6es par trois autres dont la premiere s'6crit 

Au=^-^ 
dz dy ' 

et dont des autres peuvent s'ecrire par symetrie. 

Je pourrais montrer aussi, si je ne craignais de fatiguer Tattention par de 
trop nombreux exemples, que presque toutes les questions, encore mal etudiees, 
relatives a I'induction 61ectrodynamique dans des conducteurs non lineaires se 
ramfenent ^ des probl&mes analogues aux precedents et surtout i la derni^re 
question d'hydrodynamique que je viens de mentionner. 

Cette revue rapide des diverses parties de la Physique Math6matique nous 
a convaincus que tons ces problfemes, malgr6 Textreme variety des conditions aux 
limites et meme des equations differentielles, ont, pour ainsi dire, un certain air 
de famille qu'il est impossible de meconnaitre. On doit done s'attendre sL leur 
trouver un tr6s grand-nombre de propri6t6s communes. 

Malheureusement la premiere des proprietes communes a tons ces problfemes, 
c'est leur extreme diflSculte. Non seulement on ne pent le plus souvent les 
r6soudre compl^tement, mais ce n'est qu'au prix des plus grands efforts qu'on 
pent en d^montrer rigoureusement la possibilit6. 

Cette demonstration est-elle n6cessaire? La plitpart des physiciens en 
feraient bon march6. L'experience ne permettant pas de douter, par exemple, 
de la possibilit6 de I'equilibre 61ectrique, on ne pent douter, non plus semble-t-il, 
de la possibilite des Equations qui expriment cet equilibre. Nous ne saurions 
nous contenter de cette defaite ; I'analyse doit pouvoir se suflBre ^ elle-meme et 
d'ailleurs un pareil raisonnement, n'il s'applique peut-etre aux problemes que 



Partielles de la Physique Mathematiqve. 216 

Ton rencontre directement en Physique, ne saurait s'appliquer de meme a une 
foule de probl^mes plus simples, qui se posent d'eux memes d^ qu'on cherche 
S, r6soudre les premiers. En outre toute demonstration rigoureuse de la possi- 
bility d'un probl^me en est toujours une solution ; dans le cas qui nous occupe, 
cette solution sera gen6ralement grossi^re et tout h, fait impropre au calcul 
num^rique; cependant elle nous enseignera toujours quelque chose. 

Maintenant si cette demonstration est n^cessaire, devons-nous pourtant nous 
astreindre ^ la meme rigueur que dans une question d'analyse pure ? Ce serait 
dans beaucoup de cas un p6dantisme bien inutile. Les Equations differentielles 
auxquelles ob6issent les ph6nom&nes physiques n'ont 6t6 souvent 6tablies que par 
des raisonnements pen rigoureux ; on ne les regarde que comme des approxima- 
tion; les r6sultats experimentaux, auxquels il s'agit de comparer les conse- 
quences de la theorie, sont eux-memes approximatifs. Dans ces conditions, la 
rigueur absolue est de pen de prix, et il semble souvent qu il n'y a pas lieu de la 
rechercher si on doit la payer de trops d'eflforts. 

Mais alors comment reconnaitra-t-on qu'on raisonnement dont la rigueur 
n'est pas absolue, n'est pas un simple paralogisme ? Quand aura-t-on le droit de 
dire que telle demonstration, insuflSsante pour TAnalyse, est assez rigoureuse 
pour la Physique ? La limite est bien difficile & tracer. J'essayerai pourtant de 
le faire ; je m'eflforcerai de marquer nettement cette fronti^re et d'expliquer 
pourquoi en depa on est encore dans le domaine de la science, et au dela dans 
celui du paralogisme. 

N6anmoins toutes les fois que je le pourrai, je viserai a la rigueur absolue 
et cela pour deux raisons ; en premier lieu, il est toujours dur pour un g6om6tre 
d'aborder un probl^me sans le r^soudre complfetement ; en second lieu, les 6qua- 
tions que j'etudierai sont susceptibles, non seulement d' applications physiques, 
mais encore d'applications analytiques. C'est sur la possibility du probl^me de 
Dirichlet que Riemann a fonde sa magnifique theorie des fonctions ab^lienne. 
Depuis d'autres geom&tres ont fait d'importantes applications de ce meme prin- 
cipe aux parties les plus fondamentales de TAnalyse pure. Est-il encore permis 
de se contenter d'une demi-rigueur ? Et qui nous dit que les autres probl^mes 
de la Physique Mathematique ne seront pas un jour, comme Pa d6ja et6 le plus 
simple d'entre eux appel6s ^ jouer en Analyse un role considerable? 
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§1. — ProhUme de DiricMet 

Le Probl^me de Dirichlet 6nonc6 plus haut est toujours possible ; ce prin- 
cipe est connu sous le nom de principe de Dirichlet et la premiere demonstra- 
tion est due a Riemann, Si une fonction Fest assujettie a prendre des valeurs 
donn^es aux divers points d'une certaine surface, limitant un certain volume ou 
le fonction et ses deriv6es sont continues, Pint^grale triple : 

///o+(f)'+(f)>^^* 

ne pent s'annuler ; elle admet done un certain minimum et il est aise de v6rifier 
que ce minimum correspond au cas oh la fonction V satisfait h. T^quation de 
Laplace. Cette demonstration, qui est k peu de chose pr^s elle de Riemann 
n'est pas rigoureuse car elle est soumise k toutes les objections relatives k la con- 
tin uite des fonctions definies par le calcul des variations. 

Aussi un tr&s grand nombre de g6om6tres se sont-ils pr6occup68 d'etablir 
plus solidement ce principe ; je citerai en premiere ligne les recherches de M. 
Schwarz (dans le programme de I'Ecole Poly technique de Zurich 1869 et dans 
les Monatsberichte de T Academic de Berlin 1870) bien qu'elles se rapportent 
plus particuli^rement au cas de deux variables et ne puissent pas toujours 
s'6tendre sans modification au cas qui nous occupe. 

M. Neumann a donne de son c6t6 une m^thode generale qm permet de 
resoudre compl&tement le problfeme, si la surface ou la fonction V prend des 
valeurs donnees est convexe. II r6sout done le problfeme de la distribution 
electrique dans le cas d'un conducteur convexe. 

La methode de M. Robin ne s'applique 6galement qu'aux conducteurs con- 
vexes. Toutefois il y a un certain nombre de m^thodes plus ou moins com- 
pliquees connues sous le nom de meikodes altemantea et qui permettent d'6tendre 
les r^sultats au cas d'un conducteur de forme quelconque ou de plusieurs conduc- 
teurs isoles. 

Le probl^me de Dirichlet se ramfene k la recherche des fonctions de Green. 

Soit k trouver une fonction V qui k I'int^rieur d'une surface S satisfasse a 
Tequation de Laplace et sur cette surface prenne des valeurs donn6e8. 

Supposons qu^on ait trouve une fonction U qui soit finie, qui satisfasse a 
I'equation AU= 0, continue k Pinterieur de S sauf au point (a, 6, c) int6rieur k 
S ou la fonction ?7sera infinie, de telle fapon que la difference 

1 



U- 



V{x -af + {y - if + (2 - cy 
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soit finie. Pour achever de definir la fonction U nous Tassujettirons a s'an- 
nuler en tous les points de S> On voit alors que la valeur de V au point a, 6, c 

est 6gale & Tint^grale / - / 

dt '^^ 



f 



an 



An 

etendue a tous les Elements do de S. 

Done quand on saura trouver les fonctions de Green, on saura r6soudre le 
problfeme de Dirichlet. 

D'autre part la recherche des fonctions de Green se ram&ne, a I'aide de la 
transformation par rayons vecteurs r6ciproques, ail probl^me de la distribution 
61ectrostatique h, la surface d'un conducteur. 

Ce problfeme de la distribution 61ectrostatique n'est qu'un cas particulier du 
probleme de Dirichlet, et cependant nous voyons que le cas g6n6ral s'y ramfene. 
La m6thode alternante de Murphy permet d'ailleurs de ramener le problfeme de 
la distribution k la surface de plusieurs conducteurs Isolds, au cas d'un conduc- 
teur unique. Nous ne nous occuperons done plus desormais que du cas par- 
ticulier oil I'on cherche la distribution 61ectrostatique ^ la surface d'un seul 
conducteur, puisque le cas g6n6ral 1 y ramfene. 

Que devons-nous penser des m6thodes proposees jusqu'ici ? Ce sont a la 
fois des m6thodes de demonstration destinies a 6tablir la possibility du problfeme 
et des m6thodes de calcul destinees a le r6soudre effectivement. Comme 
m6thodes de demonstration, elles sont assez compliqu6es, mais elles se com- 
pletent mutuellement de fapon ^ s'appliquer ^ tous les cas et si. satisfaire les juges 
plus severes au sujet de la rigueur. 

Comme m6thodes de calcul, elles ne valent rien ; car personne n'aura 
jamais Fidee de les appliquer; meme les plus simples d'entre elles, celles de 
Neumann ou de Robin, conduisent a des calculs inextricables d^s la seconde 
approximation. Tout ce qu'on pent esp6rer en tirer, sans un labeur par trop 
6crasant, ce sont des in6galit6s assez grossiferes auxquelles sera sommise la capacit6 
du conducteur. 

Tel est r6tat actuel de la question ; voyons maintenant quel est le but que 
je me suis propos6 ; ce qui eut ete le plus int6ressant, c'eut 6t6 de remplacer les 
m6thodes de calcul actuel par d'autres moins defectueuses. Je n'ai pu le faire, 
je me suis born6 a chercher une m6thode de demonstration plus simple que celles 
qui ont 6te propos6es jusqu'ici et directement applicable a tous les cas. 



/ 
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Je vais commencer par rappeler succinctement les principales propositions 
dont j'aurai k faire usage dans la suite. 

1^ La fonction de Green, U, relative a une sphere /S' et i un point P s'obtient 
de la fayon suivante. Soit B le rayon de la sphere. 

Prenons sur la droite OP une longueur 0§= Tjp ; la fonction CTsera le 
potentiel de deux masses Tune 6gale ^ 1 et plac6e au point P, I'autre egale a 
— ^ 7Tp ^* P^ac6e au point Q. 

JJTT 

V. La valeur de -j- correspondant a un 616ment quelconque de la sphere 

A^est en raison inverse du cube de la distance de cet Element au point P. Elle 
est 6gale k ^js _ qP^ 1 

M d6signant le centre de gravity de l'616ment consider6. 

3^ Si Ton consid^re une sphere S et un point P inter ieur a cette sphere, le 

potentiel d'une masse 6lectrique 6gale ^ 1 et plac6e au point P sera egale k -rg^ 

au point M. 

Imaginons ensuite que cette meme masse ^lectrique 6gale ^ 1 se r6partisse 
sur la surface de la sphere S de telle fapon que la density sur un 616ment quel- 
conque de cette sphere soit en raison inverse du cube de la distance de cet 
616ment au point P. Je dis que le potentiel de cette masse ainsi distribu6e que 

nous appellerons W sera egale k j^ en tout point M exterieur k la sphere et 

plus petit que ^r^ si le point Jf est int6rieur h, la sphere. 

En eflfet considerons une fonction qui soit 6gale k la fonction de Green, £7, 
d6finie plus haut k Tinterieur de la sphere et k Texterieur de la sphere. Cette 
fonction satisfait partout a I'^quation de Laplace ; elle est continue sauf au point 
P et sur la surface de la sphere. Au point P la fonction devient infinie et sa 

diff6rence avec tt-r reste finie : sur la surface de la sphere, la fonction elle-meme 
MP 

reste continue, mais sa d6rivee -^— subit un saut brusque 6gal k ^ ^^^^ . 

an ^ o E.MP^ 
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Nous devons en conclure que cette fonction est 6gale aii potentiel de diverses 
masses 61ectriques distributes comme il suit : 
l^ Une masse 6gale S, 1 au point P. 

T. Une masse de density — . p- T,^r^ aux divers points de la surface de S. 

Cette seconde masse n'est autre chose que la masse d6finie plus haut et dont le 
potentiel 6tait TT, mais changee de eigne. 
On a done : 

k Fext^rieur de S et 

a rint6rieur de S. c. q. f. d. 

4**. Supposons que nous nous proposions de trouver une fonction V qui satis- 
fasse k I'^quation de Laplace k Tintfirieur de la sphere S et qui aux diflF6rents 
points Jf de la surface de cette sphere prennent des valeurs donn6es F*. 

La valeur de cette fonction V en un point P int^rieur k la sphere sera 

Fint^grale pjj% Qpi yo 



riP—OP* F" , 



6tendue k tons les 616ments du^ de la sphere. 

6**. Soient t/? et TF la plus petite et la plus grande valeur que puisse 
prendre F® ; ce seront aussi, comme on le sait, la plus petite et la plus grande 
valeur que puisse prendre F. 

Si w est positif, il sera de meme de F® et de F. 

D'ailleurs comme MP est toujours compris entre R — OP et JS + OP] on 

aura R + OP nV^ 

^^{R— OPyJ 47tR 
et ^ R— OP r V^da 

^ (i2 + OPfJ 47tR • 

6**. J'arrive au th^orfeme de Harnack dont je ferai un frequent usage et qui 
pent s'enoncer comme il suit : 
Si une s6rie 

29 
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est convergente en un point int6rieur k sphere S, que tons ses tennes soient 
positifs k rint6rieur de cette sphere et satisfassent tons k l'6qiiation de Laplace, 
cette s6rie sera uniform6ment convergente k rint^rieur de toute sphere int^rieure 
elle-meme a S. 

Soit en effet Vi la valeur de T^ en un point quelconque de la surface de S] 
d'apr^ Fhypothfese F? sera essentiellement positif de sorte qu'on pourra 6crire : 

^^{B— OPyJ 4nB ' ^*>{E+ OP)' J AnR ' 

Si maintenant nous appelons F/ la valeur de F< au point 0, centre de la sphere, 
on aura _ py^^^ 

^* ~J AnB? ' 

d'oi: yf B{R+ O P) ^^^R{R- OP) 17/ 

•^^ (ij— oPf > "^'^ (i2+ OPf " 

ou si le point P est int^rieur a une sphere s, concentrique & /S' et de rayon r<C -B, 

{B — r}* ^*>^*> (E + rf *" 
Si done le point Pest int6rieur h. s, chacun des termes positif de la s^rie 

sera plus petit que le terme de la s6rie convergente 

Fi + Fj; + .... + f; + ... . 

multipli^ par le facteur constant 

B{R + r) 
{B-rf • 

Si done la serie converge au point 0, elle convergera en tons les points int^rieurs 
k S, et la convergence sera uniforme k Tint^rieur de s . 

II suflSt d'ailleurs que la s6rie converge en un point P quelconque pour 
qu'elle converge au point 0; on a en eflFet : 

*^ *R{R—OP)' 

Ainsi si la s^rie converge en un point quelconque interieur k S, elle convergera 
encore en tons les autres points interieurs a S, et la convergence sera uniforme 
dans toute sphere int^rieure a S. 
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Ce n'est pas tout ; non eeulement la s^rie : 

Fj + K J + . . . . + K » + . . . . 

converge uniform6ment h. I'lnt^rieur de a ; mais il en est de meme des series 

dx^ dx "^ "^ dx "^ 

^4.^*4. .^4. 

da? ^ d3? "•" + dx* +••••. 



La demonstration est la meme ; et en eflFet la fonction F< 6tant exprim6e sous la 
forme d'une int6grale d6finie, une d6riv6e quelconque de V^ s'obtiendra sous la 

meme forme par le proc6de de la differentiation sous le signe / ; et on en d6duira 

comme plus haut deux in6galit6s auxquelles cette d6riv6e devra satisfaire. 
On en conclut qu'S, rint6rieur de la sphere S, la somme de la s6rie 

est une fonction finie et continue ainsi que toutes ses deriv^es et que cette fonc- 
tion satisfait ^ F^quation de Laplace. 

Le th6or&me d6montr6 pour une sphere, s'6tend ais6ment a une region R de 
Fespace. 

Si dans la region R les fonctions 

''^1) r^2> • • • • rn) • • • • 

sont positives et satisfont k T^quation de Laplace. 
Si en un point de cette region la s6rie 

converge, elle convergera dans toute la region et la somme sera une fonction 
finie et continue qui satisfera ^ Fequation de Laplace. 

Oes pr61iminaires pos6s, je puis aborder le problfeme que j'ai en vue. II 
s'agit de demontrer la possibility de F^quilibre 61ectrostatique k la surface d'un 
conducteur isol6. 

Je supposerai qu'en chaque point de la surface de ce conducteur il y a un 
plan tangent d6termin6 et deux rayons de courbure principaux d6termin6s. Ces 
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conditions restrictives ne sont pas toutes indispensables. Je pr6ffere pourtant 
me les imposer d'abord et rechercher ensuite, par une courte discussion, quelles 
sont celles dont je puis me debar rasser. 

On pent 6videmment toujours trouver une sphere 2 telle que le conducteur 
soit contenu tout entier k I'int^rieur de cette sphere. 

On pent ensuite trouver un systfeme de spheres en nombre infini 

jouissant des deux propri6t6s suivantes : 1**. Chacune de ces spheres sera tout 
entifere ext6rieure au conducteur. 2^. Tout point de Tespace ext6rieur au con- 
ducteur appartiens au moins i une des spheres du syst^me. 

Cette proposition paraitra presque 6vidente ^ qui voudra se donner la peine 
d'y r6fl6chir. 

Nous croyons n6anmoins devoir la demontrer en quelques mots. 

II s'agit de demontrer que Ton pent trouver a TextSrieur du conducteur une 
infinite de points 

^l> ^2> • • • • I C/^i • . • • 

tels que P9ur tout point M exterieur au conducteur, il y ait un point Oi plus 
rapproch^ du point -3f que de la surface du conducteur. Bt en eflfet s'il en est 
ainsi et que du point (7< comme centre on d^crive une sphere Si ay ant pour rayon 
la plus courte distance de (7< k la surface du conducteur, la sphere Si sera tout 
entifere ext6rieure au conducteur et le point if sera int6rieur a la sphere /Si. 

Cherchons.donc k 6tablir ^existence des points G^. 

Consid6rons d'abord une region finie B situ^e a une distance finie de la sur- 
face du conducteur et soit S la plus courte distance de la region B a cette surface. 
Cela pose considerons le triple syst^me de plans : 

parallfeles aux trois plans de coordonn^es. Les trois quantites m^ , m,, m^ sont 
des nombres entiers positifs ou n6gatifs. Ces plans partageront Fespace en une 
infinit6 de cubes 6gaux dont la diagonale est 6gale a h. 

Ceux de ces cubes qui appartiendront en totality ou en partie a la region B 
seront en nombre fini. Soient 

•^i> -^j . . . . , A,i 
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ces cubes. L'int6rieur de chacun d'eux j^envisagerai un point appartenant ^ la 
region R] j'obtiendrai ainsi n points 

Gj, c7g, • . . . , c7^, 

le point Gi appartenant a la fois au cube JT, et & la region R. 

Si nous consid6rons maintenant un point M quelconque de la region iZ, ce 
point appartiendra &, Fun de nos cubes, par exemple au cube K^. La distance 
du point M au point G^ sera plus petite que h diagonale du cube ; la distance 
du point Gi ^ la surface du conducteur est elle-meme plus grande que h , puisque 
Gi appartient S. R. 

Done tout point de R est plus rapproch6 de Tun des n points Gi, G^, . . . . G^ 
que celui-ci ne Test du conducteur. 

Je partage maintenant I'espace exterieur au conducteur en une infinite de 
regions 

Chacune de ces regions est ainsi represent6e par la lettre R afifiSct^e d'un 
indice qui pent varier- depuis — oo jusqu'^ + <»• La region Ri se compose des 
points dont la plus courte distance a la surface du conducteur est comprise entre 
Q* et Q^'^K Dans chacune de ces r6gions je d6finirai les points Ci, C^, . . . , G^ 
comme je Tai dit plus haut. J'obtiendrai ainsi une infinite de points G. II est 
clair alors que tout point ext6rieur au conducteur sera toujours plus prfes de Tun 
de ces points que celui-ci ne Test lui-meme de la surface du conducteur. 

c. Q. F. D. 
L^existence des sphh'es Si est done kahlie. 

II est clair qu'on pourrait construire ces spheres Si d'une infinite d'autres 

maniferes et que celle que je viens d'exposer en detail dans le seul but de fixer 

les id6es n^a ete choisie d'une fapon tout i fait arbitraire. La seule chose essen- 

tielle c'est que les spheres Si, quoique en nombre infini, puissent etre rang^es 

en une s6rie lin6aire : 

^l> ^2> • • • • f ^n> • • • • ) 

ou chacune d'elles ait un indice entier positif parfaitement determine, c'est-Ji-dire 
pour parler le langage de M. Cantor, que Tensemble des spheres Si soit de la 
1*'® puissance. 

L'ordre dans lequel ces spheres seront rang6es dans la serie lin^aire 

^If MJ» • • • • > ^ni • • • • 

est d'ailleurs indiflF6rent. 
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II s'agit maintenant d'6tablir qu'il existe une fonction F finie et continue 
ainsi que toutes ses d6riv6es ^ I'ext^rieur du conducteur et satisfaisant & I'ext^- 
rieur du conducteur a T^quation de Laplace ; et de plus que cette fonction tend 
vers quand le point (x , y , z) s'^loigne ind6finiment et vers 1 quand le point 
(a:, y, 2) se rapproche indefiniment de la surface du conducteur. 

Soit le centre et R le rayon de la sphere 2 ; imaginons une certaine quan- 
tity d'61ectricit6 positive distribute uniform^ment ^ la surface de cette sphere 

avec une density - — = . J'appelle Fq le potentiel du k cette 61ectricit6. Nous 

aurons F = 1 

a rint6rieur de la sphere S et en particulier k Finterieur du conducteur et 

XT — ^_ 

lorsque le point if (», y, z) est exterieur a 2. On a dans tons les cas 

0<Fo<l 

et Fo tend vers quand le point M s'Sloigne ind6finiment. 

Nous aliens faire maintenant une s6rie d'op6rations que je vais d6finir. 

Nous avons vu plus haut que si une masse 61ectrique P se trouve a rint6- 
rieur d'une sphere S^ on pent la remplacer par une masse ^gale distribute k la 
surface de la sphere de fapon que la density en chaque point de cette surface soit 
en rayon inverse du cube de la distance de ce point au point P. Le potentiel 
par rapport a un point ext6rieur i S n'est pas chang6, le potentiel par rapport ^ 
un point int6rieur est diminu6. 

On pent appeler cette couche ^lectrique r^pandue a la surface de S la couche 
^quivalente k la masse unique P. 

Cela pos6, supposons qu'on remplace toutes les masses 61ectriques qui 
peuvent exister k TintSrieur d'une sphere Si par la couche 6quivalente r6pandue 
a la surface de cette sphere. Le potentiel en un point ext6rieur k Si ne changera 
pas, le potentiel en un point int6rieur k Si diminuera. Cette op6ration pourra 
s'appeler: "balayer la sphere SiJ^ 

Nous partons de la masse 61ectrique repandue sur 2 et dont le potentiel est 
Fo. Chacun des points de 2 appartenant a Tune des spheres Si, quelques-unes 
de ces spheres contiendront de r61ectricit6 j soit Si une de celles qui en contien- 
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nent; ''balayons" cette sphere; balayons ensuite la sphere S^ si cette sphere 
contient de Telectricit^ et ainsi de suite. 

II faut diriger les operations de fapon que chaque sphere soit balay6e une 
infinite de fois. On pent par exemple balayer les spheres dans Fordre suivant : 

II est ais6 de constater que de cette fapon chaque sphere est balay^e une infinite 
de fois. 

Soit ensuite Vi ce que devient le potentiel Tq apr&s la premiere operation, 
F, ce que devient Vi aprfes la seconde operation ; soit enfin V^ ce qui devient le 
potentiel aprfes n operations. 

Supposons que la w® operation consiste a balayer le sphere /^k- On aura : 

7^ = 7«_i a Texterieur de S^, 
V^ < 7„«i I rint6rieur de a?*. 

On aura done dans tons les cas : 

Cette in6galit6 montre qu'en un point quelconque de Tespace 7^ est toujoufs 
d6croissant (ou du moins toujours non-croissant) quand on fait croitre Pindice n. 

II importe de remarquer qu'il n'y a aucun moment et en aucun point de 
masse 61ectrique negative. Au d6but nous avons sur la sphere S une couche 
61ectrique uniforme et positive. Aucune des operations subs6quentes ne pent 
introduire de masses n6gatives. En effet le balayage d'une sphere quelconque 
consiste a remplacer les masses ^lectriques positives situ6es a Tinterieur de cette 
sphere par des couches 6quivalentes positives r6pandues a la surface de cette 
sphere. 

On a done 7„ >► 0. 

Ainsi en un point quelconque de Tespace 7^ est toujours positif et d6crois- 
sant. Done quand n croit ind^finiment, 7„ tend vers une limite finie et d6ter- 
minee que j'appelle 7. J'ai done demontr6 Texistence d'une fonction 7d6finie 
en tons les points de Tespace. II reste ^ 6tudier les propri6tes de cette fonction. 

Consid6rons une quelconque des spheres Si. Par hypothfese cette sphere 
sera balay6e une infinite de fois. Supposons qu'elle le soit & la aj op6ration, & 
la aj, .... a la a® , ... . Apr^s chacune de ces op6rations, il n^ aura plus 
d'electricite a rint6rieur de Si de sorte qu'on aura : 

A7« = (a< = ai, ot,, aj, a„, . . . .). 
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Quand a^ croit ind^finiment, V^^ tend vers V de sorte que la s6rie : 

K, + (K. -7J + (K.-7J + . . . . + (K.-7_,) + . . . • 

converge et a pour somme F. Chacun de ces termes satisfait &, I'^quation de 
Laplace ; de plus chacun d'eux est negatif (sauf le premier) car on a : 

F^< F^_j si comme on le suppose a^ >a»-i. 

Done en vertu du th6or&me de Harnack la convergence est uniforrae et les series 
d6duites de la prec6dente par diflF6rentiation convergent aussi uniform6ment. 
Done a TintSrieur de Si la fonction F est continue aussi que toutes ses d6rivees 
et satisfait a I'equation de Laplace. 

Mais par hypoth&se tout point de I'espace 6xt6rieur au conducteur appar- 
tient au moins IL I'lme des spheres Si. 

Done en tout point ext6rieur au conducteur, F et ses d6rivees sont con- 
tinues et Ton a : AF= 0. 

Je dis que F tend vers quand le point If s'eloigne ind6finiment. En eflFet on a : 

Or Fq tend vers quand Jf s'eloigne ind^finiment, done il en est de meme de F. 

II reste ^ d6montrer que Ftend vers 1 quand le point -3f se rapproche ind6- 
finiment de la surface du conducteur. 

Soit done Mq un point de la surface du conducteur et suppose que le point 
if se rapproche ind^finiment de M^. Par hypothfese il y a au point Mq un plan 
tangent d6termin6 et deux rayons de courbure principaux determines. On pent 
done construire une sphere a tangente &- la surface du conducteur en M^ et dont 
le rayon r est assez petit pour que cette sphere soit tout entifere contenue k 
rinterieur du conducteur. 

Soit G le centre de cette sphere. La fonction 

M,G_ 



MG~ MC 

regard^e comme fonction des coordonn6es x, y, z du point M satisfait a I'equa- 
tion de Laplace et si r6duit ^ 1 a la surface de la sphere a . 

D'autre part la fonction F^ est un potentiel du k des masses 61ectriques qui 
sont toutes positives. II en r^sulte que cette fonction F^ pent avoir des maxima, 
mais ne pent avoir de minimum. 
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De plus Fft est 6gal a 1 en tous les points int6rieurs au conducteur et en 
particulier sur toute la surface dea. En effet cela est vrai de Fq, mais, en 
balayant Tune des spheres /Si, on ne change pas le potentiel a rext6rieur de cette 
sphere,. ni par consequent i Pinterieur du conducteur qui est tout en tier ext6rieur, 
par hypoth&se, a toutes les spheres /Si. On a done ^ Pint^rieur du conducteur 

La diflFerence tt— v ^ 

^~ " MG 

est un potentiel du aux masses 61ectriques qui engendrent F„ et qui toutes sont 
positives et ext^rieures a (T, et S, une masse — r concentric au point (7et par 
consequent int6rieure & a. Toutes celles de ces masses qui sont ext6rieures a a 
sont positives. Done Jt I'exterieur de (T, la fonction U ne pent avoir que des 
maxima et pas de minima. A la surface de (T , 17 est nul, car 



A I'infini, U est encore nul, car 



V - "* -1 



^^=m='^ 



Done h. rext^rieur de <t, ?7ne pent etre que positif, en sorte que Ton a: 
Nous avons done la double inegalit6 

T 

qui a la limite devient : 



T T 



II est done clair que quand la distance MMq tend vers 0, V tend vers 1 . 

c. Q. p. D. 
La fonction V satisfait done bien aux conditions que nous nous etions 
impos6es et le principe de Dirichlet est kabli. 

Voyons maintenant si on pent se debarrasser des conditions restrictives que 
nous nous sommes impos6es, i savoir que le plan tangent et les rayons de couf- 
bure principaux sont determines. Nous ne nous sommes servis de ces condi- 
30 
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tioiiB que pour 6tablir Fexistence de la sphere a, tangente au conducteur et 
toute enti^re int^rieure k ce conducteur. Cette sph&re a n'existera 6videmment 
que si le plan tangent est d6termm6 ; mais elle pourra exister encore en un 
point singulier o\l les rayons de courbure ne varieraient pas suivant les lois 
habituelles ; nous n'aurions alors rien k changer a notre demonstration. 

Nous n'avons done qu'a examiner les points singuliers pour lesquels la sphere 
a n'existerait pas. S'il y a sur la surface du conducteur de pareils points singu- 
liers, nous ne pouvons pas encore aflSrmer que la fonction V tende vers 1 quand 
le point Mse rapproche de Tun de ces points singuliers; remarquons toutefois 
que Texistence de ces points singuliers n'empeche pas V de tendre vers 1 quand 
M se rapproche d'un point non singulier de la surface. 

Mais on pent aller plus loin ; supposons que le principe de Dirichlet soit 
d6montr6 pour un certain conducteur <7. Supposons ensuite que le conducteur 
donn6 C7pr6sente un point singulier Mo, et que Ton puisse construire un con- 
ducteur (J'j semblable a (7, dont la surface passe par Mq et qui soit tout entier 
int6rieur ^ G. Je dis que quand le point -3f se rapprochera de Jfo» T^tendra 
vers 1. 

En eflFet le principe de Dirichlet 6tabli pour (7 Pest aussi pour O' ; il existe 
done une fonction F' satisfaisant h. I'^quation de Laplace k Texterieur de (7' et 
se r^duisant ^ a Tinfini et S, 1 &. la surface de (7'. Nous allons faire jouer alors 
au conducteur C" le meme r61e qu'a la sphere a dans le cas prec6demment 
examin6. On yerrait com me plus haut que : 

et par consequent que : 1 > T ]> F". 

Or quand M tend vers Mq : lim F" = 1 . 

Done lim F = 1 . c. Q.. f. d. 

Parmi ces points singuliers les plus int6ressants sont les points coniques 
que nous allons 6tudier de plus pr^s. 

Je suppose qu'une partie de la surface du conducteur G soit une portion de 
cone de revolution. Soit Mq le sommet de ce cone. Je dis que Ftendra vers- 1 
quand le point -3f se rapprochera indefiniment de Mq. 

Mais pour cela il est n6cessaire de d6montrer le lemme suivant : 

Soit S une sphfere fixe, G un cercle fixe sur cette sphfere, P un point fixe 
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en dehors de la sphere. Soit maintenant E un ellipso'ide de r6volution variable 
assujetti h. restes tangent a la sphere S tout le long du cercle G. Soit V ime 
fonction satisfaisant a T^quation AF= a Text^rieur de E et se reduisant a 
& Finfini et a 1 a la surface de E. Soit Fq la valeur de Fau point P. 

Je dis que Fq tendra vers 1 quand le grand axe de E croitra ind^finiment. 

D^signons en eflfet par p et Vp* — I? les axes de Tellipsoide J&, par p + A 
et V(p + A)' — 6* les axes de Tellipsoide E\ homofocal S, ^ et passant par P. 
On aura : 

P-iiUrl xfr+t)+x(i+4-j-x»+A-t) 




A la limite les ellipso'ides JE^et E^ se r6dui8ent ^ deux parabolo'ides homofocaux 
Pj et P/ faciles S. construire. 

Alors h tend vers une limite finie qui n'est autre que la distance des sommets 
des deux paraboloides ; p — h tend vers une limite finie qui est le demiparam^tre 
de Pi. On voit aussi que Z(p — h) et Z(p + A — h) tendent vers des limites 

finies, que X M H — ATk) » *^^^ ^^^^ ^ ®^ ^^^ ^ (p + ^) ^'^^^^ indefiniment. Par 

consequent Vq tend vers 1 . c. q. f. d. 

Revenons maintenant a notre conducteur G dont une partie de la surface 
appartiendra S. un cone de r6volution de sommet M^. Par le point M^j et en 
dehors du cone faisons passer une droite M^^P et supposons que le point M se 
rapproche de M^ en suivant cette droite ; je dis que F tendra vers 1. 

En effet du point M je m&ne une normale au cone et par le pied de cette 
normale je fais passer un parallfele du cone de revolution. Je construis ensuite 
un ellipsoide de revolution E qui soit tangent au cone tout le long de ce parallMe. 
Je ferai varier cet ellipsoide de telle fapon qu'il reste constamment tout entier 
Ji, rinterieur du conducteur G et son grand axe reste fini quand le point Jfse 
rapproche indefiniment de M^. Cela est manifestement toujours possible. 

Je construis ensuite un potentiel W qui se r6duise a 1 a la surface de E. 
Soit TFo la valeur de W au point Jf , on aura : 

l>F>TFo. 

Construisons maintenant une figure homoth6tique de la prec6dente en prenant 
pour centre d'homoth6tie le point Jfo> 1® <^^ne de revolution sera son propre 
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homothetique ; Phomoth^tique de rellipsoide E sera un ellipsoide E' tangent au 
cone tout le long d'un parall^le ; Thomoth^tique du point M sera un point Jf' 
de la droite MqP. Nous choisirons le rapport d'homoth6tie de fapon que M^ soit 
fixe ; alors Tellipsoide de revolution E sera tangent au cone tout le long d'un 
parallMe fixe. 

Soit maintenant un potentiel TF' qui se r6duise a 1 a la surface de E\ Soit 
Wi la valeur de TF' au point M' ; on aura : 

Lorsque le point JMTse rapprochera de Mq, le rapport d'homoth6tie et par conse- 
quent le grand axe de E' croitront indefiniment. Done d'apr^s le lemme Wl 

tendra vers 1 . Done Wq et par consequent V tendront aussi vers 1 . 

c. Q. F. D. 

Cela pos6 considerons maintenant un conducteur G quelconque, et un point 
singulier Mq de ce conducteur ; je supposerai qu'en ce point Mq le plan tangent 
est determine, ou que ce point Mq est un point conique ordinaire. Je pourrai 
alors construire un conducteur (7" form6 par exemple d'une sphere et d'un cone 
de revolution circonscrit, ayant pour sommet Mq ; je pourrai choisir Tangle du 
sommet du cone et le rayon de la sphere assez petits pour que (7" soit tout entier 
interieur a G. 

Le principe de Dirichlet est d6montre pour (7"; (7" est int6rieur a G] nous 
devons en conclure, comine nous Tavons vu plus haut que V tend vers 1, quand 
Jtftend vers Mq. 

Nous pouvons r^sumer cette discussion en disant que le principe de Dirichlet 
est etahli pour tout conducteur dont la surface est telle que le plan tangent en chaque 
point est determine sauf en un nombre limite de points coniques ordinaires. 

Comme m^thode de demonstration, celle que je viens d'exposer ne laisse 
rien a desirer comme methode de calcul ; elle ne vaut pas mieux que cclles qu'on 
a proposees jusqu'ici et meme si le conducteur est convexe, elle est inferieure a 
celles de Neumann et de Robin. Mais meme a ce point de vue, je ne regrette 
pas de I'avoir publiee ; en efFet, ainsi que nous Favons vu, il ne faut gufere 
compter que sur la premiere approximation si Ton veut pousser plus loin, meme 
avec le procede de Neumann, on serait conduit a des calculs trop rebutants. 
Chaque methode donnera done seulement quelques inegalites, il n'est done pas 
inutile de multiplier les methodes ; dans chaque cas particulier, un analyste 
habile saura choisir celle qui convient le mieux, ou mieux encore les combiner 
toutes d'une manifere convenable. 
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A ce point de vue, la methode que j 'expose ici oflFrira ^ cette analyste habile 
d'assez grandes ressources a cause de son elasticity (si j'ose m'exprimer ainsi). 
Le choix des spheres S^ S^^ . . . . S^ reste arbitraire dans une tr^s large mesure ; 
d'ailleurs on peut sans rien changer h, la methode remplacer la sphere 2 par 
d'autres surfaces, ou meme prendre pour F© une fonction potentielle quelconque, 
pourvu qu'elle se reduise ^ 1 a Tint^rieur du conducteur et que les masses 61ec- 
triques qui Tengendrent soient toutes positives. 

On pourra encore remplacer les spheres Si par d'autres surfaces, pourvu que 
Ton sache construire sur cette surface la couche 6quivalente ^ une masse 61ec- 
trique donnee int6rieure Jl la surface. On conpoit qu'on pourra profiter de toutes 
ces facilit6s pour adapter le mieux possible la m6thode a chaque cas particulier. 

Parmi ces perfectionnements dont la m6thode est susceptible, il en est un 
qui me parait fort important. Nous avons construit les spheres Si de fapon que 
tout point exterieur au conducteur soit int^rieur au moins k Tune de ces spheres. 

Imaginons qu'on construisa seulement assez de spheres Si tout entiferes ext6- 
rieures au conducteur, pour que tout point exterieur au conducteur et interieur h 
2 soit int6rieur au moins a Tune de ces spheres. Les spheres Si dont le rayon 
doit etre fini d^s qu'on est k une distance finie du conducteur, empeiteront 
d'ailleurs sur la region ext6rieure k 2. 

Dans ces conditions tout point de Pespace est ou bien interieur au conduc- 
teur (7, ou int6rieur k Tune des spheres Si, ou ext6rieur k 2. 

II ne peut etre k la fois interieur k C et interieur a /Si, ou bien int6rieur a 
G et ext6rieur a 2; mais il peut etre a la fois interieur a deux ou plusieurs des 
spheres /Si, ou interieur a IWe ou plusieurs de ces sph&res et ext6rieur a 2. 
Nous avons vu plus haut comment on pouvait remplacer une masse 61ectrique P 
interieure d'une sphere 2 , c'est-a-dire par une couche electrique repandue k la 
surface de la sphfere et dont le potentiel soit egal a celui de la masse P a I'exte- 
rieur de 2 et plus petit k Tint^rieur. 

Je dis maintenant qu'on peut 6galement remplacer une masse 61ectrique Q 
extSrieicre k la sphere 2 par une couche 6quivalente, c'est-^-dire par une couche 
61ectrique r6pandue a la surface de 2, et dont le potentiel soit 6gal k celui de la 
masse Q k Tinthieur de 2 et plus petit a Text^rieur. 

En eflfet soit le centre de 2 et R son rayon ; soient P et § deux points 
situes sur un meme rayon vecteur OP et tels que : 

OP.OQ = R\ 
Supposons que P soit interieur a 2; $ sera exterieur k 2. 
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Consid^rons deux masses Tune 6gale a 1 et plac6e en P, Tautre 6gale a 
— V^ 7JP 6t plac6e en Q. Nous avons vu que le potentiel du si, ces deux masses 

6tait une fonction U, nulle a la surface de 2, positive k I'interieur de 2 et n6ga- 
tive k rext6rieur. 

Soit W le potentiel de la couche 6quivalente a la masse P r^pandue h, la 
surface de 2. D'aprfes ce que nous avons vu, nous aurons : 

U'ext^rieurdeS: 3^-1*^=0 j^o/^ j^ 

®* ^rint^rieur de 2: mP~^~WP~^'^WQ>^' 

La lettre if d^signe toujours le point de coordonn6es courantes a;, y, z. 
Ces 6galit6s montre que I'on a : 

a Text^rieur de 2 : TF< V ^p -jjq » 
a Tinterieur de 2 : Tr= \J j^ itq • 

Par consequent la couche 6quivalente a la masse int^rieure 1 situee en P est 

aussi 6quivalente a la masse extSrieure sj -f^p situee en Q. 

II importe de remarquer une difference essentielle entre les deux cas ; nous 
savons que la masse totale de la couche equivalente k la masse 1 situ6e en P est 

6gale S, 1 et par consequent plus petite que \J j^ , c'est-a-dire que la masse 

ext^rieure situ6e en Q. 

Ainsi la couche 6quivalente a une masse interieure a une masse totale egale 
a cette masse ; la couche equivalente k une. masse exiSrieure a une masse totale 
plus petite que cette masse. 

A cote operations dont il a 6t6 question plus haut et qui consistent k 
"balayer" Tint^rieur des spheres /Si, nous pourrons introduire une operation 
nouvelle que nous pourrons appeler le balayage de Text^rieur de 2. 

Cette operation consistera k remplacer toutes les masses ext6rieures a 2 par 
la couche equivalente repandue a la surface de cette sphere. 
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Cela pos6 on fera une serie de balayages successifs en partant de la fonction 
Fo et en ayant soin de diriger les op6rations de telle fapon que Pint^rieur de 
chacune des sphferes /Si, ainsi que Text^rieur de 2, soient balay6s une infinite de 
fois. 

Les raisonnements que nous avons faits plus haut sont encore applicables et 
on obtiendra une s6rie de fonctions 

V V V 

' Oi '!)••••) ^n » • • • • 

qui convergeront de la fonction chercli6e. F. 

Seulement Papproximation sera plus rapide, parce que chaque balayage de 
I'ext^rieur de 2, pent remplacer le balayage d'une infinite de spheres Si qui 
devraient, dans la m6thode primitive, remplir Tespace infini ext6rieur a 2 . 

De plus, nous devons observer que dans la methode primitive, chaque 
balayage laissait subsister la meme quantity totale d'electricit6 dans Pespace ; au 
contraire, dans la methode nouvelle, cette quantit6 totale diminue aprfes chaque 
balayage de Pexterieur de 2. 

La m6thode nouvelle se prete par consequent mieux que la premifere au 
calcul des capacit6s. 

Nous avons vu que le problfeme g6n6ral de Dirichlet se ram^ne au cas que 
nous venons de traiter. Nous pourrions done nous dispenser d'etudier directe- 
ment ce cas g6n6ral, Cependant je vais montrer que la methode expos6e ci-dessus 
y est directement applicable. 

Soit done G une surface partageant Pespace en deux regions Pune exterieure 
h, la surface, Pautre int6rieure. Soit U une fonction quelconque, bien d6termin6e 
en tons les points de G. 

Nous nous proposons de trouver une fonction F: 

V. Qui est finie et continue ainsi que ses d6riv6es tant a Pext6rieur de G 
qu'll Pint6rieur, mais qui peut devenir discontinue sur la surface G elle-meme. 

2**. Qui satisfasse k P6quation de Laplace tant k Pext6rieur de G qu'a Pint6- 
rieur, mais qui peut cesser d'y satisfaire sur la surface G elle-meme. 

3^ Qui tende vers quand le point M de coordonn6es courantes x, y, z 
s'61oigne indefiniment. 

4^ Qui tende vers U quand le point M se rapproche indefiniment d'un point 
de (7, soit par Pinterieur, soit par Pext6rieur. 

1®' cas. Supposons qu'on puisse trouver une fonction Fq finie et continue 
dans tout Pespace ainsi que ses deriv6es des deux 1®" ordres ; qui soit 6gale kO k 
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I'infini et a U k Is. surface de G et qui soit telle que AVq soit constamment 

n^gatif. 

Une pareille fonction pourra etre regardee comme un potentiel du k de 

AV 
r61ectricit6 r^pandue dans tout Tespace et dont la density — -r-^ sera partont 

positive. 

Nous n'avons done encore ici que des masses electriques positives. 

Construirons maintenant une infinite de spheres /S^, /S^, . . . . , /S'„, de telle 
fapon que chacune de ces spheres soit tout enti^re ext6rieure k la surface G et 
que tout point de I'espace, ext6rieur k G, soit int6rieur au moins k Tune des 
spheres Si. 

Balajons ensuite, comme il a 6t6 dit plus haut, ces diverses spheres Si en 
dirigeant les operations de telle sorte que chacune d'elles soit balay^e une infinite 
de fois. 

Soit V^ ce que devient T^ apr^s la n® operation ; on aura encore, puisque 
toutes les masses Electriques sont positives : 

Vn + i<r^ et F„>0 

ce qui montre que quand n croit ind6finiment F„ tend vers une limite finie et 
d6termin6e que j'appelle V. Pour un point int6rieur Jli (7 on a F,i = Fq. 

On verrait, comme plus haut, qu'a I'int^rieur de chacune des spheres /Si, et 
par consequent pour tout point ext6rieur a G^ la fonction F est finie et continue 
ainsi que ses d6rivees et satisfait a Tequation de Laplace. 

On verrait 6galement que Ftend vers quand le point Jf s'61oigne ind6fini- 
ment. II me reste a montrer que F tend vers ?7 quand le point if se rapproche 
de la surface G. 

Nous supposerons pour fixer les id6es que le point M se rapproche ind^fini- 
ment d'un point Mq de la surface G en restant exterieur k cette surface. 

Nous construirons une sphfere a tangente k la surface (7 en if^ et de rayon 
assez petit pour etre tout entifere int^rieure k G. 

Le principe de Dirichlet 6tant demontr6 pour une sphere, nous pourrons 
construire une fonction W qui k Text^rieur de la sphere satisfasse si, I'equation 
ATF = 0, qui se reduise k k I'infini, et i T^ a la surface de la sphere. 

Quand le point if tendra vers Mqj la fonction W tendra vers Vq et par con- 
sequent vers U. 

Comparons les fonctions F^ et W. 
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A la surface de a, on a: 

A Tinfini, on a : F„ = o = TF. 

Maintenant V^ et W sont deux potentiels; le premier est engendr6 par des 
masses 61ectriques toutes positives et dont quelques unes sont ext6rieures ^ a ; 
le second par des masses qui sont toutes interieures h, a . 

Done S, Text^rieur de a la diflf6rence V^ — W peut avoir des maxima, mais 
pas de minima ; et comme elle est nuUe k la surface de <r elle sera toujours posi- 
tive. On a done : 

■^^0 > ^n > ^ et par consequent ^ la limite V^ > F> W. 

Quand if tend vers i^, V^etW tendent tons deux vers U. Done Ftend aussi 
vers U. c. q. p. d. 

Le principe de Dirichlet est ainsi 6tabli pour la region exterieure ^ C\ on 
le d^montrerait absolument de la meme mani&re pour la region int6rieure. 

2® cas. Supposons maintenant qu'on puisse trouver une fonction T^ qui 
soit finie et continue ainsi que ses d^riv^es des deux premiers ordres, qui se 
r6duise S. a Finfini et ^ ^ & la surface de G. (Nous ne supposons done plus 
que A T^ est toujours n6gatif.) On pourra trouver une fonCtion V^ satisfaisant S, 
ces conditions toutes les fois que la fonction U sera elle-meme finie et continue ainsi 
que ses dhiv^ des deux premiers ordres. 

La fonction V^ pourra etre regard6e comme un potentiel engendr6 par des 

AF 
masses 61ectriques r6pandues dans tout Tespace avec une density j-^ . Seule- 

ment comme A V^ n'est pas toujours n^gatif, les masses ne seront pas toutes posi- 
tives. Nous pourrons alors ecrire : 

To = 1^ M) > 

To 6tant le potentiel du aux masses positives seulement, et yy le potentiel du 
seulement aux masses negatives chang6es de signe. 

Soient W et ?7'' les valeurs de Fq et V^' k la surface de (7, on aura : 

u= w — v\ 

Yl et VI! n'^tant engendr6s que par des masses positives, on pourra, comme nous 
venons de le voir, construire des fonctions F' et F" qui satisferont i F^quation 
31 
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de Laplace k I'ext^rieur de G et qui se reduiront respectivement h, U^ etk U" k 
la surface de (7. 

La diflpgrence F= F — F' 

satisfera h, P^quation A F= et se r6duira k U^Ib, surface de G. 

Le principe de Dirichlet est done encore ici 6tabli. 

3® cas. II nous reste ^ examiner le cas oil la fonction U n'est plus con- 
tinue ainsi que ses d6riv6es des deux premiers ordres. 

Bien des methodes s'offrent k nous pour g6n6raliser les rfisultats obtenus 
dans les deux premiers cas. 

Je ferai d'abord observer que si la fonction U est elle-meme continue et si 
ses d6riv6es du 1®' ordre ne pr6sentent de discontinuit6s que le long de certaines 
courbes analytiques trac^es sur la surface (7, les demonstrations dont j'ai fait 
usage dans les deux premiers cas peuvent se rep6ter sans qu'on ait rien ^ y 
changer. 

Passons au cas general ; nous pourrons trouver deux series ind6finies de fonc- 
tions 77, 77. 77 • 77/ TTl W 

qui k la surface de (7jouissent des propri6t6s suivantes: 

l^ EUes sont finies et continues ainsi que leurs d6riv6es des deux premiers 
ordres. 

2». Ona: U^+i>U^, TlUi<UL, Ui^U^. 

3^ On a : lim ?7« = lim 77„' = U pour n infini. 

(Cela n'aura lieu que pour les points de G dans le voisinage desquels U est 
continue.) 

Nous pourrons alors construire deux series de fonctions 

V V V • F' F' V^ 

•^li ^27 • • • • » ^rif • • • • 7 'li »'2» • • • • I 'n 

telles que A F^ = A F^ = 

a rext6rieur de C^ et F« = U^ VJ, = UJi 

k la surface de G. On aura alors : 

Nous conclurons de \k que V^ tend vers une limite finie et d6termin6e F. 
Le th6orfeme de Hamack montre que Ton a : 

AF=0. D'ailleurs VJ,>V>V^. 
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II reste k montrer que Ftend vers U quand le point M se rapproche indefini- 
ment d'un point M^ de la surface de G. Pour cela, il faut que dans le voisinage 
de Mq la fonction U soit continue, sans quoi la proposition qu'il s'agit de demon- 
trer serait fausse et n'aurait meme pas de sens. 

Nous voulons d6montrer que Ton peut prendre M assez voisin de Jf© pour que 

U-B<y<U+B 
quelque petit que soit e. 

Comme au point Jfo, U est continu, U^ et Ui, tendent vers une limite com- 
mune U quand n croit ind6finiment. Nous pourrons done prendre n assez grand 
pourque: U:-U.<± 

d'oii afortioTi 



Nous regardons n comme d^sormais d6termin6, nous pourrons prendre M assez 
voisin de M^ pour que : 

Onaalors: F> F„> O",- 4> ?7-a 

§2. — ProbUme de Foimer. 

Le problfeme de Fourier a pour objet F^tude du refroidissement d'un corps 
solide rayonnant. J'ai donn6 de ce probl^me, dans une note ins6r6e aux Comptes 
Rendus, une solution plus rigoureuse et plus complete que celles qui ont 6t6 pro- 
poshes jusqu'ici. Bien qu'elle ne soit pas encore entiferement satisfaisante, je 
crois qu'il ne sera pas inutile de la rappeler et de la developper ici ; car elle va 
nous servir de point de depart naturel pour ce qui va suivre. 

Consid6rons un corps solide homogene et isotrope, isol6 dans un milieu ind6- 
fini h, travers lequel la chaleur se propage par rayonnement. Soit V la temp6ra- 
ture d'un point du corps; ce sera une fonction de x, y, z et t] soit la 
temperature ext6rieure. On aura, a Fint^rieur du corps : 

^=a'AF (1) 
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et a la surface du corps dV 



dn 



+ AF=0. (2) 



a* .est un coeflScient constant qui depend de la conductibilit6 du corps et de sa 
chaleur sp6cifique. Quant a A c'est un coeflScient positif et constant qui depend 
du pouvoir 6missif du corps. 

Le premier point est d'etablir I'existence d'une infinite de fonctions auxili- 

^li ^2» • • • • > v/n) • • • • 

ne dependant que de x, y^ s et satisfaisant aux Equations suivantes : 
On aura a Finterieur du corps : 

et a la surface : dUn , ^ ^ 

Les quantit^s A^i, A^j, . • . . , A;„, . . . . 

sont des coeflScients constants que je supposerai rang6s par ordre de grandeur 
croisante et que je d6terminerai plus complfetement dans la suite. 

Enfin pour achever de definir la function Un, nous ajouterons que Tint^grale 



fuid^ 



6tendue a tons les 616ments de volume dn; du corps solide doit etre 6gale k 1 , 
Nous aliens pour d6montrer I'existence des fonctions Un employer une demon- 
stration analogue a celle par laquelle Riemann 6tablit le principe de Dirichlet. 
Soit F une fonction quelconque et posons : 

A —j^F^dr , 

^=*/^'*'+/[0'+(f)'+(f)>- 

L'int6grale A ainsi que la seconde des int6grales de ^expression B sont ^tendues 

a tons les elements dm du volume du solide et rint6grale JF^dGi k tons les 616ments 

do de sa surface. 

Supposons que la fonction F soit assujettie a la condition 

-4=1. 
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Les deux int6grales de I'expression B ont tous leurs Elements positifs. B ne 
peut done devenir n6gatif. B ne pent non plus devenir nul ; en eflfet il ne pour- 
rait s'annuler que si tous les 616ments des deux int6grales 6taient nuls a la fois, 
c'est-S^dire si Von avait : F=^0 

h. la surface du corps et 

dF dF dF 

dx dy dz 

h. rint6rieur du corps. II faudrait done que F fut encore nul ^ Fint^rieur du 
corps, ce qui est impossible h, cause de la condition : 

A=rF^dn;=l. 

B admettra done un minimum absolu. Soit Ui la valeur de F qui correspond h, 
ce minimum. Le calcul des variations nous donne : 

^U=fUrW^dft = 0, 

1 j^p i^CTTJiTr^ ^ r/''^U^dSU,.dUid8U,.dUidSU,\. 

Or le th6orfeme de Green nous donne : 

de sorte qu'il vient : 

-i- 8B=f(hUi +^) ^tTidco —fAU^Wydft = Q. 

hB doit s'annuler toutes les fois que hA s'annule. On doit done d'apr^ Tune 
des regies du calcul des variations^ pouvoir trouver une constante k^ telle que 

hB — \hA 

soit nuUe quel que soit hJJi. On doit done avoir identiquement: 
f(^ + hU^ W^du^ —f{AU^ + hUi)myck=Q 

ce qui exige que tous les 616ments des deux int6grales soient nuls ou que Ton 
ait ^ la surface du corps 

dUv , ^ 
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et 8b rint6rieur : AUi + kiUi = 0. 

On a d'ailleurs par hypoth^e : 

L existence de la fonction Ui est done d6montrSe. 
On trouve : 

^=*/^<"'+/[(^)'+(f)'+(i^)> 

ou en vertu du th^orfeme de Green : 

B =fUi (^ + hU^ du, —fUiAU^dr 
ou en vertu des Equations qui d6fininent Uii 

Ainsi hi n'est autre chose que la valeur du rapport -j- pour F=- C/i. Comme 

ce rapport atteint son minimum pour F=^ Ui, nous devons conclure que ki est 

le minimum du rapport -^ . 

Prenons pour F une valeur quelconque, nous obtiendrons une certaine 

valeur de -j- qui sera pliis grande que Jci. C'est done un moyen de trouver une 

limite sup6rieure de hi. 

Faisons par exemple ^= 1 . 

vien • j^ _ I ^ _ volume du corps solide, 

B=:hJ dGi = hx surface du corps solide. 

Le rapport -—- est done toujours plus petit que le rapport de la surface du solide 
ft 

h son volume. 

Cherchons encore une autre in6galit6. 

Appelons W le volume du corps solide et S sa surface. 

Prenons pour origine des coordonn^es le centre de gravity du volume du 
corps. 
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Appelons / I'int^grale r^-. 

c'estrSrdire le moment d'inertie du volume par rapport au plan des yz . 
Appelons ^Tint^grale /* 

c'est-Jt-dire le moment d'inertie de la surface par rapport au plan des yz. Soit 
o^ la distance du centre de gravity de la surface au plan des yz. Posons : 

if = qcqS=-J xda. 
Faisons maintenant : -F'= ouc + 1 , 

a 6tant une ind6termin6e ; il viendra : 

A= f{ax+iyd^ = a*I+W, 

B = hf{ax + Ifdo +Ca^dn; = a? {hE+ W) + 2aMh + Sh 
d'oii : , ^ a^(hH+ W) + 2aMh + Sh 

II faut maintenant choisir a de telle sorte que le second membre de cette in6galit6 
soit minimum. Ce second membre admet un maximum et un minimum qui sont 
les racines de I'^quation en X : 

iPh^ = {hE+ W— XI){Sh — XW) 
ou ??IV—X{ISh + W + WHh) + SHh^—iPh' + WSh = 0. 

On a done : 



. ISh + W^ + WHh ^/(ISh + WHh + Wy — SHh^ + M'h' — WSh 
^^ 2IW ~ 2IW 

cette limite est infgrieure ^ la pr6c6dente. 

Occupons nous maintenant de d6montrer Tezistence de la fonction Uz ; soit 
une fonction quelconque F assujettie aux deux conditions suivantes : 

^=1, G=fFUick — 0. 

On pourra choisir cette fonction de fapon que B soit minimum ; soit fZ, la 
fonction qu'il faut choisir pour F afin de rendre B minimum. On devra avoir : 
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toutes les fois que : 

On pourra done trouver deux constantes ^i et Jc^ telles que : 

hB — Jc^hA—2XihG=Q 

quelque soit hU%. On a done identiquement : 

de sorte qu'on aura k la surfaee du eorps 

an 
et k l'int6rieur : 

Calculons A^ et ^. Nous trouvons d'abord : 

fUiAUtch + ktfUiUidr + \fufd/r = 0. 

^^ fui3r = l G=fUyU,dfr=0, 

on aura done: ^, + f UAU^ck = . 

Or le th6orfeme de Green donne : 

an ^ an 

II reste done simplement : . 

f UiA U^r =f UA ^A. 

Mais A?7i= — A^ZJi^ 

Done %i est nul. 

II vient done : AU^ + k^U^=^0 
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^^ A=fuidr=l. 

Done: 

^= -/^^tr^=-/r.f*, +/[(§)•+ (f )•+ (f )> 

ou: 

Ainsi A:^ n'est autre ehose que la valeur de B qui correspond ^ F=^ U^* Tc^ 6tait 
la valeur de B qui correspond k F=> Ui et au minimum de B. 
Par consequent on a : 

et d'ailleurs : ^ + /j jr, = Ma surface du corps, 

AUi + k^U^ = S, rinterieur, 

L'existence de la fonction U^ est done d^montr^e. 
Soit maintenant U^ une fonction telle que 

et choisie d'ailleurs de telle sorte que B soit aussi petit que possible. 

On devra avoir : 55 =0 

toutes les fois que 

On pourra done trouver trois constantes Xi, ^etk^ telles que I'on ait identique- 
ment : ^b - k^^A — 2S^hG — 2A,«2> = 0, 

Un raisonnement analogue I. celui qui pr^c^de montrerait que Ton doit 

avoir k la surface du corps dU^ -u hTT — 

dn ' 

et k rint6rieur AU^ + h^Ts + ^Ui + 2^Ut=0. 

On demontrerait ensuite comme on I'a fait plus haut que ^ et ^ sont nuls et que 
k^ est la valeur de B qui correspond h F^=: U^. 
32 
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D'apr&s la definition de ^, A^ est done la plus petite valeur que puisse 
prendre I'expression B quand la fonction F est assujettie aux conditions : 

fF^dn;=l] fFUick=Oi fFUiCk = 0. 

D'autre part Jc^ 6tait la plus petite valeur que pouvait prendre B quand -F'etait 
assujettie aux deux premieres de ces conditions seulement. Done : 

La fonction U^ est ainsi d6finie par les conditions : 

La loi est manifeste ; il est inutile de pousser plus loin ce raisonnement. 
On voit que Ton a demontr6 Texistence d'une infinit6 de fonctions : 

w» t/j, . . . . , Upj . • • . 

telles que Ton a a la surface du corps 

f + ^^-o 

et a I'int^rieur : A 27^ + 7^^ U^ = . 

Les coeflBcients h^ sent des constantes positives et telles que : 

pour p^q 



Enfin on a: C rr tt j r. ^ 

J UpU^dft=0 pourjp^( 



Ce raisonnement est sujet aux memes objections que celui par lequel Riemann 
6tablit le principe de Dirichlet. Nous nous en contenterons toutefois pour le 
moment, nous chercherons dans la suite a le rendre plus rigoureux. 

Ces fonctions C^ ont et6 entiSrement construites par Lam6 dans certains cas 
particuliers, par exemple dans celui de la sphere et celui du parall61ipip^de. 

Dans celui du parall61ipipfede rectangle dont les trois dimensions parall^les 
aux trois axes sont 2a, 2ft et 2c, I'expression des fonctions U^ et des coefficients 
hp est particuliferement simple. 



V 
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Nous devons avoir en effet ib rint6rieur du corps : 

et en outre : 

pour a: = a -^ — ^-At/ = 0, poura:= — a -z ac/=0, 

poury = & ~j — h^£/ = 0, poury=— 6 -= hU=0, 

pour 2 = c -j — hAc/ = 0, pour2 = — c ^ AC/ = 0. 

Posons : 

U= sin {^ix + ^i) sin (^ + fi^^) sin (X3 » + /:£,). 

Les constantes ^i et f^i nous seront donn^es par les deux Equations : 

Xi cos {Xia + iii) + h sin (^a + ^j) = 0, 
Xi cos {Xia — iii) + h sin (Xia — (ii) = 0, 

d'oii : tg {Xja + /t/i) = tg (Xja — f^x) , 

_ ^^ 

Ml — ^1 

X 6tant un entier ; il suflSra de prendre x=0 d'oii : 

sin (Xja; + (ii) = sin ^^x 
et ;c = 1 d'oii : sin {^ix + fii) = cos ^x. 

On aura alors pour 

f4i=0ou-J Xi + A tg(;iia + /^i) = 0. 

De meme (if^, fis, \et X^ seront donn6es par les Equations: 

^= ou -^ ?^ + htg{2^b + (i;) = 0. 

(1^=0 ou-|- ;i3 + ^ tg(V + lis) = 0. 
Enfinona: k = Xl + ^ + ^. 

Consid^rons en particulier le cas de A = 0; ce qui correspond au cas oii la 
surface du corps est impermeable a la chaleur ; il vient 

Xia + (ii= '^ + x7t % 6tant entier : 
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ou h, cause de /tii = ou -^ . 



On a alors : 



^i—'^ wii 6tent entier. 



oil mi, m|, wij sont des entiers. On aura done: 

X^ = 0, ^2= — 

si 2a est la plus grande des trois dimensions du parallSlipip^de, c'est-^dire si 

a]>&]>c. 

On trouve ainsi Aji = 0, Ui = const. 

et 1^ 

Ic^ = ^^ , TJ^ = const, sin ;iia;, 

Supposons maintenant A = oo, ce qui correspond au cas ou la surface du corps est 
maintenue artificiellement ^ la temperature ; on a alors : 

tg (^xa + itii) = 

d^oA Xyp, + /i£x = ^^1 ^ 6tant en tier, 

ou puisque f^i = ou -3- , 

%^ = mi -^ , mj 6tant entier. 
Nous trouvons done encore : 

Z.— Z"*^ -L '^ -L. *^^ ^ 

^1, 9713 et 9718 6tant entiers. 

Mais toutes les solutions ne sont pas acceptables. On doit avoir en effet 

Cr=o 
^ la surface du corps ; d'oii : 

sin (M + i^i) = sin (V + i^a) = sin (V + it^s) = 0> 

ce qui exige que t^i, ^n, et ms soient au moins 6gaux i 1 ; il viendra done : 

Laissons maintenant de c6t6 le cas du parall61ipipfede rectangle et revenons au 
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cas gSnSral ; il est clair que, pour un meme corps, Jci.h^^ A;„ sont des fonc- 

tioDs du pouvoir 6mis8if A. Je dis que ces fonctions sont toujours croissantes. 
Soient en effet JJ et ¥ deux valeurs du pouvoir 6missif ; soient pour un corps 
donn^, Tc^^ et Jc[l les valeurs correspondantes de ^n, et Un et UU les fonctions U^ 
correspondantes. On aura : 
& la surface du corps 

et i I'int^rieur du corps : 

AUL + KTJL = ^UL' + KUL' = o. (4) 

Le th6or^me de Green nous donne : 

K^ ^'-^ TJL)d<. = f{Ui'Am- ULAU':)dr. 

Dans cette identit6 remplapons AUl^ AUU ^ -jzr^ -^-^par leurs valeurs tir6es 
des Equations (2) et (4)/il viendra: 

Supposons que h! et A" diflFfere trfes peu de telle sorte que 

Kf — K = dh, h^: — K = dK, 

Ul = U^^ h des infiniments petits prfes, il vient : 

dhf U'ndu^ = dKf U;dr . (6) 

Dans r^quation (6), les deux int6grales sont essentiellement positives ; il 
reste done : dL 

dh ^^' 

ce qui signifie que Jc^ est une fonction croissante de A. o. Q. p. d. 

Pour A = ; on a 6videmment : 

A^ = , ?7i = const. = — ^ ( W 6tant le volume du corps) . 
En e£fet, ces quantity satisfont aux Equations 
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L'6quatioii (5) devient alors 



8 d^signant la surface du corps et W son volume. Done si h est tiis petit, hi 
est sensiblement 6gal a 

Nous venous de trouver : 



est sensiblement 6gal a g 






Nous avons d'autre part : 



d'oJl: 



^ h dK 



et dh^ dh 

K^ h ' 

Cette inegalit6 montre que le rapport — va toujours en d6croissant. 

II importe de remarquer, avant d'aller plus loin que quand h est positif, k^ 

est essentiellement positif. Sans doute, cela r6sulte de la fapon dont les fonc- 

tions Un ont 6t6 d^finies plus haut; mais on pourrait imaginer qu'il existe des 

fonctions U autres que celles que nous venous de d6finir et pour lesquelles on 

aurait : dU /• 

^ + hU=0, 'AU+kU=0, jTPd/t=l, &<0. 

Je dis que cela est impossible et il me sufiSt pour I'^tablir de montrer que Ton a : 

.=*/^.„+/[(f)*+(f)'+(f)>. 

ce qui se d^montrerait par le meme calcul que plus haut. 

Si au contraire h 6tait negatif, h^ pourrait aussi devenir n^gatif. 

II pent arriver quand on fait varier A, que deux des nombres Tc^ et A;„^i 
viennent a se confondre. Qu'arrivera-t-il alors en general ? 

Soient Td et W deux valeurs de yfc, W et U'^ les fonctions JT correspondantes. 
Imaginons que Jd, Jd\ W et U'^ soient des fonctions continues de h. Quand 
h < Ao» ^^ aura par exemple A/ < A/'; pour A = Aq^ on aura Id -^W^ pour A > 5t)» 
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on aura Jcf > A/'. D'apr^ ce que nous venons de d6montrer, A/ et A" sont deux 
fonctions croissantes de h. 

Maintenant, supposons qu'il y ait n — 1 nombres k inf6rieurs k la fois i A/ et 
a A/'. Nous devrons, d'aprfes nos conventions, appeler k^ la plus petite et k^^i 
la plus grande des deux quantit6s kf et k!^. Nous aurons done : 

U =k^ Jiff = k^^i pour A < At 
et k/'=zk^ A/ = A^^.i PoufA^Aq. 

Les fonctions kf et A/' 6tant continues et croissantes, les fonctions k^ et Aj„+i 
d^finies comme nous venons de le faire seront aussi continues et croissantes. 

En r6suin6, dans to us les cas possibles, k^ est une fonction croissante de A; 
k^ atteint done sa plus petite valeur pour h= 0. 

Nous aliens done 6tudier la valeur de k^ pour A = . 

D6composons le volume de notre corps solide, d'une mani^re quelconque, 
en p volumes partiels. Considerons chacun de ces volumes partiels comme un 
corps solide de meme conductibilit6 que le solide donn6 et dont la surface est 
impermeable k la chaleur. Soient : 

les fonctions U relatives a ces p solides. 

ooienx I ''^11 9 *^i 9****1 "^in 1 • • • • , 

^1 > ^ >•••*» ^n >••*•» 

les nombres k correspondants. 

Comme pour cbacun des p solides partiels on a A = 0, on aura : 

kyi — ^ k^i =..••= kpi ^ 

et les^ fonctions Uu, U21J . . . . , U^i seront des constantes. 

Je conserverai la notation Un et A?„ pour les fonctions relatives au solide 
total. Posons maintenant : 

V—aJJ^ + a^U^ + +a^U^y 

les a 6tant des coefficients ind6termin6s. 
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Nous avons k la surface du corps, puisque h est suppose nul : 

— = 
dn 

et par consequent en vertu du th^or&me de Green : 

/[(f)"+Q'+(^)>=-/^^^-*'- 

Le second membre peut s'6crire (en vertu de I'Squation A?7J + A^CTi = 0) : 
J (oi^i +(h^% + + oLnU^X^ik^Ui + aJc^TJt + + ajcjj^ d/t 

ou encore Ten vertu des relations / C7?c?t = 1 , J ^i ^J^ = J : 

D'autre part on a : 

fv^d^=f{aiUi + a^U^+ + anUnydn;=al + (4 + +ai, 

d'oii 

J IV^ ) + ("^ ) + ("dTJ J "^ V! + A^gj + > . . . + Kaj ^ y. /«x 
y»^ ai -f- a2 -t- . . . . i- a» 

Nous pouvons disposer de nos n coefficients arbitraires ai, oc^, • • . . , a,, de fapon 
k satisfaire kn — 1 conditions. Yoici comment nous choisirons ces conditions. 
Nous annulerons d'abord les Xi int6grales 

fvUiick, fvUnck, , fvUu^ck 

6tendues au premier solide partiel. 

Nous annulerons ensuite les ^ int6grales 

fvUndr, , fvU^^d/t 

6tendues au second solide partieL 

Nous annulerons enfin les Xp int^grales 
6tendues au dernier solide partiel. 
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Nous devrons avoir d'ailleurs : 

;ii + A,+ +\ = n—l. (7) 

Rappelons quelle est la definition de A^.x,+i. Ce coefficient est le minimum du 
rapport des deux int^grales : 

-=/[(^)'+(f)'+(^)>. -=f^^- 

quand la fonction arbitraire V est assujettie aux ^ conditions : 

fvUndr=fvUi^=: =fvUx^ck=o. 

Toutes les int6grales sont suppos6es 6tendues au premier solide partiel. Done 
le rapport des deux int6grales B et A 6tendues k ce premier solide est plus 
grand que A^.x,+i. 

On verrait de meme que le rapport de ces deux int6grales 6tendues au 
second solide est plus grand que h.k^^n ©tc; que le rapport de ces deux int6- 
grales 6tendues B,\ip^ solide partiel est plus grand que ^p.xp+i- 

Done le rapport des deux 4nt6grales B et A 6tendues au solide total, sera 
plus grand que la plus petite des p quantites : 

Mais I'in6galit6 (6) exprime que ce meme rapport est plus petit que k^. 

Done k^ est plus grand que la plus petite des quantit6s (8) pourvu que la 
relation (7) soit satisfaite. 

Ce r&ultat pent s'6noncer comme il suit : 

Rangeons les quantit6s 

^1 » ^S »••••> ^n » . . • . 
^1 > » ^^ , . . . . 



par ordre de grandeur croissante. (II va sans dire que dans la s6rie ainsi obtenue, 
plusieurs termes pourront etre 6gaux ; c'est ainsi que les p premiers termes qui 
sont kji, k^i, - ' ' ' , kpi sont tons 6gaux k 0.) 

Chacun des termes de la s6rie ainsi obtenue sera plus petit que le terme 
correspondant de la s^rie : 

^> ^» • • • • I ^n> • • • • 

33 



252 PoiNCAR^: Sur les Equations aux DerivSes 

Cela pos6, supposons que notre solide Boit un polyfedre limits par des faces 
qui soient toutes parallMes a Tun des trois plans de coordonn6es. 

Nous pourrons decomposer notre poly&dre en n — 1 parallelipip^des rect- 
angles. Soieat ^, ^ ^_^ ^ (9) 

les valeurs de ^ correspondant h ces n — 1 parall61ipip&des ; d'apr^s ce que nous 
venons de voir, la valeur de kn correspondant au polyfedre total, sera plus grande 
que la plus petite des quantit^s (9). 

Si les trois dimensions d'un parallelipipMe sont 2a, 26, 2c de telle sorte que 
a ]> 6 >• c; nous avons vu qu'on a, pour ce parall61ipipfede : 

Si done aucune des trois dimensions d^aucun de nos n — 1 parall61ipipSdes par- 
tiels n'excfede a, on aura pour le polyfedre total 

Quand n croit ind^finiment, on pent faire tendre a vers ; done k^ croit ind6fini- 
ment. 

Cela est vrai pour un polyfedre forme comme je viens de le dire ; et comme 
on pent construire de pareils polyfedres qui diflfferent aussi pen qu'on le vent d'un 
solide quelconque, on pourrait dire que cela doit etre vrai aussi d'un solide quel- 
conque. Mais un semblable raisonnement ne saurait nous contenter. 

Pour d6montrer le theor^me pour un solide quelconque, je dois d'abord 
cherciier une limite inferieure de k^ pour un solide convexe quelconque. Par 
solide convexe, j'entends un corps tel que le segment de droite MM, qui joint 
deux points M et if' interieurs au corps, soit toujours tout entier int6rieur au 
corps ; ou ce qui revient au meme tel qu'aucune droite ne rencontre la surface 
du corps en plus de deux points. 

Rappelons d'abord la definition de k^i k^ est le minimum du rapport 

fr'dr 

quand la fonction V et assujettie k la condition : 



/ 



Vck=0. (10) 
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On peut transformer la definition de fapon a faire disparaitre cette derni&re 
condition. 

Envisageons Fint^grale 

Dans cette int6grale, ck ^t cbt^ sont deux 616ment8 de volume quelconques 
du solide donne ; a, y, 2, et a/, ^, 2/ sont les coordonn6es du centre de gravity de 
chacun de ces deux Elements; V et F' sont les valeurs de la fonction V aux 
points X, y, 2; et a/, y, 2/; enfin Pintegrale est 6tendue a toutes les combinaisons 
de deux Elements de volume dt et dn:'. (Ohaque combinaison sera rep6t6e deux 
fois de la fapon suivante ; une premiere fois le premier 616ment jouera le role de 
dr et le second celui de dt^ et la seconde fo^s ce sera le contraire.) 

On trouve ais^ment en se servant de la relation (10) et en appelant W le 
volume total du corps 

f(J— Vy&td^ = 2wfv^dr 
de sorte que k^ sera le minimum de I'expression 



f{V— V'fd^dt'. 



(11) 



Mais alors la condition (10) devient inutile ; si en effet on ajoute a V une con- 
stante quelconque, la condition (10) cesse d'etre satisfaite et Texpression (11) ne 
change pas. 

Nous pouvons done dire finalement que k^ est le minimum de Texpression 
(11), la fonction V 6tant tout k fait quelconque et n'etant assujettie a aucune 
condition. 

C'est de la transformation de cette expression (11) que nous aliens main- 
tenant nous occuper. 

Posons k cet eflfet : 

sc = ^ + p cos ^ sin 6 J a/ = ^ + p' cos 4) sin 6, 

y = yj + pBin^ainO, ^ = >7 + p' sin ^ sin 0, (12) 

2; = pcos0 , 25' = p'cos0. 

La th6orie de la transformation des integrales multiples nous donne : 
f{V— Wfdrdr^ =f{V—rydxdydzd^dy^dzf 

=f{ V— Wf{p — p'Y sin e cos ed^dndfdffdddq>. 
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II va sans dire que, bien que je n'emploie qu'un seul signe / , il s'agit ici d'int6- 
grales sextuples. 

Parlons maintenant des limites d'intSgration ; supposons que ^, rj, B et^ 
soient consid6r6s un instant comme des constantes ; quand on fera varier p, le 
point X, y, z decrira une droite ; comme le corps est convexe, cette droite rencon- 
trera la surface du corps en deux points. Soient po ^^ Pi ^^ valeiu's de p qui 
correspondent & ces deux points d'intersection. 

Pour obtenir alors tons les points (a, y, z), (a/, y, 2/) int6rieurs au corps il 

faudra faire varier p et p' de p© si. pi, de Jl ~ , 4) de si, 2n, et donner a ^ et 

a 97 toutes les valeurs telles que po et pi soient r6els. 

Cela pos6, cherchons i transformer le num^rateur de Texpression (11). 
Nous avons d'abord, en vertu des Equations (12): 

—— = cos d» sm 9 -3 1- sm ^ sm Q -z — h cos -3— 

dp ^ dx ^ dy dz 

d'oii: 

P P/ dV dV dV\* 

= / / r cos ^ sin 6 -^ h sin ^ sin 6 -^ — [- cos 6 -j— j sin Bdddp. 

Calculous cette int6grale double en integrant entre les limites et 2n pour ^ et 
entre les limites et -^ pour 6. Le coefficient de (-j-j sera: 

//cos»4> 8in'eddd^ = ^ . 

-r- ] a la meme valeur. 
Le coefficient de (--t— ) sera : 



r rcos»0 Bind dJddq>=z 



2n 



^ . , , ^dV dV 
Le coefficient de 2— — 3— sera: 
ax ay 



J J cos^ Bin^siTi^d dd d^ = 0. 
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Ceux de 

2 —^ i— et de 2 -z — 3— seront : 

ax dz ay dz 

/ / cos^ sin's co&dddd^=J J sin 4) sin'0 co8ddSd^= 0. 
II reste done simplement : 

//(^)Vn«^^=-[(i7+(f)%(-)']. 

Soit if une fonction quelconque de x, y et_^z; la th^orie de la transformation des 
integrales multiples donne : 

/ Mck =J Mdxdydz=^J Mco&dd^dridp. 
II vient done : 

Posons maintenant pour abr6ger : 

I'expression (11) deviendra: 

SW /*^8in(9cos(9<i^c2)7d(9eft^ 
^ fABindcoBdd^dyjddd^ 

Les quantit6s sous les deux signes / sont essentiellement positives puisque 6 
varie entre et ^. Pour trouver tme limite inftrieure de Pexpression (11), 

il nous suffira de connaitre une limite infferieure du rapport -j- . C'est de quoi 

nous allons maintenant nous occuper. 

Si la fonction Fest choisie de telle fapon que J. = 1, il est clair que rint6- 
grale B ne pourra pas s'annuler ; elle admettra done un certain minimum. Cher- 
chons a determiner ce minimum par le calcul des variations 
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Nous trouvons : 

1 ^T> r^'dV ddV ^ 

Y ^^ -//( ^- ^')(^ y- 5 n(p - p')* ^rff ' = . 

Transformons ces deux expressions, nous trouvons, par I'int^gration par parties, 

D 'autre part, si dans Tint^grale double 

on permute p et p', Tintegrale ne doit pas changer il vient ainsi : 

- j=fAy'-y)^yi9'-py<^f<^'' 

^* j=ffi y- F')(p - p'fsvdpdp' = 0. 

Cela peut s'6crire : 

enposant: ^= FjT^ - pO'cZp'-£'F (p-p')'^'- 

Posons done pour abr^ger : 

rv=^-^^ rw=!^> rv<v='^7-^. 

II viendra : 

fr=F[p»(pi-po)-p(p!-p?) + P-4^']-ap'+2|3p-y. 

Pour que J5 soit minimum, il faut d'apr^s les regies du calcul des variations que 
SB s'annule toutes les fois que J est nul et pour cela il faut que Ton ait : 

iPV 

K 6tant une constante qu'il reste a determiner. 
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Voyons comment le probl&me pourra etre traite. 
Posons d'abord 

p = ;i + <T, X = Pl+Po, p, = X + (To, po = ^ — o'o, 
nos Equations devieudront : 

^^' ol—^Yda, ^f=fvach, y=fva^€h, 

les int^grales 6tant prises entre les limites — (Tq et + (Tq. 
Posons maintenant a = (Tq^, 

a"=f^\dt, ^"=f'^\tdt, Y"-f^\t^dt. (13) 

L'6quation deviant : 

L'equation (14) contient encore quatre ind6termin6es, a", /3", /' et jS7. Si nous 
Tint^grons nous trouverons : 

7= a"7i + /3"7, + /'73 + 5"7, + e"75, 

^1) 1^8 » ^8» ^4 6t 1^5 etant des fonctions enti^rement connues de t et de K' pen- 
dant que 5" et e" sont deux constantes d'integration. 

Pour achever de connaitre 7il nous restera k determiner les six constantes 
a'^ /3'', Y^', 5'', s" et -ff'. Pour cela nous avons six equations ; S. savoir, les trois 
equations (13), T^quation 4= 1 et les deux relations 

d7 ^ dV ^ 

-^ = pourp = po, -^ = pourp = pi. 

Ces six Equations ne sufBsent pas toutefois pour determiner complfetement ces 
six constantes et en particulier K. On trouve pour K' une infinite de valeurs 
positives. Nous prendrons la plus petite de ces valeurs que j'appellerai Kq. 

Je n'ai pas besoin pour mon objet de calculer efFectivement K^ ; il me suffit 
de faire observer que c'est une constante numSriqtie. 

II vient alors : ^_ _^ _ ^Ko 



^ if'i—Pof ' 
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II nous reste k chercher le minimum de -j- correspondant k cette valeur de K. 
Nous trouvons : 

= Kffviv-r){p-pjdpdp'. 

Or I'int^grale du second membre ne doit pas changer quand on permute p et p' ; 
on a done aussi 

B = - Kff V>{y— F)(p — pO* <W. 

Ainsi le minimum de -j- est 6gal d, 

K 2Ko 



2 -{p,-p,f' 
Pour une fonction V quelconque on aura done : 

Soit X la plus grande distance de deux points de la surface du corps solide envi- 
sage on aura b 2Ko 

II est ^ remarquer que si je n'avais pas voulu indiquer sommairement la mani^re 
de calculer la constante num^rique K^, j'aurais pu arriver 4 la formule (16) en 
quelques lignes par de simples considerations d'homog6neit6. 

II suit de IS, que Pexpression (11) est toujours plus grande que 

Par consequent pour un solide convexe qvehonqve on a: 

Kq d^gnant time constante numiriqiie, W le volvme du corps, et X la phis grande 
distance de deux points de la sv/rface du ayrps. 
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Cela pos6 passoDB k un solide quelconque ; on peut le decomposer en n — 1 
solides partiels convexes. On calculera pour chacun de ces solides le rapport 

—^] imaginons que pour tons ces solides —^ soit plus grand que a; on aura pour 
le solide total gjE. 

Or nous pouvons prendre n assez grand et choisir nos n — 1 solides partiels 
de telle sorte que la quantit6 que nous venons d'appeler a soit aussi grande que 
Ton veut. 

Done k^ sera 6galement aussi grand que Ton voudra. 

Donc^owr v/n solide qvelconque h^ croit indSfiniment avec n. 

Nous avons demontr6 ce th6orfeme dans le cas oh. A = ; cela doit suflBre ; 
car Jc^ est croissant avec h ; le theorfeme peut done etre regarde comme d6montr6 
pour toutes les valeurs positives de h. 

Je ne veux pas quitter ce sujet sans avoir indiqu6 un moyen de calculer une 
limite sup6rieure de k^ . 

Posons F = aiFi + a^F^ + + a^F^, 

Fi^ Ffij . . . . , F^ 6tant des fonctions donn6es et 04, a,) . . . . , a^ des coefficients 
ind6termin6s. 

Les deux int6grales : 

seront des formes quadratiques dependant des n param^tres ai, 09, . . . . , a^. 
Formons la forme quadratique : 

B — XA 

oii X est un nouveau coefficient ind6termin6. 

Ecrivons que le discriminant de la forme B — XA est nul ; nous obtiendrons 
une Equation alg6brique d'ordre n en A. ; il est aif e d'6tablir que cette 6quation 
a toutes ces racines r6elles (parce que les deux formes B et A sont d6finies posi- 
tives ; il suffirait d'ailleurs que Pune d'elles le fut. Mais de ce que les deux 
formes sont toutes deux d6finies positives, il r6sulte que les racines sont non- 
seulement r^elles, mais positives). 

Soient '^j '^g* • • . . > '^w 

34 
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ces n racines rang6es par ordre de grandeur croissante ; je dis qu'on aura : 

'W^"*!? ^^^1 '^S^^J • • • • I '^w^^n- 

En eflfet la plus petite valeur que puiflse prendre le rapport — quand on fait 
varier les a doit etre plus grande que ki. Or cette plus petite valeur est A^i; on 
a done ^i>h^ 

En vertu de la th^orie des formes quadratiques, la forme A pent etre d6compo86e 
en n carr6s et s'6crire : 

-4 = /3! + /?| + ....+/?i, 

/3i, /?8, . . . . , /3« 6tant des fonctions lin6aires. de ai, Oj, . . . . , a^- 
De plus cette decomposition pent etre faite de telle sorte que 

Introduisons maintenant les conditions : 

fpU^dr =fFU^dk = =fFUpd/t = . (16) 

Le minimum de -j-, en tenant compte des conditions (16), devra etre plus grand 

queAjp+i. 

.Cherchons ce minimum. Les conditions (16) sont lin6aires par rapport aux 
/? de sorte qu'on pent les ecrire : 

f^n^l + i^is/^g + + f^ln/?n = 0, 

^1^1 + f^88^2 + + Ihn^n =0, ,jg ^^. 

f^l^l + (^2 + + fhm^n = 0. 

Soit Jl le minimum cherch6 du rapport -j- . On voit par des calculs qu'il est 

inutile de reproduire ici que ce minimum qui nous est donn6 par I'^quation 
suivante, dont je vais expliquer la signification : 

^H^U{X — ^^) = 0. (17) 

n (;i — ;i,) sera le produit de n — p binomes tels que 2, — >l,. Supprimons dans 
les 6quations (16 bis) tons les /3, qui ont meme indice que les X, qui entrent dans 
le produit 11 (X — Jl,) ; nous appellerons H le determinant des equations lin^aires 
ainsi obtenues. Enfin la sommation indiquee par le signe S est 6tendue k toutes 
les combinaisons des n quantit^s >l, prises n — pkn — p. 



Partielles de la Physique MatJiemdHqve. 261 

On voit qu'en substituant dans I'^quation (17) successivement 

— 00, Jli, Xg, . . . . , >l^, + Qo 

on obtient au moins p changements de signe. Par consequent la plus petite 
racine de T^quation (17) sera au plus 6gale k /l|,+ i. On a done: 

^ + l>*p + l- 0- Q. F. D. 

Je termine ce paragraphe en donnant une nouvelle manifere de calculer une 
limite sup6rieure de k^ pour A = 0. 

Soient/, g^ h trois fonctions quelconques assujetties S, la condition suivante : 
A la surface du corps on aura : 

a/+^9 + Yh=0, (18) 

a , /3 , y designant les trois cosinus directeurs de la normale a cette surface. 
De plus nous assujettirons nos trois fonctions k la condition 

A = /(/» + / + A») c*r = 1 . (19) 

aura 6yidemment un minimum. Cherchona ce minimum. Posons : 

dx dy dz * 

Nous trouverons, par le calcul des variations : 

ahf+ ^hg+yhh =0 (S. la surface du corps) (18 bis) 
^* \ U =f{/Sf + gSg + Uh) ^ = 0, 

L'int6gration par parties donne : 
ou en vertu (18 bis) 
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Pour que SB soit nul toutes les fois que 8 A est nul, il faut done que Ton ait : 

¥+~ = 0, fo, + f = 0, H+f =0, (20) 

k 6tant une constante qu'il reste k determiner. 

Des Equations (20) on tire par differentiation et addition : 

Ae + k6=:0 

et r6quation (18) devient : ^ _ q 

dn 

Gela montre que 6 est I'une des fonctions U que nous avons d^finies plus haut ; 
ce ne peut etre que ?7|; on a ^= A^, et pour d = J7, on trouve : 



^ f(p€k T^fUidfC 



= k,. 



Pour des fonctions/, g^ h quelconques on aura done 

d^oii la rfegle suivante. 

On prend trois fonctions quelconques /, g, h assujetties a la condition (18). 

(La condition (19) devient inutile dfes qu'on considSre le rapport -j-j. Le 

fif + / + h')d^ 
est plus grand que A^ . 

§3. — Lois du Refroidissement. 

Soit V la temperature d'un point du corps solide ; V sera une fonction de 
a;, y , » et de <. Oette temp6rature devra satisfaire aux deux equations suivantes : 

dV 
A rint6rieur du corps: (1) --r- =a*AF. 

dV 
A la surface du corps : (2) -^ — |- A7= 0. 
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La temperature est dounee arbitrairement a Uepoque initiale < = 0. II peut 
done se faire qu'si cette epoque < = 0, requation (2) ne soit pas satisfaite ; mais 
elle devra Petre pour toute epoque posterieure <>0. O^est IsL une premiere 
anomalie qui vaut la peine d'etre remarqu6e. 

En voici une seconde : V ne peut pas en g6n6ral etre developp6e suivant 
les puissances croissantes de t. Supposons en effet que cela soit possible; 
qu'arrivera-t-il ? Soit Fq la valeur de Fpour < = 0. On aura pour < = 0: 

d^ 2AT7 ^^ 3A ^^ 4AAT7 



ou 






= a*A»Fo 



en convenant de poser : 
On aura ainsi en general : 



A*F=A(A'*-*F). 

^_1 _ >,2n An y . 



de sorte que si le developpement 6tait possible, il viendrait : 

F= ro + a*tAV, + ^A*V, + ^A»Fo+ . • • • 

II r6sulterait de la que la temperature en un point donn6 et €b un instant donn6 
ne d6pendrait plus que de la valeur de T^ et de ses d6riv6es en ce point. La 
forme du corps solide nHnterviendrait en avcune faqon. Cela est absurde. 

Pour mieux faire comprendre ces anomalies, nous allons envisager un cas 
particulier. Imaginons que le solide devienne un mur indefini compris entre les 
deux plans a;= zfcTt. 

Supposons que les deux plans a = zh n qui limitent le mur soient imperm6- 
ables a la chaleur ce qui revient ^ supposer ^ = . 

Supposons de plus qu'a I'^poque < = 0; la temp6rature initiale F© ne d^pende 
que de x et ne change pas quand on change a en — x. 

Ces propri6t6s subsisteront evidemment a une 6poque quelconque. Fsera 
fonction de a et de < seulement et ne changera pas quand on changera x en — x. 

Dans ces conditions on peut poser : 

F= 2^,^(0 cos wx. 
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Nous aurons alors ^ Tr ^^ ^ 2^ /^\^ 

AV= T-^ = — zrrr^^{t) cos mx, 

dV 

^ =X^i^{t) COS mx. 

Si dans l'6quation dV __ ^^y 

dt 

nous faisons a* = 1 pour simplifier il vient : 

et enfin V = XA^e" "'' cos mx . 

Donnons-nous la temperature "Fq k Uinstant initial t=0. Vq pourra toujours 
etre developp6e par la s6rie de Fourier sous la forme : 

Vq = 2-4^ cos mx . 

La s6rie du 2^ membre XA^ cos mx est toujours convergente, mais la conver- 
gence pent n'etre pas absolue. 

En vertu d'un theorfeme d'Abel, si Ton prend 

F=2Ac-"*' cos ma (3) 

on aura quand t tendra vers 

lim V= Fo. 

L'equation (3) nous fournit done la solution du problfeme. 

II semble que la condition A == n'ait jou6 aucun role dans ce calcul ; ce 
n'est 1^ qu'une apparence k la quelle il ne faut pas se tromper. 

Nous pouvons, il est vrai, dans tons les cas possibles, d6velopper F par la 

s6rie de Fourier, et 6crire : 

F= 2<^,»(^) cos mx. 

Mais pour que nous ayons le droit d'en conclure 

d^V 

-r^ = — 27n*^« (t) cos mx 

il faut que la s6rie (et d'ailleurs il suflBt) 

2tn*^« (<) cos mx 
soit convergente. 
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Pour cela il suflBt que I'on puisse trouver un nombre K tel que 

D'apr^s un th6orfeme que j'ai demon tr6 dans le Tome III du Bulletin Aetro- 
nomique (Sur un moyen d^augmenter la convergence des s6ries trigonometriques) 
la condition (4) 6quivaut k la suivante ; la fonction representee par la s6rie 

f{x) = X^nt cos mx 

devra etre continue ainsi que ses trois premieres derivees. Or cette fonction est 
6gale k Fentre les limites — n et + 7«; si on est en dehors de ces limites on a : 

/(x)= F(a: +2p7t), 

p 6tant un entier positif ou n6gatif choisi de telle sorte que x + 2pn soit compris 
entre — n et + 7t . 

Comme Fest continue ainsi que toutes ses d6riv6es, il ne pent y avoir de 
discontinuity qu^aux deux limites x=^ ±n. Si done nous d6signons pour un 
instant par F', V", etc. les derivees successives de F par rapport Ji cc, on devra 
avoir: y {n)=V {-n), (6) 

F (7t)=F (-TT), (6) 

F'(7t)=F'(-7t), (7) 

F''(7t)= F''(— 7t). (8) 

La fonction F6tantpaire les conditions (6) et (7) sont remplies d'elles-memes. 
D 'autre part F' et F''' sont des fonctions im'paires de sorte qu'on doit avoir : 

F (7t) = — F (- 7i), V^'f {%) = — T" (— n) 

et que les conditions (6) et (8) peuvent s'6crire : 

F(7t)= F''(7t)=0, 

c'est-i-dire que pour a; = 7« on devra avoir : 

^ = ^ = ^- (') 

Si A = , on doit avoir pour x = ti; : 



— = — = 
dn dx 
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Cette condition ayant lieu, quel que soit t on aura : 

€PV_(PV_ 
didx dx^ 

Les conditions (9) sont done remplies, et notre calcul est legitime, mats seuJement 
dans le cos efe A = . 

Cela po86 consid6rons la s6rie 

Vq = XA^ costwx. 

En g6n6ral la serie : Xm^A^ cos mx 

ne sera pa^ convergente de sorte qu'on ne pourra pas 6crire : 

da? 



A Fq = —-^ = — 2w^J.^ cos mx . 



II en resulte qu^on n'aura pas en g6n6ral : 

lim AF=: AFq quand t tend vers 

et qu'on n'aura pas non plus : 

dV 
lim -^ = AFo quand t tend vers 0. 

C'est ce qui explique pourquoi le d6veloppement suivant les puissances de t 
est g6n6ralement inapossible. 

Revenons maintenant au cas g6n6ral : 

On a pour < ]> dV^ hV=: 

dn ' 

ou en diflKrentiant par rapport k t: 

(PV ^ ^ dV ^ 

m^ + ^-dr=^ 

^^^ ^+^AF=0. 

dn 

En diff6rentiant p fois on trouverait de meme 

dA'^F 



dn 



+ hA^V=0. 



Pour que le d6veloppement suivant les puissances de t soit possible, il faut 
6videmment que Ton ait : 

-^ + AFo=0, ^^Yl + hA^V,= 0. Q>=1, 2,,...,adinf.) 
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Ces conditions, en nombre infini, sont n6ces8aire8 ; j 'ignore si elles sont suffisantes 
quoique cela puisse sembler probable. Je n'insiste d'ailleurs sur tons ces points 
que pour mieux montrer avec quelles precautions il faut toucher aux Equations 
aux d6riv6e8 partielles. 

Passons maintenant ^ TexposS des lois g6n6rales du refroidissement. 

Consid6rons d'abord l'int6grale suivante : 



A=fy^dn;. 



Je dis que cette integrate ira toujours en diminuant ; nous trouvons en eflfet : 

II vient ensuite : 

ou en vertu de l'6quation (2) 

fvAVd^=—hf V*da — y*2 (4^")**^ = — 5 < 
et par consequent : ^ = -2a*B<0. c. Q. P. D. 

Je dis maintenant que si h n'est pas nul, / V*ck tend vers quand t croit 
ind^finiment. On a en eflfet ^ >^ r 

ou en appelant A^, la valeur de A pour < = <oi 

Si h n'est pas nul, ki n'est pas nul non plus, et I'on a : 

lim ^ = pour t= oa c. Q. p. d. 

Je dis maintenant que le rapport — va constamment en diminuant : 
II vienteneffet: d /B\ AdB—BdA 



— (-) = 
dt \aJ 



A^dt 
35 
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de sorte qu'il 8'agit de d^montrer rin6galit6 suivante : 

Nous devonft done d'abord calculer -^7- , il viendra : 

at 



dB 



= -^fy^re.^-f^^y^-fy^^^. 



dt 
L'6quation (1) nous permet done d'6crire : 

Or si Vet CTsont deux fonctions satisfaisant k la surface du corps k I'equation 
(2) le th6or6ine de Green nous apprend que 

f{VAU—UAr)(Jk=0. 

Mais Vet AFsatisfont k Tequation (2). On a done 

f FA» Vdt =f{A 7)«ck 

et par consequent : ^ _ _ 2a« Aa Vfck 

ce qui montre d6ja que B est decroissant. 

Nous pouvons 6crire (en appelant ck' un 616ment de volume du corps autre 
que ck et designant par V la valeur de V au centre de I'^lement dr') 

^ = 2a' f FA Fcfo' ; -^ = - 2a»/( A F)'c*r' 
et par consequent : 

A^-B^ = -2a' [fv*drf{AWydr' -fvAVdrfwAWdr'] 
ou A^-B^^- ^'ff[{ VAVy - FFAFAF] drdr'. 

Comme rien ne distingue dr de dr*, nous pouvons 6crire 6galement : 

A^-B^=- 2a^ff[{V'AVy - FF'AFAF] drd^, 
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d'oii ajoutant les deux valeurs de A -^ B -=-- et divisant par 2, 

*'»" A^-B^<0. o.«.r.D. 

oc as 

Nous avons vu plus haut que Ton a : 

cette inegalit6 peut dans certains cas etre remplac6e par une autre. Supposons 

que Ton ait: /^^ /% /% 

^ J VU^ck =fvu,dr -.... =fVUn^idt = 

nous aurons d'aprfes definition meme des quantit6s k^ et U^: 

il viendra done : J^ = _ 2a«5 < 2a»M 

et ^ < ArfT*''"'*. 

Etudione maintenant les variations de I'int^grale : 

Le th^orfeme de Green donne : 

En vertu des 6galit6s 

le premier membre est nul ; on a done : 

fUnAVdi^=fvAU^d'r=-KfvU„€k = -k„J, 

et j; = J2e-'H 

J^ repr^sentant la valeur de I'int^grale J^ pour < = 0. 
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Etudions encore les variations de Fint^grale 

oft Fi represente la temperature a Tinstant t et F, la temperature &. Tinstant 
h — t. Ilvient: 

or en vertu du theor^me de Green et des Equations 

le second membre est nuL Done H est une constante qui ne d6pend que de h . 

Si nous faisons ^ _ i ^ _ * 

t-h — t- — 

il vient : ^i = ^« 

Si done Fj et T^ repr^sentent les temperatures k deux instants quelconques, 

Tintegrale r^^. 

J V^V^dr 

sera toujours positive. 

Nous avons vu plus haut que Tintegrale 

consid6r6e comme fonction du temps va toujours en d^croissant. 

2 



Done H qui si I'on fait < = -^ se r6duit h 



fvidft 
sera une fonction d^croissante de h. 



= a»/*7iAFj£fe<0. 



Or nous trouvons : dH 

Nous trouvons de mSme 

r FjA Vjck =r FjA Vjck < , 
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Si done Vi et V^ repr6sentent les temperatures k deux instants quelconques, 

rint6grale /^^ „ , 

^ J V^AV^dr 

sera toujours negative. 

Arrivons maintenant au problfeme principal ; 6tant donn6e la temperature 
au temps < = , trouver la temperature a un instant quelconque. 

Soit Vq la temperature a Tinstant < = . 

La solution classique consisterait en ceci : 

Developper Vq en une serie de la forme suivante : 

Vo = A^U^ + A^U^ + +A^U, + , 

les A etant des constantes. 

On aura ensuite k un instant quelconque : 

V= A^e'-'^^'U^ + -4^---'*«'J7,+ . . . . + A^e-^^'-'U^ + 

Cette solution est subordonnee k la possibilite du developpement, et c'est cette 
possibilite que nous ne sommes pas encore en mesure de demontrer d'une 
manifere generate. 

Voici toutefois ce que nous pouvons dire. 

Soient -4^, J-g, , . . . , -4^ des coejBScients quelconques; posons: 

Fo = ^1 ?7i + ^2 ?72 + ^-A^U^ + R^ 

et proposons-nous de determiner les coeflScients A de telle fapon que I'erreur 
moyenne commise soit minimum. 

Nous prendrons, k Fexemple de M. TchebicheflF, pour mesure de Terreur 
moyenne commise Tintegrale suivante : 

Oherchons done le minimum de Tintegrale 

fiy,-A^U^ — A^U^-. ... - A^U:f&v. 
Cette integrale sera minimum quand on aura : 

fu^{V,-A^U^)d;v = 
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ou (puifique nous avons par definition 

quand on aura : Ap=iJ^. 

Nous sommes done conduits ^ 6crire : 

Fo = JfJTi + J^U, + ....+ JlUn + R,. 

II r^sulte de 1^ que Uerreur moyenne commise /SJ) va en diminuant quand n 
augmente, mais non que cette erreur moyenne tende vers quand n croit au 
delSt de toute limite. D'ailleurs /% pourrait tendre vers sans que R^ tendit 
vers 0. 

Remplapons toutefois Fq par sa valeur approch^e 



Nous en d6duirons ^"^"^ 






nous rappelons que nous avons pos6 

/F?7^=:e7p = J5e-«'H 
Posons done : F= Ji J7i + JaCT, + •... + J^ 27^ + iiJ, 

et prenons pour mesure de Terreur moyenne commise : 

S=fR^dft, 

je me propose de d6montrer que Ton pent prendre n assez grand pour que 
I'erreur moyenne S commise sur la temperature st un instant donn6 soit aussi 
petite qu'on le veut. 

En efifet R satisfait aux Equations 

at an 

Si done la temperature initiate 6tait jBq, la temp6rature S, un instant ulterieur 
serait representee par R. 
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De plus on a, comme il est ais6 de le verifier : 

^RTJ^dfi—jRJJ^dn:— —fRUJk—O. 

Done d'aprfes un lemme que nous avons d6montr6 plus haut, on aura : 

Or quand n croit au delS, de toute limite, S^ d6croit (sans que nous sachions 
s'il tend vers 0), h^^i croit au delide toute limite et Texponentielle e*~*'*^+*^ tend 
vers 0. Done S tend vers 0. €• q. f. d. 

Nous avons done d6montr6 que Ferreur moyenne S tend vers 0, mais non 
que R tend vers 0. Oela pent toutefois nous suflSre pour le moment. En eflfet 
comment pourrjiit-il arriver que 8 tendit vers sans qu'il en fut de meme de jB? 
II faudrait pour cela que la valeur de R subit des oscillations d'autant plus rapides 
qtie n serait plus grand, de telle fapon que pour n tr^s grand, R prendrait en des 
points trfes rapproch6s des valours trfes dififerentes. Aucun physicien ne doutera 
que si un pareil 6tat de choses existait h, I'instant initial, il ne saurait subsister. 
C'est ce qui m'engage i me contenter pour le moment des considerations qui 
pr6c6dent. 

Je terminerai ce paragraphe par la remarque suivante : 

Si Fq est partout positif, F sera aussi positif pour toutes les valours de t et 
pour tons les points du corps. Or quand t croit indefiniment, le rapport : 



tend vers Tunite. 

Done Ui doit etre une fonction qui est positive en tons les points du corps. 

montre que la fonction Ui est la seule des fonctions U^ qui jouisse de cette pro- 
priete. 

§4. — ProprUtes des Fonctions U^. 
Reprenons la fonction U^ definie par les Equations : 
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Ou en supprimant les indices qui nous sont inutiles pour le moment : 

Soit T une fonction satisfaisant comme U S. T^quation : 

Si Test finie et continue ainsi que ses deriv6es a Tint^rieur du corps, on aura 

/(^f-^f)*'=<' 



ou 



les int6grales 6tant ^tendues i la surface du corps. 

Supposons maintenant que la fonction T ne soit plus finie a Fint^rieur du 
corps qu'elle devienne infinie au point (aro, yo» ^ situ6 h. I'int^rieur du corps; 

mais de telle fapon que la difference T (oi^ r d6signe la distance des deux 

points a, y, z et 5Co, yo> 2i)) reste finie ainsi que ses d6rivees. 



On aura alors : 



/(^f-^f)'^=-^''^. 



TP d6signant la valeur de U au point aro, yo» ^o- C'est ce que j'ai dej^ expose ^ 
propos de la Diffraction dans ma Theorie Math6matique de la Lumi^re. 

In vient done : /j^(i^ + kt) (fa, = - 4n?7». 
Soit maintenant : a = ^/k 

et nn 6 

r d^signant encore la distance du point mobile x, y, z au point fixe x,, ^q, Zq. 
On aura alors : 



fu(^^ + hT)da=0 ou -A7tU\ 



selon que le point Xq, y^, Zo est ext^rieur ou int6rieur au corps. 
On a d'ailleurs dans ce cas : 

dT I e*" /. 1 \ 

-^ = co84-(ta-_;, 
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i|/ 6tant Tangle de la normale a la surface du corps au point », y, z avec la droite 

qui joint ce point au point fixe otq, yo» ^* 

Nous poserons pour abr6ger 

dT 

an 
et nous regarderons -ETsoit comme fonction de r et de 

r cos T^ = ^ 

soit comme fonction de x, y , z et de xq, y^^, z^^. 
On aura alors : 

rcoa'tl, = 7i{xo — x) + [1(2/0 — y) + v(zo — z), 

%^ [i^ V. designant les trois cosinus directeurs de la normale ^ la surface du corps. 
On en d6duit : dff _ dff x^ — x dH 

da?o dr r d$ '^ 

On a ensuite si le point Xq, y^, Zq est interieur au corps : 

Cela va nous permettre de trouver une limite superieure de Uq et de ses d6riv6es. 
Soit en effet A la plus grande valeur que puisse prendre | J7| a la surface 
du corps, on aura 6videmment : 

Les deux int6grales qui entrent dans ces deux inegalit6s 



/|S|rf»et/|g|rf» 



se calculent ais^ment quand on connait la forme de la surface du corps et le 
nombre positif jfc. Elles ne dependent que de Xq, yo, Zq. 

Quant au coefficient A, nous n^avons jusqu'^ pr6sent aucun moyen de le 
d6termin6r. 

Commenpons par 6tudier les variations de la premiere integrale / jj^lrfo. 

Cette integrale est 6videmment finie tant que le point Xq, y^, Zq reste inte- 
rieur au corps. On a en effet : 
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de sorte qu^il viendra : 

S d6signant la surface totale du corps et p la plus courte distance du point 

a^o> yo> 26 ^ cette surface. Je dis maintenant que notre int^grale tendra encore 

vers une limite finie quand le point Xq, j/q, Zose rapprochera ind^finiment de cette 

surface. 

Posons en eflFet : rr ^ cos tI/ , rr 

-a= — p- + i/i. 

Hi sera une fonction qui ne deviendra pas infinie meme quand r s'annulera. 
Nous trouvons en eflfet : 

^ |tar«*"'— e^ + 1 I ^ , - 
<"'> J ^ <4a' 





e*"--l _^ 


ar 
8m 2 




r 


r 


et enfin : 


1^1 < ha + 4a', 


d'ovl: 


/*l TTI 7 ^ - 


I C/ t A 



f\E\do<haS+4a'S+hf^+f^\00B'^\. 

II est ais6 de voir que quand le point Xq, y^j Zq ae rapproche indefiniment de la 
surface du corps, les int6gralesj ' ^^^ '^ ' et Tint^grale / — tendent vers des 

limites finies. 

Si d'abord le corps est convexe, de telle fapon qu'une droite ne puisse couper 
sa surface en plus de deux points ; cos t|/ est positif et Ton a : 

Si le corps n'est pas convexe, et qu'une droite puisse rencontrer sa surface en n 

points on aura: TIcosiM , ^^, ,. 

I J — -j-^ do < 4 (n — 1) 7t 

car rint6grale s'obtient en d6crivant du point Xq, j/q, zq comme centre une sphere 
de rayon 1 et en faisant la perspective de la surface du corps sur la surface de 
cette sphere, le centre de la dite sphere etant pris comme centre de la perspective. 
Un point de la sphere sera alors au plus la perspective de n — 1 points de la 
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surface du corps ; de sorte que la somme arithm&Hqve des aires des perspectives 
des divers 616meiits de cette surface sera au plus 6gale k n — 1 fois la surface de 

la sphere. Or cette somme arithm6tique est precis^ment Tintegrale, / '^^'^1 do. 

La somme alg6brique serait Tint^grale J^^^ da. 

Ainsi / J — -^^ dui tend vers une limite finie ; il reste ^ d6montrer qu'il en 
est de meme de Pdo) 

Or cette int6grale repr^sente le potentiel d'une couche uniforme de mati^re 
r6pandue a la surface du corps, et I'on sait que ce potentiel est fini. 
Si nous passons maintenant k rin6galit6 : 



f<vifh. 



elle nous permet de d^montrer qu'i I'int^rieur du corps les d6riv6es premieres (et 
on le d6montrerait de la meme fapon pour les d6rivees d'ordre sup6rieure) de la 
fonction Uq restent finies ; mais elle ne nous permet pas de voir si ces derivees 
tendent vers une limite finie quand le point arc yo> ^ se rapproche ind6finiment 
de la surface du corps. 

Nous aliens maintenant chercher ^ obtenir une limite sup6rieure du coeffi- 
cient A . 

Pour cela il nous faut d6montrer que U est une fonction continue. 

Cela est Evident pour les points situ6s a Tint^rieur du corps puisque nous 
venons de voir qu'en ces points on pent trouver une limite sup6rieure des d6riv6es 
de U. 

II reste h d6montrer que U est encore une fonction continue sur la surface 
du corps, et pour cela il nous faut une expression de Uq quand le point Xq, yQ, z^ 
est sur cette surface. 

Nous avons trouve plus haut 

fuffdu = ou —4nUf, 
selon que le point a^, y^, Zq ^st ext6rieur ou interieur du corps. 
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En vertu des memes principes, on aura 

si le point Xq, y^, z^ est sur la surface meme du corps. 

Si ici, yoj "4 ®st "D autre point situ6 6galement sur la surface du corps et si 
W et Ul sont deux fonctions form^es avec le point a;©, yl, Zq comme fi'et tT^ le 
sont avec le point aro, yoi 2©; il viendra : 

fu{H—H')d<^ = 2n{Ul,— U,) 

^'''^- \Ui—U,\<Af\E-W\d<^. 
II nous reste h 6tablir que : Ci tt ttm ^ 

tend vers quand le point Xq, y'^, Zq se rapproche indefiniment du point Xq, y^, Zq- 
Remarquons d'abord que nous pouvons poser : 

Hi a merae signification que plus haut; Hi est form6 avec le point scq, yd, zd 
comme 5i avec le point Xq, yo» Zq; / designe la distance du point xd, yd, zd au 
point X, y, z et Tangle i^' est defini avec le point ccq, ydj 4 comme Pangle 'v// avec 
le point Xq, yo, Zq. 
On a done : 

/|S-ff|<fc<*/|.l_J.|rf„+/|?^_5^'|<,„+/|i7,_ff.'i&. 

II suflSt done de demontrer que les trois int6grales 

tendenl vers quand les deux points se rapprochent indefiniment. Cela est 
evident pour la troisifeme; car 5i est une fonction continue et finie de Xq, y^ et z^. 

D6montrons-le maintenant pour la premiere. 

D6composons la surface S du corps en deux r6gions cr et cr' ; et supposons 
que les deux points Xq, y^, z© ^t ^» vd^ 4 appartiennent a la region a. 
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Je dis que je pourrai prendre ces deux points assez rapproch^s pour que 



Tout d'abord nous savons que les deux int^grales 



da)<l 6. 



f^-S 



do 



sont finies et determinees. II en r6sulte que nous pourrons prendre la region a 
assez petite pour que : 

quelle que soit la position du point ccoi yo» ^j^ dans cette region a d'oii : 






2e 



La region a doit d6sormais etre regardee comme enti&rement d6termin6e, 
mais nous pouvons encore faire varier dans cette region le point Xq, yl, z^. 

Si maintenant / designe la distance du point otoj yo» ^l ^ ^^ point a;, y, z 

quelconque de la region a'; -j- sera une fonction finie et continue de Xq, yo» 2:0 ^^ 
cette fonction tendra uniform^ment vers — quand a:i, yi, z^ tendront vers aro, yo» ^o- 

Cela sera vrai tant que le point x, y, z restera sur la region a', puisque les points 
^oj yo» 2^0 ®t ^oi yo» ^0 n'appartiennent pas k cette region. 

On pourra done prendre le point Xq, y'^, Zq assez voisin du point a:©, yo, z^ 
pour que P] 1 1 

•/<r' I ~^^ r^ 

et par consequent : /* M ^ 



"'"<T 



rf(d<l 8. 



C. Q. F. D. 



On 6tablirait de la meme mani^re que 

limf\H—H'\da = 



dt»<0. 



On a done : 

ce qui signifie que la fonction U est continue a la surface du corps. 
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Cette demonstration ne montre toutefois qu'une chose, c'est que Uq tend 
vers Uq, quand le point jcq, j/q, Zq appartient a la surface du corps et que le point 
^j Voi ^ s'en rapproche en restant lui-meme sur la surface du corps. EUe ne 
nous apprend rien sur ce qui arrive quand le point Xq, y^, ^ est int^rieur au 
corps et se rapproche de a:©, yo» ^o soit normalement, so it obliquement k la surface 
du corps. On pourrait observer toutefois que 

6tant fini, U^ doit tendre vers Uq quand la droite qui joint les deux points est 
normale k la surface et il serait aise d'en conclure, par un petit raisonnement 
trfes simple, qu'il en est encore de meme quand cette droite est oblique. 

Mais cela ne saurait nous suflSre, parce que nous avons besoin pour notre 
objet d'assigner une limite sup6rieure de | tTo — J7o|. 

Si comme nous'le supposons le point aro> yo> 2© est sur la surface du corps et 
le point xi, yot zl^k Tint^rieur, on aura : 



fnUcUa — 2nUo = — 47t [7o, 



*^'^^ f{H— H') Udo —2nUo=—4niU, — U^) . 

Nous avons done : 

-4n{U,- US) = a/(^ - ^) Ud<. 

+f(^H, - Hi) Udo +/(5^' - ^) Udi, - 2nU,. 

II nous faut d^montrer que les trois int6grales du 2" membre tendent respect! ve- 
ment vers 0, et 27tUo quand le point x'o, yl,, z^ se rapproche indefiniment du 
point Xo. 2/0. 2o- 

Or on a: \f(H^-H^) jjd^ < Af\H,-H{\dci 

et on verrait comme plus haut que 

\imf\Hi — B{\da = 0. 
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II n'y aurait rien a changer h la demonstration que nous avons donn6e dans le 
cas qui pr6eMe. 
De meme on a : 

|/(f-^)^<"-l<V|4-fh 

" liin/|i-J,|A.= 0. 

Ici encore il n'y a rien ^ changer k la demonstration que nous avons donn6e dans 
le cas precedent. 

II reste ^ 6tablir que : 



\unf(^-S^)Udo=2nU,. 



D^composons la surface S du corps en deux regions <t et a' et supposons encore 
que le point Xq, t/o, Zq soit situ6 dans la region a; il viendra : 

/(^ - ^) J^*' =X(^ - ^) w. 

Je dis que je puis prendre le point ctq, Po, ^ assez voisin de x^^ j/q, Zq pour que la 
diflFerence de 27tUoet du premier membre de I'identit^ (2) soit plus petite en 
valeur absolue que e. 

En premier lieu, la fonction U 6tant continue k la surface du corps, nous 
pourrons prendre la r6gion a assez petite pour que sur cette region on ait : 

\U-Uo\<^, 
^ 6tant une quantity aussi petite que Ton veut. II vient alors : 

Or nous venons de trouver 

/|?^|<fo<4(«-l)„, 

n 6tant le nombre maximum des intersections d'ujie droite avec la surface du 
corps. 
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II vient done : 

|X(^-^)(«^-f^)A.|<s(»-i)«<i. 

Car, f 6taiit aussi petit que je veux, je puis toujours prendre 

La region a doit etre regard6e maintenant comme enti^rement d6terniin6e, mais 
je puis encore faire varier le point Xqj yl^, z^. 

Nous vojons d'abord que le point a\), ^o, ^o ne faisant pas partie de la region 



<^', on a : ^.^ /• | cos ^ cos 'J/ 



'X|^- 



dQ = 0, 



de sorte qu'on peut prendre le point Xq, yo, Zq assez voisin du point Oq, yoi ^o pour 
que: /•Icosi// cosif/l , ^ e 

et par consequent pour que : 

|X(^-^)*|<i- 

D 'autre part l'int6grale /»co8 -i' 

r^pr6sente I'angle solide sous lequel on volt le contour de la region o du point 
4. yo, 2o. et I'int^grale 



X 



COSl^ 



da 



r6pr6sente Tangle solide sous lequel on voit le meme contour du point Xq, y^^ Zq. 
II en r6sulte que : 

On peut done prendre le point Xo> ^oi sso assez voisin de Xo? yoi ^ pour que 

I /•/cos 4^ cos •iJ'N ^ o- I ^ ^ 



ou; 



II vient alors 
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^ 3 ' 



<f. C. Q. F. D. 



Voici le r6sum6 de cette longue discussion. 

Soient Xq, yo» ^) ^o> Ijln ^ deux points situ^s soit k TintSrieur du corps, soit 
k sa surface. Soient Uq et Uq les valeurs de U en ces deux points ; on aura : 

A 6tant la plus grande valeur de | ?7| i la surface du corps ; quant kO ce sera 
une fonction de Xq, j/q, Zq, Xq, yi, 4 que Ton pourra determiner complfetement ^ 
Taide des considerations qui pr^cfedent quand on connaitra la forme du corps. 
Ces considerations nous fournissent en effet une limite 8up6rieure de \Uq — Uq\ 
puisqu'elles nous montrent comment on doit choisir les deux points x©, yo» ^^ 
^of ydi ^ po^r que | Uq — ?7o'| soit plus petit que e. 

Je n'attirerai I'attention que sur deux des propriet6s de la fonction d. Bile 
est essentiellement positive et elle tend uniform6ment vers quand le point 
^o> ydi 2?i se rapproche indefiniment du point Xq, yo» ^^ 

Regardons d'abord le point Xq, j/q, z^ comme fixe et situ6 sur la surface du 
corps et faisons varier le point x©, yoi ^' Nous pourrons diviser le volume du 
corps en deux r6gions que nous appellerons E et E' et que nous d^finirons 
comme il suit : 

Quand le point Xq, ^oi ^ ^^^^ ^^^^ la region E on aura : 

e<i. 

Quand ce point sera dans la region ^ on aura : 

e>l. 

La region E existe certainement et son volume ne pent etre nul, puisque 6 est 
trfes voisin de quand le point Xq, yd, Zq est trfes voisin de Xq, yo> ^* 

Si nous supposons en particulier que le point Xo, ^o^ ^ soit celui des points 
de la surface du corps oii | U\ atteint sa valeur maximum A ; on aura : 

m\>A{i-e) 

tant que le point x^, yi, zl, restera h. I'int^rieur de la region R. 
37 
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Soit ch* r616ment de volume du corps dont le centre de gravit6 est Xq, y^, 9^. 

rintegrale 6tant 6tendue au corps tout entier ; et par consequent 

rintegrale 6tant 6tendue seulement k la region R. On en d6duit: 

Cette in6galit6 est vraie pourvu que Ton ait choisi pour le point Xq, yo> ^o c^l^i 
des points de la surface du corps pour lequel 

\U\=A. 

Malheureusement nous ne savons pas quel est celui des points de la surface pour 
lequel cela a lieu. Mais nous pouvons tourner la difiScult6 de la fapon suiyante. 
L',nt6gr.le X(l-e)W 

pent etre calcul^e d^ que Pon connait la forme du corps et le point stq, j/oj ^* 
C'est done une fonction de Xq, yo, Zq. Cette fonction ne pent jamais s'annuler. 
EUe aura done un minimum M que Ton pourra determiner dfes qu'on connaitra 
la forme du corps. II vient ainsi 

d'oii ^^ 1 



Ainsi nous pouvons determiner une limite superieure du coefficient A et par 
consequent une limite superieure des derivees d'ordre quelconque de CT en un 
point quelconque de Tinterieur du corps. 

§5. — Retour h VHypotJi^e moleculaire. 

Dans les raisonnements qui remplissent les trois paragraphes precedents, il 
y a un point faible que j'ai deja signaie plus haut. 

Apr^s avoir montre qu'une certaine integrale ne pouvait pas s'annuler, nous 
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en avons conclu que cette int^grale devait avoir an minimum, et nous avons 
d6termin6 la fonction U qui correspond k ce minimum par le calcul des varia- 
tions. Or cette application n'eut 6t6 legitime que si nous avions d6montr6 
d'avance la continuity de cette fonction U. C'est d'ailleurs la meme objection 
qui empeche de regarder comme rigoureuse la demonstration du principe de 
Dirichlet par Riemann. 

II est vrai que dans le § pr6c6dent, nous avons trouv6 une limite sup^rieure 
de la d6riv6e de cette fonction U', mais, si Ton voulait s'en servir pour justifier 
I'emploi du calcul des variations, on commettrait une petition de principe ; tout 
au plus ce r^sultat peut-il mettre sur la voie dans la recherche d'une demonstra- 
tion satisfaisante. 

II faudrait done, pour obtenir une th6orie analytiquement rigoureuse, 
employer des proc6des analogues k ceux qui permettent d'6tablir le principe de 
Dirichlet et pent etre des precedes plus compliqu6s encore. 

Je ne Tai pas fait; mais j'ai pens6 qu'il 6tait possible d'obtenir une demon- 
stration rigoureuse au point de vue physique de la fapon suivante. Au lieu de 
consid6rer Pequation difFerentielle de Fourier en elle-meme, rappelons-nous 
quelle est sa signification physique et comment on Fa obtenue. 

On consid&re un corps solide form6 d*un trfes grand nombre de molecules. 

Soient ir tlt tlt 

ces molecules, n est un tr^s grand nombre. Soient 

M> ^> . . . . , V^ 

les temperatures de ces molecules. 

La molecule Mt enverra k la molecule M^ une quantite de chaleur egale k 

Cut etant un coefficient independant des temperatures, ne dependant que de la 
distance des deux molecules ; ce coefficient est tr^s petit d^s que cette distance 
devient sensible. 

En outre, cette molecule Mi rayonnera au dehors une quantite de chaleur 
egale i: Q^y^^ 

Oi etant un coefficient qui n'est sensible que pour les molecules superficielles. 
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Si nous choisissons Tunit^ de chaleur de fapon que chacune de nos mol6'cules, 
que nous supposons toiites pareilles entre elles ait pour chaleur sp^cifique I'unit^, 
nous pourrons 6crire : 

Jr='n 

^ + ^C,,{V,-V,)-\-C,V, = (1) 

et nous aurons n Equations pareilles en faisant {= 1, 2, . . . • , n. 

C'est en transformant le systfeme (1) que Fourier est arriv6 aux 6quations 
qui nous ont occup6s dans les §§ precedents. Pour cela il passe k la limite, de fapon 
a passer des Equations aux differences finies aux Equations difiSrentielles et en 
tenant compte de I'isotropie du corps. Mais si l'6tude de ces Equations differen- 
tielles nous conduit k une de ces difiScult6s qui tiennent h la consideration de 
rinfini, nous ne devons pas oublier que cette difficult6 est factice, puisque au 
point de vue purement physique, ces Equations diff6rentielles ne sont \k que 
pouf remplacer des Equations aux differences finies qui en different trfes peu et 
pour lesquelles cette diflBcult6 n'existe pas. II y a done interet k 6tudier le 
systfeme (.1) en lui-meme. 

Cette 6tude ne pr6sente aucune diflBcult6 puisqu'il s'agit d'un systfeme 
d'6quations lin6aires k coefficients constants. 

Posons done : Vi = C7i6~"^ 

les Oi et a 6tant des constantes ; les Equations (1) deviendront : 

aU,= X,G,,{U,- U,)+ G,U,. (2) 

En 61iminant les n constantes Ui entre ces n Equations (2), on arrive k une Equa- 
tion de degr6 n en a que j'ecrirai : 

^(a)=0. (3) 

Soient ai, Oa, . . . . , a„ les n racines de TEquation (3); considerons une de ces 
racines que j'appelle a^. Quand dans les Equations (2) on fera a = ap, ces 
Equations deviendront compatibles et on en tirera : 
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L'int6grale g6ii6rale des Equations (1) sera alors: 



F„= A,e-^'U,^+ A,e'^U^+ .... + A^c^U^^, 

J.1, -42» • • • ' > ^n etant n constantes arbitraires d'int^gration. 

On voit d6j^ par IS. que la veritable solution est bien de la forme &. laquelle 
nous avions 6t6 conduits dans les §§2 et 3. Mais la forme symStrique des Equa- 
tions (2) va nous en apprendre d'avantage. La quantity de chaleur envoy 6e par 
M^h, M^ doit etre 6gale a celle que repoit Mj, de Jf^, on a done : 

Bnvisageons done la forme quadratique positive : 
les Equations (2) pourront s'Ecrire : 

Si nous regardons Ui, CT^, . . . . , U^ comme les coordonnEes d'un point dans 

Tespace ^ n dimensions, I'Equation 

$=1 

reprEsente un ellipsoide puisque la forme <I> est positive. 

Comment devrait-on procEder pour trouver les axes de cet ellipsoide. II 
faudrait prEcisement rEsoudre les Equations (2 bis), Eliminer les Oi entre ces 
Equations, ce qui donnerait TEquation (3). 

II rEsulte de la que TEquation (3) a toutes ses racines rEelles et positives. 
Ce rEsultat est connue de tons sous cette forme pour les ellipsoides dans I'espace 
ordinaire ^ 3 dimensions. II est vrai encore dans le cas qui nous occupe, comme 
nous Tapprend la thEorie des formes quadratiques. 

En effet la forme <E> pent etre dEcomposEe en une somme de n carrEs et nous 
Ecrirons cette dEcomposition sous la forme suivante : 

* = tti^)! + a«<^| + + d^^l 

oh: 1>p=U^iUi+ U^2U,+ ....+ U^nU^, 

C^i) C^> ®tc. Etant des constantes. 
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Soit maintenant : 

0= I7?+ U} + + I7J. 

La th6orie des formes quadratiques nous apprend que I'ou peut choisir la decom- 
position de $ de telle sorte que : 

© = 4>i + 4>2 + +Pl 

ce qui entraine les conditions : 

U^i +U^ +....+ D^ =1, (4) 

U^iU,i+ U^,U^ + ....+ U^nU^=0. {p>q) (6) 

Si done on 6crit les n Equations simultanees : 

4>p = l, 4>. = o ip^q) (6) 

ces Equations admettront pour solution : 

?^i= J^pi, U,= Up,,.... U^= U^^. (7) 

Or ces Equations (6) entrainent les suivantes : 

1 ^ _ d^ _ d^ rr — ^ ^ —A. ^^ — ^sl 

2 dU,-''^^^dU,-'^^dU,' ^'- 2 dU,-^^dU,-dU, 

d'oi: 1 ^ _ rr 

T dU,-''^^'' 

Nous retrouvons les Equations (2 bis) . Les valeurs (7) des ?7et la valeur o^ de a 
nous repr^sentent done une solution de ces Equations (2 bis). 

Quelle est maintenant la signification de ces nombres oi, oj, . . . . , a«. Sup- 
posons que ces nombres qui sont tons r6els et positifs soient ranges par ordre de 
grandeur croissante. 

II est clair que ai sera le minimum du rapport : 



© *i + <?>! + — + <?>i 



n 



Si maintenant on suppose que les n variables U ne soient plus arbitraires, 
mais soient li6es par la relation 

4^1 = (8) 
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on yerra que o^ sera le minimum du rapport : 

Si les U sont li^ par les deux relations 

^1 = 4)3 = , (8 bis) 

Og sera le minimum du rapport : 

et ainsi de suite. 

L'analogie avec Tanaljse du §2 est ^vidente ; il suffit pour retrouver cette 
analyse de passer k la limite comme Ta fait Fourier. 

Les 6quations (1) sont analogues aux Equations de Fourier : 

Les Equations (2) et (2 bis) sont analogues aux Equations qui d^finissent les 
fonctions i7et qui s'6crivent: 

AU+kU=0, ^+hU=0. 

Les nombres a sont analogues aux nombres k. 

La forme 4> est analogue k I'int^grale que nous avons appel6e B dans le §2 
et la forme 6 k rint6grale que nous avons appel6e A. 

L'6quation (4) est analogue k I'^quation : 



/ 



UMt=l 



et r6quation (5) (qui ezprime que les axes de notre ellipsoide sont rectangulaires) 
U'6quation: fu^U,dt = 0. {n>p) 

II est inutile de pousser plus loin cette comparaison, on comprend suflSsamment 
la parfaite identity des raisonnements, bien que ceux-ci soient parfaitement 
rigoureux dans le cas du present paragraphe, oil Tinfini n'intervient pas, et qu'ils 
soient an contraire sujets k de graves objections dans le cas du §2. 
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Ce n'est pas seulement dans PStude du problfeme de Fourier qu'on est con- 
duit k ces considerations ; on obtiendrait des r6sultats tout k fait analogues en 
envisageant au meme point de vue les autres probl^mes de Physique Math6- 
matique. 

Dans tons ces probl^mes on a ^ int6grer des Equations linSaires aux d^riv6es 
partielles. Ces Equations ont partout la meme origine. Les lois du ph6nom^ne 
veritable sont exprim6es par des equations lineaires aux diflF6rentieJles ordinaires, 
oii la seule variable ind6pendante est le temps et oii les inconnues sont en trfes 
grand-nombre; chacune de ces inconnues en efFet, repr6sentela valeur d'une certaine 
quantity relative k Tune des molecules du corps. Le nombre de ces inconnues est 
done kn, n 6tant le nombre des mol6cules du corps, et k le nombre des quantites 
relatives k chaque molecule. C'est par un v6ritable passage de la limite qu'on 
passe ensuite de Phypothfese mol6culaire a celle de la matifere continue et des 
Equations differentielles ordinaires aux Equations aux deriv6es partielles. 

Si done on revient momentan6ment a Thypothfese mol6culaire, on n'a plus 
affaire qu'S. des Equations lin6aires ordinaires k coeflBcients constants, et la seule 
diflBcult6 provient du tr&s grand nombre de ces 6quations. Mais il y a plus ; ces 
Equations pr6senteront presque toujours la sym6trie que nous avons observ6e 
dans les Equations (1) et on sera encore conduit k envisager une forme quad- 
ratique et tout sera ramen6 k la decomposition de cette forme en carres. 

Je n'en donnerai qu'un exemple ; j'envisagerai les Equations de I'elasticit^. 
Soient a;, y, z les coordonn6es d'une molecule quelconque, dans T^tat d'6quilibre 
lorsque les forces ext6rieures appliqu6es au corps sont nuUes; soient a + w, 
y + t?, z + t£? les coordonnees de cette meme mol6cule lorsque le corps 61astique 
est d6forme sous Taction de forces ext6rieures ; soit <I> la fonction des forces rela- 
tive aux forces 61astiques ; soient JT, F, Z les trois composantes de la force 
ext6rieure appliqu6e k la molecule consid6r6e. Les Equations d'6quilibre s'^cri- 
rontalors: a^ ^ d^ ^ d^ _ ^ ,^x 

Comme u, t?, w sont trfes-petits, nous pouvons d6velopper $ suivant les puis- 
sances de ces quantit6s et n6gliger les puissances d'ordre sup6rieure k 2. Les 
termes du 1®' degr6 doivent etre nuls, puisque r6quilibre normal est atteint pour : 

t^ = t? = t/?=: 0. 

Je puis supposer que le terme tout connu est egalement nul ; puisque <{> n'est 
determine qu'& une constante pr^s. 
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En r6sum6 $ sera une forme quadratique par rapport aux w, t?, «?, et oette 
forme sera positive parce que Fequilibre normal doit etre stable. 

Les Equations (9) seront done lineaires en w, t?, t^?. Le nombre de ces Equa- 
tions est le meme que celui des inconnues u^v^w] il est 6gal S, n, si le nombre 

des molecules est -^ . Afin de reprendre les memes notations que tout a I'heure, 

nous appellerons les n variables, ZZj, ZJg, . . . . , TJ^) alors si les trois coordonn^s 
d'une mol6cule que nous appelions tout a Pheure u, v, w, s'appellent main- 
tenant Upt ?^ + i, ^p+gi ^lous appellerons de meme X^, ^^i et Xp^g les com- 
posantes de la force ext6rieure appliqu6e h, cette molecule, composantes que nous 
appelions tout k Theure X, Y, Z et les Equations (9) deviendront : 

-^ = Xp. (j>= 1,2, ,n) (9 bis) 

Nous dEcomposerons la forme $ en carr6s comme nous Pavons fait tout h Theure 
et nous retrouverons les formules : 

© = <?>! +4>l +....+4>n, 
QznUl + £7? + + Ul. 

Les Equations (9 bis) deviennent alors : 



*=fi 

^ak4)ACr^ = Xp (p= 1, 2, , n) 



(9 ter) 



ik=l 



Multiplions la premiere de ces Equations par Ua, la seconde par C^ia, . . . . , la 
n* par C/i„ et ajoutons. En tenant compte des Equations (4) et (5) il viendra: 

a,4>,= UaX^+ U,^X^+. ...+ TJ,^X^, (i= 1, 2, . . . . , n) (10) 

Multiplions main tenant la premiere des Equations (10) par — ^ , la seconde par 

— ^ . . . . , la n® par — ^ ; en vertu des Equations d'orthogonalitE (4) et (6) ou 

plutot des Equations 

TJ\^ -Vm^ +.... + ?7?p =1, 
TJxrJJ^^ + TJ^r^TJ^^ +.... + TJ^pU,^ = 0, 
38 
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qui comme on le salt leur sont 6quiyalentes ; il viendra : 

?7. = ^ e, + — e, + .... + — «n 

ou Ton a pos6 pour abr6ger : 

Les Equations (9) sont done ainsi r^solues. 

II est clair qu'une pareille solution ne peut etre que th6orique, comme 
P6tait deja la solution du problfeme de Fourier par Fint^gration des Equations (!)• 
Le nombre immense des equations (1) comme celui des equations (9) s'opposerait 
absolument aux calculs. Mais cette solution purement th6orique peut mettre 
sur la voie de la solution veritable. 

Passons ^ la limite et abandonnons Fhypoth^se moleculaire pour celle de 
]a mati&re continue. Nos Equations (l) ou (9) deviendront des Equations aux 
d6rivees partielles ; nos formes quadratiques <l> et deviendront des integrates 
analogues h, celles que nous avons appel6es ^ et ^ dans le §2. 

Notre proc6d6 pourra s'appliquer sans autre changement ; au lieu de d6com- 

poser Iqs formes <|> et en carres, nous aurons k chercher les minima successifs 

de leur rapport ou plutot ceux du rapport des int6grales A ^i B qui les rempla- 

' cent. On passera ainsi d'une analyse analogue & celle de ce paragraphe 2l une 

analyse tout ^ fait semblable k celle du §2, 

§6. — Existence des Fonctions i7». 

L'existence des fonctions Un peut etre maintenant regard6e comme d6mon- 
tr6e au moins au point de vue physique. La fonction Ui sera une fonction qui 
devra prendre les valeurs 

aux diff6rents points occup6s par les molecules 

Ml, if,, .... , M^. 

La fonction U^ devra prendre en ces memes points les valeurs 
et ainsi de suite. 
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Nous Savons de plus que les valeurs de la fonction Ui par exemple devront 
satisfaire aux Equations (2 bis) du § pr6c6dent que j'ecrirai 

La fonction Ui n'est d6finie ainsi, il est vrai que pour n points de Tespace, 
k savoir les n points occup^s par nos n molecules ; mais comme ces molecules 
sont trfes nombreuses et trfes rapproch6es les unes des autres, on pourra calculer 
par interpolation la fonction Ui pour tous les autres points int6rieurs au corps. 

On pourra k la v6rit6 trouver ainsi deux valeurs diflF6rentes pour la fonction 
Ui si Ton adopte deux regies d'interpolation differentes ; mais les differences 
seront du meme ordre de grandeur que la distance qui separe deux molecules et 
par cons6quent n6gligeables au point de vue physique. 

La fonction Ui ainsi definie satisfera approximativement aux Equations de 

Fourier: ^n 

A?7, + ^E7i=0, ^ + hU^=0 (2) 

que Ton obtient en partant des Equations (2 bis) et en passant k la limite. 
L'erreur commise en remplapant les 6quatious (1) par les equations (2) sera du 
meme ordre de grandeur que la distance qui s6pare deux molecules. 

II y a ^ cela toutefois une condition, c'est que les d6riv6es de la fonction Ui 
soient finies; on n'aurait plus le droit de passer des Equations (l) aux Equations 
(2) 6taient du meme ordre de grandeur que Finverse de la distance qui s6pare 
deux molecules. 

II nous resterait done h 6tablir que ces d6riv6es sont bien finies; c'est-Jb-dire : 

l^ Que la diflference Uu — Un est du meme ordre de grandeur que la 
distance des molecules Mi et Jf«. 

2*. Plus gen6ralement, soit M^ une molecule quelconque de coordonn6es 
Xj y, z, soient Mp, if^, . . . . , Jf^ un certain nombre de molecules tr^s voisines 
de M^ et dont les coordonn6es soient respectivement, 

Soit P(^, >7, ^) un polyndme quelconque de degr6 inferieur & tn en ^, >?, f • 
Soient enfin a, jS, y, . . . . , >l un certain nombre de coeflScients relatifs aux 
diverses molecules if., JtfJ,, . • . . , if;^; et supposons que ces coefficients satisfas- 
sent a la condition suivante : 
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et cela quel que soit le polynome P pourvu que son degr6 soit inf^rieur a m 
(j'6cris par symetrie P(^a» >7a» O *^ ^^^^ ^^ ^(0,0,0)). 

Si ces conditions sont remplies, nous aurions a etablir que : 

est du meme ordre de grandeur que les puissances m^ des quantit6s ^, >7, ?• 

Cela ne serait sans doute pas impossible ; je n'aurais en effet pour 6tablir ces 

divers points qu'a traduire dans le langage de Phypothfese mol6culaire Panalyse 

du §4. 

C W ce que je me reserve de faire dans un m6moire ultSrieur qui pourra 

etre regard^ comme la suite de celui-ci. 

Je pourrai dire alors que les conclusions des §§2, 3 et 4 sont dSmontrees d'une 

fapon rigoureuse au point de vue physique. Pent etre meme est-il permis 

d'esp6rer que, par une sorte de passage h la limite, on pourra fonder sur ces 

principes une demonstration rigoureuse meme au point de vue analytique. 

Paris, le 19 Mars, 1889. 



Singular Solutions of Ordinary Differential Equations. 

By Henry B. Fine. 



The method best suited to a general investigation of the conditions of 
occurrence of singular solutions of differential equations and of the properties of 
these solutions would seem to be that introduced by Briot and Bouquet in their 
study of ordinary solutions, and developed very beautifully in their memoir, 
Proprietes des Fonctions definies par dee Equations Differentielles* 

By this method the theory of singular solutions may be based immediately 
on the differential equation, and any use, direct or indirect, of the notion of the 
complete primitive be avoided ; it is not required to restrict the variables or 
coefficients of the equation to real values, and account may be taken of the 
region, not only of points which are ordinary points for the equation, but of such 
as are its singular points f b43 well. 

There are obvious objections to the use of the notion of a complete primitive 
in any investigation of singular solutions which seeks to be general or rigorous. 
In the first place it is an inversion of the natural order of investigation, since what 
is sought is the conditions which a differential equation f{x, y^ p)^^0 (or one 
of higher order) must fulfil in order that a curve not properly contained in the 
system which it defines may satisfy it ; not the characteristics of a system of 
curves defined by some equation ^{x, y, a) = between a, y, and a param- 
eter a. 

But in the second place, while the curve system 4> (a, y, a)= generally has 
an envelope, and therefore the differential equation F{x, y,^)=:0 by which 

* Journal de TEcole Polyteclinique, Cah. 86. 

t Poincar6 has given this name to points at which ^ is indeterminate ; in the case of the equation 
^ :::^, for instance, to the poiutB of intereeotioa of i?=;;0, FsO. 



296 Fine : Singular Sdutiona of Ordinary Differential Equations. 

it may also be defined, a singular solution — the general differential equation 
/{^f y»i^) = has no singular solution — the curve system which it defines, no 
envelope. If the equation be of the n^^ degree, there will pass through any 
ordinary point Xq, y^n curves which satisfy it ; but all that it gives to define each 
of these curves is a development of y in positive powers of x . The coeflScients 
in any of these developments are, it is true, rational functions of a*©, y© *^d of 
one or other of the roots, p^j of /(ai^, y^, ^) = , and therefore algebraic functions 
of a single parameter. But an envelope is not to be had by variation of 
this parameter; for, at the points of Disctp/(a:, y, p) = 0, the curve which, if 
any, is the envelope of the system defined by /{x, y, jp) = 0, the development 
generally becomes divergent and so ceases altogether to represent a solution of 
the equation.* 

Briot and Bouquet have shown that all ordinary solutions of the equation 

/{Pi Vi a?) = which pass through a given point Xq, yo» *^d ^^^ve there p^^p^m 

common, may by suitable transformations be reduced to the form y = Frx* ; where 

F is a determinate function of v and x, and v is connected with a by a differential 

equation of the form ;T-a; = ^(t;, aj). In the first of the following sections it is 

proven that if/{Pf y , a) = have a singular solution and Xq, y^ lie on it, among 
the functions V determined by the Briot-Bouquet method will be one which 
corresponds to the singular solution — but that the differential equation between v 
and X which corresponds to this value of V degenerates into the form 

dv _ '^{v, x) ^f^ V 

generally satisfied by •J'Cv, x) = only. This result brings out clearly the exact 
relation in which the singular solution stands to the differential equation itself. In 
the strict sense it is not contained in the equation any more than any arbitrary 

function ^{x, y)= is contained in the equation -3^ = ^/ ' \ '^(^> y)* Y®* 

* Darboux was apparently the first to call attention to and explain the paradox involved in the old 
(Lagrange) theory of singular solutions, according to which, since every differential equation of the first 
order is to be regarded as having a complete primitive of the form ^ (a; , y , a) = , and ^ (a; , y , a) = 
as generally having an envelope, the differential equation should generally have a singular solution. 
VidL Comptes rendus, t. 70 and 71, and Memoiree de llnstitut, t. XXVII. 
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it takes the place of one of the two solutions ordinarily occurring for values 
^oi yai Poofx, yj Pf which satisfy the two equations /= 0,^=0. 

In the second and principal section of the paper, the theory developed in 
the first is extended to equations of higher orders. 

Section 3 contains a discussion of the singular solutions of those differ- 
ential equations of the n^ order whose general solution is obtainable in the 
form 4>(a:, y, a, /?, y, . . . . v) = 0, with special reference to the geometrical 
interpretation of the equation which, algebraically speaking, contains the sin- 
gular solution. This section is added in deference to a usage which has 
become almost classical, of regarding singular solutions from the double stand- 
point of the diflFerential equation itself and its complete primitive. The objec- 
tion to basing the general theory of singular solutions on that of systems 
of curves defined by equations of the form <p(a;,y,a,/3,y,....r) = has 
already been stated ; the curve system and the differential equation which repre- 
sents it may nevertheless be of sufficient interest on their own account to merit 
the space given them. ^, it should be added, is supposed to be a one- valued 
function of x, y within the region in which it is studied, and a rational function 
of n parameters a, /?,.... i^, or, more generally, of m parameters connected 
by wi — n algebraic equations. 

§1. 

Let /(a?, y, ^) be any rational integral function of a, y and p^ irreducible 
with respect to p and containing no mere a, y factor: though the discussion 
which is to follow applies as well to any function of the form^2^"*+/ii>"*''^+ • • •/«> 
if /o,/i, . . . . be holomorphic functions of x and y with a common region of 
convergence and a, y throughout the discussion be restricted to that region. 

The differential equation 

Ax,y,p) = (1) 

defines a system of curves, m of which, speaking generally, pass through any 
point Xo, yo> 8,nd for each of these m curves a development y — yo^= ^{x — ar©) is 
to be had by the following method, first given by Briot and Bouquet. 

It is for the sake of convenience and definiteness of statement only that we 
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call oTo, ^0 ^ point, for complex as well as real values of x and y are taken account 
of in the discussion. 

Let it be assumed that the coefficient of the highest power of^ in /does not 
vanish for sc = Xo, y == yo • the values of jp corresponding to x^^ and given by the 
algebraic equation /{xq, yo» i^) = 0, are then all finite ; call any one of them p^. 

(A method for dealing with the case when the coeflBcient of the highest power 
of ^ vanishes (which Briot and Bouquet do not consider) is given in my paper 
" On Functions defined by Differential Equations, etc.," * and is also stated in 
§2 of the present paper.) 

First of all make in /= the substitutions 

a5 = a\, + a/ 

y = yo+i>oa' + y (2) 

and develop by Taylor's theorem. We then have 

where p/ as well as ^ vanishes with a/. 

1. Suppose (g^J and (J- ^ P^j to be both different from zero. 

Equation (3) then gives for p' a single development in integral powers of 

a/, y, call it ^ {xff j/) ; and the equation ^ = <^ (a/, j/) defines ^ as a holo- 

morphic function of a;',f which is the only solution of (3) vanishing with od in 
this the case of usual occurrence. 

=^ I*' (l).=''''""Cl +*!).* »• 

In this case p^ is a repeated root of the equation /(xq, y^,p):=iQ. To have 
the general case of repeated roots before us, let the multiplicity of the rootpo ^^ 

pposed to be n then (|) = (P) = . . . . = (^) = 0, but (|^)^4: 0. 



su 



* Amer. Journal XI, 4. 

t By Gauchy's theorem. Vid. Briot and Bouquet in Joum. de I'Ecole Pol. Cah. 86, and in Th^rie 
des Fonc. Ellipt. p. 825. 



Fine: Singular Solutions of Ordinary Differential EquaMons. 299 

The terms of lowest degree in (3) are then f^ "^WJ^ ^^^ ~ Cr5^) P'^' 

Let cc' = a/"". Then (3) gives r developments for y in integral powers of a/' 
and tf\ the first term in each development being one of the values of 




\ r\ dpi 
Each of these developments on being substituted for ]pl in the equation 

-^ = T^i' p\ gives y' as a holomorphic function of a/',* developable, therefore, 

1 
in integral powers of of^. 

There are then in this case r solutions connected cyclicly, the lowest power 

r + l 

of oi in each development for y being a^ »■ . Of the n distinct curves defined 
by /(a;, y,^) = for the region of an ordinary point a:©, y^, r have been 
replaced by the cyclicly connected branches of a single curve on which a-Q, y^ is a 
singular point of the cusp species. 

It follows immediately that 

Disctp /(Xj y, p) = is in tTie general case a locus of cusps on the curves 
defined by the equation/{x, y, p) = 0. 

The possession of cusps is thus shown to be characteristic of the curves 
defined by the general differential equation of the first order when its degree is 
higher than 1. 

It is obvious that when the coefficients of/ are real, the curve Disctp /= 

may be used to separate between the regions of real and imaginary solutions of 

/= 0; for as the point a:©, y^ crosses Disctp/= , two of the corresponding values 

of Pq commonly pass from real to conjugate imaginary values, or vice versa. 

Thus for the equation 

jp' + x' + y*— 1 = 

the circle ^ + y^ — 1 = divides the x, y plane into two regions, in one of 
which the solutions are always real, in the other always imaginary. 

^By Gauchy's theorem. Vid. foofc-note on p. 298. 
39 
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3.Let(|) = 0a«d(|+|p) = 0. 

There is generally a finite number only of such points, called by Poincar6 
the ** singular points " * of the equation /= 0. 

Again to have the general case before us, suppose any additional coeflScients 
of F to vanish. 

Now since a/, y\ pf vanish together, any solution of equation (3) may 
evidently be thrown into the form 

yf=pfxfv, (4) 

where i? is a function of xf which takes a finite value i?o, difierent from zero 
when a/ = 0. 

On substituting this value of y^ in (3), that equation goes over into an 
equation in^, x! with coefficients which are functions of v. 

To get the terms of lowest degree in this y, a/ equation follow the Puiseux 
method or any other method applicable to algebraic equations in two variables. 

There may be a number of groups of terms of the same degree in the 
equation, each of which gives for (i (the degree of pf in respect to x) a value 

such that the terms of the group are the lowest in the equation. 

r 
Consider any one such group, for which (i = —. 

Make the substitutions 

a/ = cc'", p' = Yx^'\ 1? = t?o + vK (5) 

Fhas a finite value difierent from zero when «'' = 0; and t?o, the initial value of 

S . J! 

T?, is equal to -j^, as may readily be seen by comparing the equations y = Fa:'* 
r "Y 8 

and y^ znp^x'v for x' = 0. 

The transformed equation — call it ^(aj'', v^ V) = — then gives for V one or 
more developments in integral powers of v' and x'^. It is assumed that the 
equation ^(0,0, F) = has no multiple roots. 

Let V^=a'\- hx'^ + cv' + . . . . be one of these series. 



*Vxd. Poincare in Journal de Math, pure et appliqu^es, III, 7, 8 ; IV, 1. These singular points will 
not be confounded with the sing^ilar points of Fuchs and other writers on linear differential equations, 
the points of discontinuity of coefficients of the equation. 
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The equation connecting v^ and x" is then obtained by making the substi- 
tutions (5) in the equation y' = ^Vt7. It is 

„^,' (■■ + ') ^»' + (iqr. + '^ )''"g 



''+(?i7 + '')l^ 



or, replacing F by the series obtained for it, 

^n^'^_ {r + sya ^, 8b ^ 

dx^' {r + s) a + 8C {r + s)a + 8C n^ • • • • 

Now this is the form to which the solutions of the equation of the first degree, 
^= ^, can be reduced at points where X= F=0, the ** singular points" of 

this equation. And by the theory of these solutions,* when — r \ \ \±, — ^ 

not a positive integer, equation (6). admits always of a monodrome integral 

vanishing with a/' — there being besides an infinite number of non-monodrome 

integrals when the real part of this coefficient is positive, no other when it is 

negative. 

u -1. gy d 
When, on the other hand, — ( \ \ i — ^ * positive integer, (6) can be 

(7* i" 8 J a ^" 8C 

transformed into an equation of the form ^ -^ = w + 6i -|- . . . '. which has an 

infinite number of monodrome integrals when 6 = 0, and no monodrome but an 
infinite number of non-monodrome integrals when h-d^Q. 
Finally, if (r + «) a + fic = , (6) is of the form 



^ ^^ - a^t/ + 6aa/' + , 



which in general has no monodrome integral vanishing with a/'. This case, it 
should be added, presents itself when 3 + ^JP vanishes for two or any finite 
number of consecutive points of Disctp/= ; that is to say, when singular points 

* Fk2. Briot and Bouquet in earlier sections of the memoir already referred to, and Poincar6, 
Journal de Math., Ill, 7. 
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of the equation /= fall together. The corresponding curve-elements of 
Di6ctp/= satisfy the equation /= 0, but the elements which lie to either side 
of this do not satisfy this equation {vid. 4 inf.) 

To every solution of (6) there of course corresponds one solution of (3) which 

t±i 
may be obtained by substituting for t^ its value in the equation 3/ = Vv^i • * 

If, on the other hand, Vq is a multiple root of ^ (0 , 0, F) = 0, the corre- 
sponding series for V obtained from 4> (a/', v\ F) = may involve fractional 
powers of x" and t/, and, to render these powers integral, substitutions of the 
form a" = a/'", 1/ = t/'* are necessary. Equation (6) is replaced by a similar 
equation between t/' and a/", viz. 



dv 






Singular Solutions. 

4. Let ^ + ^^^ = at every point of Disct^/= 0, or if this curve be 

reducible, at every point of at least one of its branches through aro> yo- 

This case is altogether exceptional; it requires the coeflScients of/ to be so 

taken that the eliminant of/= 0, g- = 0, "2- + 4-p = with respect to any 

two of the variables x, y, p shall vanish identically. But if it occur, 

Bisct^fzzL satisfies the equation /-=- 0. 

First suppose that the surface which the equation f{x, y,p)z=iO defines, when 
X, y jP are regarded as the coordinates of a point in space, has no singularity at 
the point Xo, y^.p^. 

Since (gr) — ^» *^^ equation of the tangent plane to the surface at this 
point is 

(i).to-y»)+(i).(— >^)=<'- 

This plane cuts the xy plane in the tangent line to the projection of the 
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intersection of the surfaces /= and J- = 0. The slope of this tangent line is 

(-) 
therefore — '^ > t'^** ^ ^ say, p^, since (^ -^ ^pj = o. 

Thus at each of its points Disctp/= — which is the projection of the inter- 

section of/= 0, -^ = — touches a curve of the /-system, and therefore satisfies 

the equation / = . 

Second, suppose Xq , yo » Po t^ ^^ ^ siDgular point of the surface /{x , y , i>) = . 

The substitutions (2) which transformed / into ^also transform -^ into ^-r and 

ai + 32^^ ^^^^ a^ + ay ^- 

Again, by virtue of the substitutions (4) and (5) we have the identity 
F{af.y',p') = X^{xr',v', V), 

where X is an irrelevant factor of the form x^'^v^V^. 

Differentiating with respect to v, Fand a/' we obtain 

(r + *)3^Tw +'-3^T^a^' +«a7'»^' =^a5 + a^4»; 

whence 3-^ X (d^ _. ^ \ i t- 

3^ - 7x"- VBF "^ ~ at; '';■'" ^1 

a^ + ay^ = ^(7a^' + a«(^~'')~7aT^)"*"^» 



(7) 



where X^ and JTg are terms of the form M^ and therefore vanish with <^ . 

When, therefore, F, ^, and av + 3~/^ vanish together, and that not 
merely at the point a/ = y =jp' = 0, but all along a common curve through 
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that point, then along this same curve 

<P =0, 

In this case, among the roots, F= a + &b"+ ct/+ . . . , of^{xf^, i/ , F) = — 
each of which ordinarily leads, when substituted in (6), to a solution of the 
equation i<'= (see 3)— is one which gives rise to the same development for t/ 

in powers of x", whether substituted in g^ V — 2^i;=0, orin 



^ 

8 da^f 



9^ + a^(^~''^~TaF^-°' 



Call this development t/ = •J' {^')' It is, by the method of its derivation 

(from 4) = and ^-^ V ^ v= J, the development which defines a branch 

of the curve Disctp/= passing through the point a/ = y =y = 0. 
But it also satisfies, in the algebraic sense, the equation (6). 
For since ^ = 0, 

whence ^^ _ dxf' , dV di/ 

dv dv 

So that equation (6) may be thrown into the form : 

= .(l-.)(|*F-|f„) + .(^,=.' + .|(l-.)-r|*T). (8) 

For the root F of <p = under consideration, therefore — the root which 
gives rise to the development t/ = -J/ (a/') — the equation (6) is satisfied; not, how- 
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ever, as a difiFerential equation, but through the vanishing of factors algebraic in 
a", t/, V which appear in all its terms. 

Equation (8) brings out very clearly the relation in which the discriminant 
curve stands to the differential equation, when it satisfies this equation. It is no 
more a part of the solution of the equation, strictly speaking, than the arbitrary 

function x is of the equation ^X'^ ^X • ^^* i* takes the place of one of the 

/-curves through cco» Va to which the method of 3 generally leads. For to it there 
corresponds a root ( F) of 4> = , though all the roots of this equation usually 
yield proper solutions of/= 0, and the equation (6) to which this root leads has 
no other solution vanishing with ic" than t/ = i// (x''). 

The discriminant curve may at particular points have contact of an order 
higher than the first with curves of the system /= 0. The corresponding Fq is 
then a multiple root of ^ (0 , 0, F) = 0, and one is led to equations (6') between 
t/' and a/'' instead of equations (6) between t/ and a/'. A mere repetition of the 
argument of the present section shows, however, that the t/' belonging to the 
discriminant curve satisfies its equation again in the algebraic sense only. 

It is of course possible for the discriminant curve to be at the same time a 
curve of the system /= 0. Fo is then again a multiple root of <p (0 , 0, F) = ; 
and there will be two developments for F which, with their corresponding equa- 
tions (6') and y= F«?a/~*", define the same curve — once as the discriminant 
curve and again as a curve of the system /= . 

To suppose of a differential equation that it is satisfied by the discriminant 
curve, or a branch of this curve, is the same thing, algebraically speaking, as to 
suppose that it has an infinite number of singular points. As was noticed at the 
end of 3, when two or more consecutive points of Disctp/= are singular points 
of /= 0, the corresponding element of Disctp/= satisfies /= 0, but that 
element only; if then all points of a branch of Disctp/= are singular points 
of/= 0, this branch must itself satisfy the equation. 

§2. 

There is no essential difficulty in extending the preceding theory to equations 
of higher orders. 

Consider the equation 

/=/oy: +/iy:-'+ . . . • +/«= 0, (1) 
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where j^, yi, ..../« are holomorphic functions of a, y, yi, . . . . yn-i within 
common regions of convergence. 

This equation defines an n-ply infinite system of curves of which there are, 
generally speaking, m for each set of values jCq, yo» yi» • • • • i/L-\ of a, y, yi, . . • . 
yn-ii within the common regions of convergence of /o, /i, ..../„; i. e. m which 
pass through the point Xq, y^ and there have with one another contact of the 
{n — 1)*^ order of which the elements are yj, yS, . . - . yi_i* 

* The value of y^ belonging to each of these m curves is ordinarily to be 
obtained directly by solving (1) which is algebraic in y^^ and a development for 
the curve itself— of y in powers of a; — is then to be had by first making in (1) the 
substitutions, 

y = yo+y?«/ + yS2i + ----y«^+y'J , 

and so transforming it into an equation in a/, y', yf, . . . . yi in which y^ and all 
the difierential coefiScients yu yij * * • • yL vanish with a/ : viz. the equation 

+ (l>i+---+(iV+ (=" 

and then from this equation deriving a development of j/ in powers of a/ by the 
method given in my paper already referred to — **0n Functions defined by 
Diflferential Equations, etc." and also presented briefly later on in the present 
paper. 

If, however, /o, the coefficient of yj* in (l) vanishes, one or more of the 
values of yl^ are either infinite or cannot be determined by the method just 
used. 

In this case transform (1) by the substitutions : 

a: = aro + a/ , 



a/' a/*""* 

y = yo + yia/ + yS 21 + — + Vn-i (^"zriyf + 2^ 

into an equation 

^'(a', y, yn-i,yn) = 



(4) 
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in which y, yi, . . . . yi_i vanish with a/; and then, regarding '^ = as an 
equation in a/, y, yi.i, yi , or in a/, j/, yil_i, ~r according as /^ also 

Ifn 

does or does not vanish for a = o^, y = yo» • • • • y»-i = yi-i» determine the 
degree of j/ in respect to a/ by the polygon construction given in the paper 
just mentioned.* 

Inasmuch as not only /^ but also other of the coeflScients of / may vanish 
for a; = a:o, y = yo, . . . . y^_i = y® _i, the degree of y' in respect to a/ — call it 
fi — ^may admit of a number of determinations ; that is to say, it may be possible 
in a number of ways to select groups of terms in '4' = which a certain value of 
(I will render of the same degree with each other, and at the same time of lower 
degree than the remaining terms in this equation. To each of these values of [i 
will correspond one or more of the ^//-curves for which y, . . . • yi-i vanish with a/. 

We consider the cases (I'^n, 1^ = ^, (i<^n, and in each case transform 
-^ = into an equation in which, as in (3), the n^^ differential coefficient as well 
as those of lower orders vanishes with the independent variable. 

(a) If |t£>n, yi vanishes with a/ and 1^ = already has the form F=0. 
Indeed in this case since yj = 0, the substitution (4) is identical with the substi- 
tution (2). 

va/* 

(b) If ^ = n, set yzr — p in the group of lowest terms in o^ which corres- 

ponds to this value of ^, and after removing the common factor a/** let a/ = 0. 

Each root Vq of the resulting equation will be the yi of one of the curves 
sought for, and for each -J' = may be transformed into the form F:^ by the 
substitution 

The substitutions (4) and (5) together constitute a substitution (2). 

(c) Finally if ^<n, the substitution a/ = x""* — where m is the first integer 

greater than will transform -i^ = into an equation in which all the differ- 

ential coefficients to the n^^ inclusive vanish with a/'. 



*I have been at pains to restate the treatment of the case /o = with some fulness, since the state- 
ment of it in my former paper is careless and in one particular incorrect {vid. Am. Journ. XI, p. 331, 
line 18 from top). 

40 
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Particular mention may be made in passing of the case when for x=^ Xq, 
y = j/q, . . . . , y«~i= yn-i» the coefficient /o vanishes and that to the first degree 
in a — Xq, y — yo> • • • • » while /i takes a value dififerent from zero. 

As the polygon construction readily shows, the one group of lowest terms 

in -1^ = then consists of the — and y^_i terms, and for this group (i^zn ^ . 

The theorem* immediately follows : 

The differential equation of the {n — 1)'* order, /^^ = 0, defines a system of 
curves each of which has at every point along it a contact of order n — 1 with a 
curve of the system f=^ , which there has a singularity of the cusp class characterized 
hy the development : 

y = yo + y?a/ + y§|^ + . . . . + y!l~i (J^i), + ^a/«-* + Ba^-+ .... 



In like manner if /o and f both vanish to the first degree in x — Xq, 

3 



— yo» • • • • but^ does not vanish, one value of (i is n ^] and generally, 



i^/o» /i» • • • •/«-! fl*!! vanish, but/, does not, one value of (ii& n — . q * 

(It may happen that there are no cm'ves of the system /= with the initial 
elements Xo, y©* • • • • yn-i- Thus no curve of the system 

xy2= 1 

passes through x = y = and there has y^ = 0.) 

For the sake of definiteness and simplicity of statement, the discussion which 
follows will be confined to curves of the system for which /= can be trans- 
formed into the form F=0'j that is, to those for which ^ > or = n. Of course 
the curves for which ii<in admit of a precisely similar treatment ; but in con- 
sequence of the substitution a; = a/* the coeflScients in their developments are 
dififerently related to the coeflBcients of/. 

The reduction to the form i^= having been accomplished, the develop- 
ment for the curve — of ^ in powers of a/ — may be obtained as follows. 

* This theorem is also given by Goursat, this Journ. XI, 4. 
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Make in F the substitutions 

yn-i = y«^ia^, ^ 

y = y>iv» — v^o"* J 

where t^i, t?,, .... r,» are functions of od which take finite values t^J, vj, . . . . t;^ 
different from zero when a/ = . 

In the resulting equation, freed from any factor which may be common to all 
its terms, determine the various groups of terms of lowest order in y^ ^^^ ^' 
This is, of course, necessary only when certain of the coefficients in (3) vanish, in 
particular those of y^ and xf ; in which case more than one of the curves or curve- 
branches, of the /-system may have the initial elements Xq, y^j . . . . y^i and (3) 
must give rise to a development for each of them. 

Suppose that for any particular group of terms of lowest order the degree of 

y'n in respect to a/ is — ; to obtain the corresponding developments make then 
the further substitutions 

a/ = d'\ yi = Fa/''-, v^ = vl + vL (7) 

— where again F takes a finite value V^ different from zero when a/'=: 0— and 
thus transform (3) into an equation in a/^ vi, t?i, . . . . , t;^, F; viz. 

4)(a/', t7{,vi, I?;, F) = 0. (8) 

The initial value vl of r, may readily be shown to be —j^ — • 

From the equation ^ = developments are to be obtained for F in integral 

powers of a" and v^^ vi, . . . . ui — one for each of the curves the degree of whose 

r "^ 

yi, in respect to a/ is — . It is assumed that 4> (0, 0, . . . . F) = has simple roots 

only.* 

And finally, differential equations which define the set of values of i?(, 

* The extension of the entire discussion which follows to the case of multiple roots is too obvious to 
require special treatment. Vid. {1, 8, at end. 
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vi, . . . .v'n which corresponds to any one of these values of V may be gotten by 
aid of (6) and (7). They are : 






. „dv'dV ^ 



dV 



= — Vvi (r + s)— tJja/' ^, 



rfa" 



»i 






(9) 



If in the first of these equations there be substituted for the products 
*"^'' *"T7V" • • • • *^® functions of the »"s to which the remaining equations 
make them equal, the set is reduced to a form from which the quantities 
(t^Y (-jnn , . . . . may be reckoned out by differentiating, setting xf' =0, and 

solving the resultant set of linear equations ; and from which the values of the 
higher differential coeflBcients of the »"s with respect to a/' for a/' = may be 
reckoned out by successive repetitions of this process. 

It will be supposed that the determinant of the coefficients in each of these 
sets of linear equations is different from zero ; or (vid. this Journ. XI, 324) that 

F«(r + « + AO (r+28-\-Jc)....(r + n8 + k) 

+ (^i).vh (r+2s + Jc)....{r + ns + k) 

+ ©„^7^^^+^+*)----('- + - + *) 
+ 

/dV\ k8{r + 6){r + 26) (r+{n — l)s) 



r + 718 



vanishes for no positive integral value of k. The process then leads to deter- 
minate series with finite coefficients ; vi? : 
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which formally satisfy the equations (9) and converge for regions of finite 

extent. 

To obtain the development sought for — of j/ in powers of a/ — ^it then only 

1 . . 

remains to substitute a;'' = a/« and the series thus obtained for the t?,"s in the 

equation 

j/ = VviV^ .... w^a"*. 

j_ 
It will be holom Orphic in a/* and have the form 

y = JLia/*+^ + -igx'^+T + Js^^*"*" • + 

The theory thus far developed leads directly to the following conclusions re- 
garding the curves of the /-system which have the initial elements aro , yo» yi» • • • yl 
when for these elements /= can be transformed into J^= 0. 

1. li(^-\ 4^ 0, there is but one group of lowest terms in JP'= 0, hence 

but one development for Fin powers of a/ and the variables v[, and, therefore, 
speaking generally, but one development for y^ in powers of d ; they will be 
integral powers, of course. In other words, there is but one curve of the system, 
defined by a differential equation /(a, y, yi, . . . . y„) = 0, for each set of initial 
values of the variables, unless besides the equation /= itself, these initial values 

satisfy the equation ^ = 0. 

The group of lowest terms in i^= then consists of the d term — of which 
A/o is the coefficient — and the y^\ term j or if also 

(i).=(IX=--(P).=»'^-"(i).*»' 

of the a/ term and the y^' term. 

For this group of terms the degree of y^ in respect to a/ is — ; the corres- 
ponding F equation i^ = (8) has e cyclicly connected roots each of which gives 
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rise finally to a development of the form 

In other words, 8 of the m curves which belong to an ordinary set of 
initial elements a^o» yo> • • • • ^n-i a^^d there have distinct y°'s are in the present 
case replaced by s branches of a single curve which are cyclicly connected and 
have the same yj^. At least two of the m curves will be replaced in this manner 
for every set of initial elements otq, yo» • • • • yi-i which satisfy the equation 

Discty^=0, got by elimination of y„ from between /= and ^ = ; that is to 

say: 

The differential equation of the (n — 1)'* order, Discty^/^i 0, defines a system 
of curves each of which has at every one of its. points a contact of order n — 1 v^ith a 
curve of the system f^=^ which there has a singularity of the cusp class characterized 
by the development : 

y = yo + y;^+2^|^ + .... + y!l^ + ^a/*+T + 5a/~+^+*.... 

For an equation of the first order, as has already been noticed, this singu- 
larity is the ordinary cusp ; for the equation of the second order, it is the cusp of 
the second species (Schnabelspitze), etc. 

It need hardly be said that Discty,/= will in general not satisfy the 
equation /= 0. 

'■(f.).=»'^'="- 

The method of the preceding paragraphs ordinarily gives in this case two 
developments for y^ in integral powers of xf both of the form 

y = ilia^'^+i+^^"+*+^8a/"+'+ 

developments of two curves of the system which have contact of the n^ order 
with each other. 

* This theorem is also given bj Goursat, this Journ. XI, 4. 
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A full diBCUssion of all the particular cases which suggest themselves at this 
point, however, — when other of the coefiBcients in -F = besides those of yl and 
a/ vanish — would mean the development of the entire theory of singular points 
(in the Poincar6 sense) of differential equations of higher orders — which is quite 
aside from the purpose of the present paper. 

We confine ourselves to the consideration of the hypothesis that A/ 
vanishes for all values, of x, y, . . . .y^ which satisfy both the equations /= 

and ^ = 0, or — if Discty,/ be resolvable into factors — for all values of x, 

y» • • • • yn-i with the corresponding y^ — which satisfy the equation got by 
setting one of these factors equal to zero. 

It is of course only in connection with special equations of the n^^ order that 

this hypothesis is realized. Ordinarily when/=: o , ^ = and A/= together, 
the initial elements a, y , . . . . y,»-8 satisfy an equation of the {n — 2)*^ order 

got by eliminating y^ and y^^i from between /=0, g — = and A/=0; 

but when our hypothesis is realized this eliminant equation vanishes identically — 
which means, of course, that /has a specialized form. • 

In this case Discty,/== satisfies the equation /= 0, but in such manner 
that the curve system which it defines forms no part of the system defined by 
/= 0. In other words, it is a singular solution. 

The first statement is capable of a simple geometric demonstration ; at least 
when additional coefiBcients ofFdo not vanish, viz: 

Regard x, y, . . . .y^ as point coordinates in a flat space of n dimen- 
sions, Sn* 

y„ = is then the equation of a flat space of n — 1 dimensions, /S^n-i» con- 
tained in Sn and in which x, y, . . . . y^^i are point coordinates. 

We thus gain two geometric pictures for the system of curves represented 
by the equation /= 0. 

1st. As a system of curves in the curved space /(x, y, . . . . yn) = 0» one of 
which passes through each point a;,-y , • . . . y,^ of this space. 

2d. As a system of curves which is the projection of this first system in 
S^^i, and of which m pass through each point x, y, . . . , yn-i of this space. 
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Now the equation of the flat space of n — 1 dimensions tangent to /= at 
any point x©, . . . . , ^n where ^ - = is : 

which is also the equation of the Sn^% in which this tangent intersects S^^i* 

But ei& Xqj j/q, . . . . yl are given all values which satisfy the two equations 

/= 0, ^— = 0, this Sn^% envelopes the curved space of n — 2 dimensions which 

is the picture of Discty,/= in /Sn-i. 

It follows immediately that the curves of the system Discty,/= satisfy 

the relation (g-_y,+ g_-y„_,+ . . . . g^y,+ ^) = o. 

And since, by hypothesis, the curves of the system /= for whose initial 
elements xq, yo> • • • • 2/i-i the equation Discty,/=0 holds good, satisfy this 
same relation; it is clear that the yl of the curve of Discty,/=0 with the 
initial elements aro, yo> • • • • ^-i is t^® same as the y^ of a curve of /= with 
the same initial elements; or in other words, that the curves of Discty,/=: 
satisfy the equation /= 0. 

Therefore in the case now under consideration, 

JTie differential equation of the (n — 1)'* order, Discty^/^^0, represents a 
system of curves each of which has at every one of its points contact of the n** order 
with a curve of the system / = . 

But the thing most important to consider for its bearing on the theory of 
singular solutions is the degenerate form which the equations (9) take when ^ 

vanishes wherever / and ^ — vanish together. The consideration of this question 

leads also to the general demonstration that Discty^= then satisfies the equa- 
tion /= . 

In effecting the transformation of/= into ^ = 0, / was first transformed 
into F by means of the substitutions (2), or (4) and (5). It may readily be shown 

that the same substitutions transform ^— into ^— r and A/" into ^F. 
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Second, by means of the substitutions (6) and (7), F=^0 was transformed 

into ^ (ac", t?(, t;^, . . . . v^, F) = 0. The corresponding transformations of ^-7 

and A-Pare required. 

To obtain them set out with the identity 

F{a^, 2/, .... 2^;) = X.^ K, vi vi, . . . . t;;, 7), 

where Xis an irrelevant factor of the form a/'*tf»?;f« . . . . t;J"F^ which may be 
common to all the terms of the complete expression in a/', t?i, . . . . V into which 
Fis transformed by the foregoing substitutions. 

Differentiating the two sides of this identity with respect to each of the 
quantities i?i, . . . . v„ we get the n identical equations : 

"^ ^y'p "^p 

And differentiating with respect to V and a/', the additional equations : 
^{r + m) Vv,vt .... »,a/"+"-» + If (*" + (**- ^)*) ^^^^'^ ' * * •^«-i'«"'"'^"~'^-' 

+ .... + a^,rF«"' Ha^«e"' '=^3^/ + a^''^' 

u 1 • *v. ,. . 32?' 32?' 32?' 32?' - , 

By solving these equations for g— ,, ^ g-j. gij/ and by a senes 

of reductions which though somewhat tedious present no difficulties, we obtain the 
expressions which we are seeking, viz: 

^ - — -^ r^^ V ^^ « 1-1. T A 



+ 3t^ — ^^ — + ---- + a^ ^, J+^»*- 



kio) 



41 
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Yi and F, are linear functions of the irrelevant expressions g— , ^yj g-^- 
It follows at once from (10) that when F, g-/ and A-F vanish together (for 
a/' < as well as for x" = 0), the same is true of ^, ^ V— ^Vi and 

^ dip ZL ^ iTi ^'^/i X , 94> Vi — Vj — ViV% . dp v^ — Vs — VjVs 

"l • • • • "1" O — ■ • 

9v» ©»-i 

In the light of these results consider the first of the equations of (9). 

Since <^ = 0, ^da^' + §^dv,+ ^^dv,+ .. . • + ^/t,,+ |^d F = ; 

whence 9$ 3^ 9^ 

37 _ ai?i 37 _ 3t;„ 37_ 3a?' 

3t;x - ~ 3$ ' • • ' • 3i?„ - ~ ^' 3a;" - ~ 5* 
37 37 37 

The use of these equations and the last (n — 1) equations of (9) gives the 
first equation of this set the form : 

or when svi f g^ -\ — -^ V — ^ (1 — », j is added to the bracketed terms 

of its right number and at the same time subtracted from the terms without 
the brackets, the form : 
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From equatioDs (10) it follows therefore, that in the case before us, this 
equation regarded as a differential equation is illusory. Values can, it is true, 
be found for the i?J's which in an algebraic sense satisfy this and the remaining 
equations. 

Prom either of the equations g - Vi — ^^ F= 0, or 

a development may be had for v[ in powers of a/' and vi? ^3» • • • • '^n- 
Let this value of v[ be substituted in the equation 

when it with the equations still remaining, viz. 



a/' 


dx" 


= 


fj- 




> 




a^' 


dad' 


z= 


««. 


-i—v„ 


— w„. 


-1»« 






Vn 


— 1 


1 



will form a system from which series may be obtained for v^, v^, . . . . v^ in 
powers of x" by the method already described. 

The substitution of these values of t?i, t?8, . . . . t?i in the development already 
obtained for t;( will give a series for it also in powers of ar". 

But while these series may in an algebraic sense be called the solution of 
the equations (9), they are by no means such in the differential equation sense ; 
no more indeed than the arbitrary function defined by the equation ;^ = is a 

solution of the differential equation -5^;^ = Tx* 

And in the same sense and that only is the series to be gotten for y by the 
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substitution of these values of Vj, i?^, .... i?^ in the equation 

a/* cc'** r 

y = yo + yia/ + 2/»2T^ — + 2/i^+ ^^i^» ^n^'^^'^y 

a solution of the given equation /= 0. 

We have thus arrived at a general criterion for singular solutions of the 
diflFerential equation of any degree, which distinguishes them fully from ordinary 
or proper solutions and yet shows their place in the system of proper solutions ; 
a criterion not based on geometrical considerations or assumptions as to the 
character of the curves defined by a differential equation, but based solely and 
directly on the differential equation itself. 

A general equation /= will have no singular solution; for it is a 
necessary condition for the occurrence of such a solution that A/ vanish where- 

ever /and ^^ vanish together, and this imposes limitations on the coeflScients 

of/. 

When a singular solution exists, however, it will be met in applying the 
general methods which yield the solutions of/ = — usually all proper solutions — 
which belong to a given set of initial elements Xq, yo> • • • • yi« But in its case 
the first of the set of canonical equations to which /= can be reduced for each 
of these solutions is satisfied not as a differential equation but only through the 
vanishing of factors algebraic in a/', Vi, . . . . r^ which appear in all its terms. 

§3. 

Let ^{x, y, Ci, c^, . . . . c J = 

be any irreducible function of a;, y, q, c,, . . . . c„i, one valued with respect to 
X, y ior the region within which it is to he considered, and rational with 
respect to Ci, Cj, . . . . c^, where Cj, Cj, . . . . c,^^ satisfy m — n algebraic equations 
ij/^ (ci, Cg, . . . . c,^) == 0, (i = 1 , . . . . ?n ^ 7i) , but are otherwise arbitrary. 

^ 2= defines an n-ply infinite system of curves which satisfy a differential 
equation Qf order n, /(yn» y»-i7 • • • • y » «) = » the eliminant with respect to Cj, 
cj, . . . . c^ of the m + 1 equations 
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As/= depends solely on the manner in which Ci, Cj, . . . . c« are involved 
in 4) = and not* at all on the character of these quantities, it is obvious that 
^ = will continue to satisfy this equation when Ci, Cg, . . . . c^ are replaced by 
any set of functions of a which satisfy the equations: 

53 33"/*)^' = ^' 53 a^ (£) ^ = ^' • • • -13 a^i (^^)di = °' 

(jfc = 1 , . , . . m — n) 



1 

m 



1 



or the single equation 



A = 



a<^ 

a©! ' 

a# 

3ci dx 


do, 
a (^ 

dct dx ' ' ' 


a^ 

•'ac, 
a d<i> 
ac, rfx 


d dr-^^ 
dci dx^"^' 


a d»-»4> 
aci d«"-^ ' • • 

ac, 


a d^-^p 

• • Be, cfo;"-^ 

a^i 
• • ac. 


aci 




a^«- 



= 0. 



The eliminant with respect to Cj, c, c, of the m + 1 equations : 

dA <£"~*A 

^ = ^' ^ = ^ ^ = ^' ^' = <^' ^ = 0. 

a differential equation of order n — 1 , 

X (y*-i' y»-»» y, a) = 0, 

will in general be a singular solution of the equation /(y^, y, x) = 0. Its 

solution will aot be contained in the curve-system which. /=0 defines, but it 
will satisfy this equation.. 

This is readily proven, as follows. Of the carves ^ = there is an (tz -— 1)- 
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ply infinite system passing through any point Xq, yo» th® parameters of which 
satisfy the equations 

^ (a^o» 2/o» Ci» . • • • c«) = 0, 4'< (ci, Cjj , c«) = , (i = 1 , . . . . m — w). 

Between the parameters Cj, c^, . . . . c,» of any curve of this system, and 
the parameters Ci + rfcj, . . . . c« + ^c„ of a second curve of the system con- 
secutive to it, there must hold the relation : 

9<?>fa> yo> ci, ■ > . » gm) ^^ _ 



9c< 



cfc, = . . . . (l) 



For the two curves to touch at a-Q, yo» it is further necessary that 
And for their contact to be of the order n — 1 , still further that 

the common 1/1, y, y„_i of the curves being given by the equations 

But the eliminant with respect to dci, dc^, . . . . dc^ of the equations 
(1) .... (w) and the m — n additional equations 

is A = , it having been supposed in the construction of the differential coeffi- 
cients which constitute the elements of A as in the construction of those involved 
in the present eliminant, that Ci, c^, , . . . c^ are independent of x. 

It follows immediately that x, {Un^ii y» -»»•••• y^ ^) = 0, the eliminant 

with respect to c^ , c, , . . . . c„» of the equations ^ = 0,-1^ = 0,.... , ^J.\ = , 
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'4'<= 0, and A = 0, embodies the relation which must exist among the coordi- 
nates X, y of any point and the values at that point of the yi, ^a, . . . • y»--i of such 
consecutive curves of the system ^ = as there have contact of the order n — 1 
with each other. 

A curve of the system x^^^ ^^7 therefore be described by moving a 
tracing point from x^^^ to x^yi along an infinitesimal arc of ^o = 0, a curve of the 
system 4) = ; thence to x^^ along an infinitesimal arc of the curve ^1 = 0- 
which has a contact of the order n — 1 with ^0 = ^^ x^y^ ; thence again to x^z 
along an infinitesimal arc of ^3 = which has contact of the order n — 1 with 
^j=: at xi^i, etc. This curve, since it has the same yi, ys? • • • • ^n-i with 
^1 = at Xq^o aiid also at the consecutive point xiyiy has contact of the n*^ order 
with 4)1 = at Xoyo ; in like manner contact of the n^^ order with ^2 = at x^y^, 
etc. It therefore satisfies the equation /(j/m yn^-ij • • • • y» x) = 0. Therefore 

Tfie equation ;k = contains the envelope system 0/^ = , a system 0/ curves each 
of which has at each of its points contact of the n^ order with a curve o/' ^ = ; and 
this system satisfies the equation f:=' 0. 

It should be noticed, however, that x^=^0 may contain systems of curves 
besides this envelope system — which do not satisfy the equation /=0; may 
indeed contain such curves only. 

By the hypothesis made at the outset there is a 1 — 1 correspondence 

between the curves of 4) = and the systems of values of the parameters 

mi . d^ d^"^^ , 

cu c%, ^m. "he equations ^ = 0, ^ = 0, ^r^i = 0, i^i = 0, give 

Ci, Cg, . . . . c„ in terms of x, y, yi, . . . . yn-i and therefore determine the sets of 
values of these parameters which belong to that set of the curves ^ = which 
pass through any point x, y, and there have given yi, y^, . . . . yn-i- I^ the general 
case these sets of values are distinct from one another, and so the curves of the 
set are distinct curves. But it may happen that two or more of the sets of values 
are the same. The corresponding curves then cannot be distinct, but must be 
but different branches of one and the same curve. 

For the occurrence of loci of such singular points more conditions must be 
satisfied than there are independent parameters ; ^ must have a special form. 
But when they do occur, they satisfy the equation ;k = 0. 

This may be readily seen by regarding ci, c^, . . . . c,„ as the coordinates of a 
point in a space of m dimensions Sjn, - 
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4> = 0, j^=0, .... , n^Y = 0, v< = are then the equations of m formfl 

in this space^ each of dimensionality m — 1 , which have in common a finite 
number of points, generally distinct. If, however, two (or more) of these points 
coincide, the corresponding tangent ^m^i's of the m forms have a line (Si) in 
common, and the determinant A — whose elements are the coefficients of these 
tangent aS^^-i's — vanishes ; that is^ the condition ;^ = is satisfied. 

Besides the envelope system^ therefore, % = includes the loci of points at which 
curves of the system ^ = have the singularity of two curve branches having contact 
of (hen — 1** order with each other, when such loci exist 

These loci, however, do not satisfy the equation /= 0, and hence constitute 
no part of its singular solution ; ^for while ;t = for the singular point itself on 
a curve ^^ = , this equation will generally not be satisfied for consecutive points 
of the curve, these points not being singular ; or the values of y» for ;k = ^ ^^^ 
^ = at the singular point are different. 
Pbinceton Colleqb, July 26, 1889. 
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On Confocal Bicircular Quartics. 

By F. Franklin. 



1. Coordinates. Throughout this paper the letters a, y will be understood 
to mean '* circular coordinates," viz. 

a = X^-^^=r6*^ y=X— ^^=re-*^ (l) 

Xy F being rectangular coordinates, and r, ^ polar coordinates. A third variable 
z will, wherever convenient, be introduced for homogeneity, and then the defini- 
tion of X and y will be understood to be modified so as to be given by 

x:y:z = X+iT:X—iT:l. (2) 

The point« (x, 2), (y, z) are the circular points /, J; the point (a, y) is the 
origin. It should be observed that a rotation of the axes X, T through an 
angle a is equivalent to changing 

a?, y into c**a;, 6~**y. (3) 

2. The axes of/our concydic points. It will be desirable to obtain a formula 
relating to four concyclic points before taking up the consideration of bicircular 
quartics. If {xi^ yj), {x%, y,), (xg, yg), {x^, y^ be four points on a circle, the 
equality of the anharmonic ratios of the pencils through them from / and / 
respectively may be expressed by the equations 

(a?! — ggXxg — ^4) _ (ari— a^aXxg — X4) _ (xi — x^{x^ — x^) ,^x 

(yi — y%){yz — y^ (yi — y8)(y» — va) (yi — y4)(y2 — ys) ' 

Now the value of the first fraction is the clinant* of the pair of lines 12, 34; 
and likewise for the other fractions. In other words, if we denote by ^j^s ^^ angle 
made with the axis of X by the line AB^ the common value of the fractions is 
the value of ^(*»+*s4) — g»«(*is4-*s4) _g2<(*i4+*a.)^ 



See this Journal, XII, 162. 
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Or, what is the same thing, if a be the inclination (i. e. angle with axis of X) 
of an axis of the four points (i. e. of a line parallel to either bisector of any one 
of the pairs of lines (12, 34), (13, 24), (14, 23)), and if we denote c**' by A, the 
common value of the fractions is A*. 

Suppose, now, that the four points are given by the equations 

Ax^ + ^B;x?z + 6(7aj*2» + ^Dxz^ + ^z* = 0, (5) 

^y + 45yz + 6 Cyz* + Wy^? + ^z* = O ; (6) 

the value of A* may be obtained as follows. Let 

S=AE —4BD +3C7*, T=ACE +2BCD — AD" — Eff — C\ 

S' = A^E — ^ED + 3 G'\ T = A! G'E' + 2B! G'D — A! IT — E^B' — C7" ; 

then, since Sj A^ is a homogeneous quadratic function and TJA? a homogeneous 
cubic function of the numerators of the fractions in (4), and since S jA^^ and 
T jA!^ are the like functions of the denominators, it follows that 

'~^rg = (A^ , ^%rjv = (A ) , 

whence A^ is unambiguously determined. Since the pencils are homographic, 
we may suppose S=S^j T= T-, then 

It follows that when the axis of X is taken parallel to an axis of the four points, 
we have, in addition to S= S' and T^z T, A=zA^. 

3. Con/ocal licircular quartics. The general equation of a bicircular quartic 
may be written 

h^y^ + 2xyz {Ix +my) + ^ {clt? + 2lixy + hy^) + 2;? {gx +/y) + cz' = 0. (7) 

The system of tangents to this curve from the node {x , z) is found, on writing 
the equation in the form 

{ka? + 2mxz + b^)y^+2{Ia? + hxz+f;^)yz + {a7? + 2gxz + c2»)2»= 0, 

to be 

(ai— ?)a;^+ 2(am + g]c — hl)a?z+{ah — h^ + ch— 2/I+4gm)x^^ 

+ 2{bg + cm—/h)x7?+{bc—/'):^ = 0, (8) 
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and likewise the system of tangents from the node (y , z) is 

{hk—m^)\f+ 2{bl+/k — hm) ifz + {ab — h^ + ch— 2gm + 4/0 ?/V 

+ 2{af+cl-gh)y^ + {ac-g')^=Q. (9) 

These two pencils are known to be homographic ; in point of fact, it is found on 
trial that the invariants of the quartics (8) and (9) are absolutely equal ; and 
hence the 16 ordinary foci of the curve lie by fours on four circles. 

To consider, now, a system of confocal bicircular quartics. The foci may 
be supposed to be given by the equations 

{A, B, C, D, I^x, zy= 0, {A^, B, G, U, E'fy, 2)*=0, (10) 

and these quartics will be supposed so written that S' =^ S, r' = T. Then the 
conditions to which the 9 coeflficients of the curve are subjected are obtained by 
equating the 10 coefficients in (8) and (9) to the 10 coefficients in (10), each mul- 
tiplied by a common multiplier ^; this gives, on the face of it, 10 equations 
homogeneous in 10 quantities. But since the coefficients in (8) and (9) satisfy 
identically the relations S' = S, T =z T, the number of effective equations is 
reduced to 8 ; hence there remains an arbitrary parameter ; and therefore 
through any point in the plane there pass a finite number of curves belonging 
to the system. 

How many curves pass through a given point may be determined by con- 
sidering the curves through the origin, since no restriction has been made on the 
choice of origin. Putting, then, c = and comparing (8) and (9) with (10), we 
have fl^=EIE. (11) 

But gx +fy = is the tangent at the origin, and fjg is its clinant ; hence there 
are at most two directions'^ in which the curve may pass through the origin ; and 
since the two values of fjg are negatives of each other, these two directions are 
mutually perpendicular. 

If we write equation (11) in the form 

A ' g" - El A! ' 

its full geometrical significance becomes evident. Viz. it is plain that 

E ^ E XiX^^x^ 

•The above does not rigorously prove that there actually are two curves through eveiy point, since 
it has not been shown tliat both values oiJIg are admissible ; it does prove that there are at most two 
curves through every -point. The equation of the confocal system, which is obtained in tlie next article, 
of course determines the matter completely. 
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is the clinant of the system of rays drawn from the origin to the four foci ; and 
it has been shown in art. 2 that A^ jA is the square of the clinant of either axis 
of the four foci ; hence equation (11) signifies that the angle made with an axis of 
four concycUcfoci of a hicircular quartic hy the tangent to the quartic at any point 
is equal to half the sum of the angles made with the same axis hy the four focal radii 
of the point* 

4. Equation of the Gonfocal System. The foci being given, as before, by 
equations (10), we may, without loss of geometrical generality, suppose ^4.' = J. 
as well 2LB Sf = S and T = T, viz. this is equivalent (art. 3, end) to taking the 
axes of coordinates parallel to the. axes of four concyclic foci. By a proper 
choice of origin we may efifect a further simplification of the problem. Viz. the 
substitution of x + az for x and y + ^z for y does not disturb the equalities 
already established ; and it enables us to make O =. G and E^ = E. The five 
relations thus secured may be written as follows : 

'A = A!, G=G\ E = E\ BD = BD, A{]y — D') + E{& — B') = 0. 

The fourth of these equations will be satisfied if we put B' = p5 and D = pZy ; 
or, slightly altering the notation, if we write instead oi B, D, Bf, D respectively 
B, pZ), pfi, D] and then the last equation becomes (1 — p*)(-4I>* — E&) = 0. 
Thus the equations determining the foci become 

Ax^ + 4Bx^z + 6Ga^!? + 4p2)a^ + Ez^ = 0, (12) 

Ay'+4pBy'z + 6Gy's? + 4Dyz' +E7^=0, (13) 

with the relation among the coeflScients 

(1 — p^)(^Z>» — EB") = . (14) 

It will be supposed throughout that neither A nor E vanishes ; the vanishing of 
E would mean that the origin was a focus, the vanishing of A that one of the foci 
was at infinity. 

We next observe that if p = dc 1 , or if 5 and D both vanish, four foci lie in 
a straight line, viz. it is obvious that four points satisfying equations (12) and 
(13) will in these cases lie either on sc = y or on a: == — y. This is a special case 
which we shall at first exclude. 

*See *' Note on the Double Periodicity of the EUiptic Functions," this Journal, XI, 285. 
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To find the equation of the confocal system, then, we have to subject the 
general equation of a bicircular quartic 

fec^y* + 2xyz {Ix + my) + z* {aa? + 2Jixy + 6y^) + 22^ {gx +fy) ^ct^ — O 

to the conditions 

{A) (B) {G) 

ah — V =^X, am + gh — hl = 2J5X , ah — h^'\'ck — 2fl +Agm=%G%, 
hh—w? = AX, bl + /k — hm = 2pBX, ab — h* + ck—2gm + 4fl=6GX, 

• {D) {E) 

bg+cm—/h=2pDX, Ic—p^EK, 
af-\-cl—gh—2D^, ao—^ — Ek, 



1(15) 



where it is to be remembered that either p* = 1 or AI^ = EB^. 

5. Th& gcTieral case ; p* ::^ 1 , B and D not both . Since AB^ = EB^j and since 
AzfzO and E^^O, neither of the quantities 5, D can vanish without the other ; 
therefore neither of them vanishes. From equations (G) we get, by subtraction, 

fl=gm', i 

then from equations (D) and (E) 

af - bg'^'kEi}) — a) = 2XD{/- pg) ; ii 

from equations (A) and (B) 

am* — bP = XA{b — a)= 2XB (m — pi) ; iii 

from equations (A) P — m*= {a — b)7e', iv 

from equations {E) p — gr* = (a — b)c\ v 
and from equations {B) and {D) 

afm — bgl= 2XB{/—pg)=z 2XD{m — pl). vi 

We note that a^b] for if 6 — a were 0, equations iv and v would give 
P — 7n*=: and/* — gr*= 0, while equations ii and iii would give / — p5^= 
and m — p? = 0; whence, since p' =#= 1,/, 5^, Z, m must all vanish; but this is 
impossible, since equations {B) and {D) would then give 5=0, D = 0. 
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Since h — a :^ , it follows from ii and iii that / — fg^O and m — fl^O; 
but, from i, / _ ^ _y _ j) 

m- I - m-Jr --5-^y^^^ 

so that ^ D D J 

f=-^rn, g=-^l. vii 

By iii, , 2B . .. 

•^ ' b — a = -J- (m — p?) , viii 

2D 2D^ 

while ii would give 6 — a=^-g-{/ — pg), =^rn{m — pi) by vii; and this is 

consistent with viii because AL^ = E&. Equations iv and v (in combination 
with vii and viii) give 

j__A m^—P _ E m^ — P 

'^— 2B' m — pr ^~ 2J5 TTi-pr ^^ 

From equations {B) we get 

- J9 7 , hi — pam 

while equations D would give h= -^ c + r ' , which is the same as the 

value in x because c = -p Aj = -jw h and -^ = — - 

A jy f m 

Equations vii, viii, ix and x, together with the equation 

A {ah — h^ + ch +/l+gm) = 3C{aJc — P + hh — m^), xi 

[obtained from {A) and ((7)] represent all of the given equations, the determi- 
nation of X being left out of account. Equations vii and ix express/, g ^ c,hm 
terms of? and m; it only remains, therefore, to determine a, h and A so as to 
satisfy viii, x and xi. Since a — 6 = (P — m^)lh by iv, we may put 

(where it should be noticed that t^Q, otherwise either of equations {A) would 
give -4 = 0) and then x gives 

D Im l—pm 

B ^ k m — pi 
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Hence 

„t_,.^, C-p-)K-'-) 
(m - piy 

+ ,{C"+pO('»'-pI)_at^I=g|_y^_,,„4. 

I A (771 — p/) £ m — pij jy* B 

Also 

A: = -^. — ^^^, ck=-^J^, /l + gm= 2 -jglm, Q,nd ah— 'P=bk — m^=tk. 
Making these substitutions, xi becomes 

Rejecting the factor f, this equation gives 

_ {m-giy (SO m'-P AD (? - pm)(7n«- ?») 28,..) 



t 

Also 

T ~ JT • rn^ — J* • ' ~ (1 — p»)(»n» — ^») • "X • »i — pZ 
Hence 



Z> _ 2S ?n — p? (tw — p7)» 25 (1 — p»)Z» 

— A 'm» — P-^^(l — p*)(m* — P)' A ' m — pl ' 



a,=— + t, 

_ (m — pl)* |3(7 TO* — P uli) (Z — pffl)(ffl» — ^'j 2B m* — P ] 
— (l—p*){m* — P)\B 'm—pl'^ £" ' {m — plf ~A'm-pll 

or (1 — p») AB'a = {SABO— 2B')(m - pT) — A*D {pm — I) ; 

and likewise 

(1 — p») AB'b = (3^5 G — 2p*B\m — pi) — A^D (pm — I) . 

It conduces to simplicity to express everything in terms of the new parame- 
ters a and /? defined by 

TO— p?=(l — p»)5a, pm — Z=(l— p»)5/3; 
whence Z = 5(pa — /3), m = B(a — p/3). 

Then the above equations become 

ABa = {SABC—2B^a —A*D^, 
ABh = \zAB G — 2p»5«) a — A^D^ ; 
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.-A ^'-jg' _Z 



a' 



a 



c = 



^ 



a 



equations vii and ix become 

/=i)(a-p/8), sr = Z)(pa-^), k= ^. 

and equation x gives 

h = ^^ {^«i) (a» + /3») — 6^B(7a/3 + 4p^a*}. 

Hence, multiplying each of these values by 2ABa, and substituting in the equa- 
tion 

ka^y" + 2xy2(& + my) + 2» (a»» + 2Aa^ + J^) + 2^{gx+/y) + (»* = 0, 

we find the equation of the required curves to be 

x»y»{ A*£a' —A*£^ 

+ 2x»y2 i 2fAB»a* — 2AB'a^ 

+ 2a^»2 { 2AB*a* — 2pAJB*a^ 

+ a?^\{6ABC— 45»)a»— 2^»2?a/3 
+ 2a!yg»^( ^»Z) + 4pS»)a«— 6ABCa^ + A'D^ 
+ 3/»a» j (6 Jl^ C— 4p»^) a* — 2AWa^ 
+ 2x2' { 2pABDa*— 2ABDa^ 

+ 2^28 { 2JlBZ>a» — 2p^52)a/3 

+ 2* J ABEa* —ABE^\ 

Let us call this 

a*Cr— 2ai3F+|3»Tr=0; 

then D^ and W are particular curves of the system (being obtained by putting 
a or /3= 0), but V is not. The equation being quadratic in a: /I?, there pass 
through every point in the plane two curves of the system. 

In virtue of the relation AIJ^ = EB^, TF is a perfect square ; viz. 



(16) 



= 0. 



(17) 



W=-A*B(xy-^,f)\ 



(18) 



and represents a circle with its centre at the origin, counted twice. And since 
it is obvious on inspection (bearing in mind that AD^ = EB^) that the relation 

ccy = --gr2? converts the y-equation for the foci into the aj-equation (equation (12) 

into equation (13)), this circle is a circle through four foci. Hence each of the 
four focal circles ^ counted twice, is a curve of the system. 

If we put a = ± /? (and only so) the term in a^y^ disappears, and z becomes 
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a factor of the equation, so that we have as a limiting case of the quartics a cir- 
cular cubic together with the line at infinity. But at the same time the term in 
2^ disappears ; hence the cubic passes through the origin, which has just been 
seen to be the centre of a focal circle. The terms of lowest degree in x and y 
are (dropping a constant factor) 

and the terms of highest degree are 

xy{x=py). 

Hence, there are two circular cubics confocal with the system of quartics ; these 
cut each other orthogonally at the centre of each of the four focal circles ; and 
the tangent to either cubic at each of these centres is parallel to the asymptote* 
of that cubic : the tangent and asymptote being in fact parallel to an axis of the 
foci. 

6. The case of /our collinear foci. If four foci are in a straight line, we may 
take this line as axis of JT, and the centre of gravity of the four foci as origin ; 
then the equations of the /-tangents and the cotangents are identical : so that in 
equations (15) [end of art. 4j p = 1 and £ = 0. Supposing i? :^ 0, and noting 
that in obtaining equations i-vi of art. 5 the relation AD^ = EB^ (which does not 
hold in the case now imder consideration) was not made use of, we see from iii 
that a = 6; then from ii,/= grj and then from i, Z=m. Hence the equations 
(15) for determining the curve reduce to 

{a — h)/+cl=:2D?i, ac—/^ = EX.r ^ 

Eliminating h by means of the second of these equations, the other four become 

afc — ?= A7i, i 

ac—/^= EX, ii 

— JcP + cP= 2DIX, iii 

— T^P— 2afhl + ckP + 2/Z^ = 6 GPX . iv 

iii may be written h {iiic — /*) — c {ah — P) = 2DIX, or 

Ac = Eh—2Dl] V 

iv may be written k{—hp + cP) — 2fl {ah — Z^) = e Gl^X, or 

Af=Dh—ZCl] vi 



*I. e. the asymptote other than the tangents at /and J\ the real asymptote if the curve is real. 
43 
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and i, ii, iii obviously give also 

A/* — EP= — 2Dla. vii 

Equations v and vi give c and/ in terms of Je and ?; substituting for/, equation 

vii becomes 

2ADIa = — jy^J^ + 6 CDM + {AE — 9 C7») P ; viii 

and finally the second of equations (19) gives for h 

lADTh - lADla + lADfk = Z?*** + {AE— 9 C») f. ix 

Hence the equation of the required curves, which (since a =: J , /= g, l=^m) was 
ka^y* +2l{x + y) xyz + [a(«» + 2/*) + 2/ixy] 2»+ 2f{x + y) z» + cz* = 

is found to be 

x»y»{ 2AIM } 

+ 2(a!+y)a;2/2{ 2^Z>?} 

+ {:^^it)^\-m^^^GDU^-{AE-^G')l*\ ^201 

+ 2xya»] D»A* +(^£'— 9C7»)?f ^ ^ 

+ 2{x-Vy)^\ 2I^U —%GI)T*\ 

+ 2*^ 2DEkl — 42)»P}=0, 

or 

— T^J^ix — s/)V + 27iZD ]^a^2/» + 3C(a^ + f) ^ -\- 2D {x -\- y) s? -\- Ez*] 

+ P{4AD(x+y)a:yz+(^^— 9C»)(»+y)V— 12C7Z>(a;+y)2»— 4Z?»2*}=0. (21) 

7. Solution of tlie differential equation dxf^/ Ax^ + ^Ba? + 6(7x* + 42?x + -^ 
+ dyl'>fA'y^"+^>f+ 6Gy'+~4l)y + E'= 0. In virtue of the property of the 
tangent to a bicircular quartic contained in the theorem at the end of art, 3, the 
equation of the system of confocal bicircular quartics whose foci are given by 

Ax* + 45x3 + 6 (7x» + 4Z>x + ^ = , Ay*+ 4By» + 6Gy* + 4Dy + E=0 
is the solution of the differential equation 
dxlVAx*+4Ba?-^8Ca?+iDx+E-\-dylVAy* + 4By'+6Cy'+4Dy+E=0. (22) 

In the foregoing article we have obtained the equation of the system when the 
origin is so chosen that 5=0; so that the equation 

daf/VAa^'+ 6 (7x''+ 4Z)'x' +E + dy'/s^Ay''+ 6 G'y"+ ^B'y'+ El = (23) 
has for its solution, by (21), 

— ¥D^ (x' — j/f + ^Miy \ AdY + 3 (7 (x" + y ) + 2Z>' (x* + y) + E' } 

+ P]4^i)'(x'+y)x'y+(^^-9C')(x' + 2/')»— 12C7'Z>'(x'+2/') — 4i?''} = 0, (24) 
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or say — I^iy' (a/ — t/f + 2UDP + Z^Q = . (25) 

To obtain the solution, then, of (22) we have to transform (25) [which is 
only an abbreviated expression of (24)] by the substitution 

expressing the result throughout in terms of the coeflSciente A .... E. We shall 

write 

%i — A^' + eaa/' + il^x! -\-I?=Ax* + ABsi? + 6(7x» + 4i)x + E=iu, 

t/ = ^y* + 6Cy" + 4Z>'y + ^ = ily* + 4Sy + 6(7y + 42)y + E=v. 
In the first place, then, ad — y ^ x — y. Secondly 
2P= tt' + ty — ii (a/* — y*)» 

= u +v —A[x — yf[x + y + 2 -^J 

= tt +t> — A{p^ — ff — ^B{v? + f) + iB[pD + y)xy — 4.^{x — yf 
80 that 
P==^a:»2^+2J?(a; + y)xy+3(7(a:«+2/^) + 22)(a; + y) + ^-2-^-(x-y^^^ (27) 

It will, then, obviously be advantageous to put TcD =: a — 2 -j- Z, a being a new 
arbitrary constant; whereupon equation (24) becomes 

-a'(x-y)«+2a?[P+2^(x-y)»] + Z>[(3-4^P-4^(»-y)*]. (28) 

To transform Q it is convenient to observe that 

^, = 2 {Am — 3^5C + 2B9) a^ + {A^E + 24Si) — 9^C» + 65»C) y? 

+ 2 (4J?^- 3^ CD + 25»Z?) x + Eff — AD*, 

is an a-covariant of (-4, 5, C, D, Elx, 1)*, i. e- a function which remains unaltered 
by the transformation x=-a! + fi; and the like expression in y will be denoted 
by '4'. For the quartic (^,0, O, P, E\d, 1)*, ^ becomes 

A \2AJ>ad* + {AE' — 9 C") sb" — 6 a'i>'a/ — i^'] ; 
80 that we have 

A*Q=2A{p + ^)— A* {AE'—9 C'^sd—i/f+AA^D (a/+ y) 7>if—\MTy (a/'+ j^*) 

= 2l(<^ + 4')— ii»(a/ — y)* [4AD'(x'4-y) + ^^'— 90"*] 

= 24 (^ + 4') —4* (» — y)* [4iil?' (sc + y) + 4^' — 9 C* + iBir\ 

— 'La\^-\-^) — {x — yj [44 (4»D — 345 G + 25»)(x + y) 

+ 4» (4^— 4£Z> + 3C») — 12(4(7— £»)» 

+ 8-B (4»Z> — 345 C + 2£»)] . (28) 
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Substituting for ^ and '^ their values, and for P the value found in equation 
(27), we have 

g — 4 ^ P— 4^(a; — y)2= — 4jB»a;V + (4AD— 125C7)(x+ y)iry 

+ {AE—9C^){x + y)» + fiBDxy + {ABE— l2CD){x + y)— AD", 
so that the solution of (25) is 

— o?(x — yf 

+ %d [^x*2/*+ 2J?(x + y)a:y + 3(7 (a;* + y*) + 2D(x + y) + ^] 

+ p [_ 45«a?y2 ^ (^AD— lWC){x + y)x7j + {AE— 9C7»)(x + y)» 

+ 8.B2)xy + {ABE— 12GD){x + y) — AD"] = 0. (29) 
[Of. Cayley, Elliptic Functions, p. 339.] 

8. Case of four colUnear foci symmetrically situated in respect to their centre 
of gravity ; solution of the differential equation when B and D both vanish. In art. 6, 
where the origin was taken so that J5 = 0, it was expressly assumed that D was 
not also 0; and the equation there found [eq. (21), end of art. 6] ceases to rep- 
resent a system of curves when in it we put 2> = 0. It is, however, easy to 
write (21) in such a form that it shall continue to involve an arbitrary constant 
when i>= 0; it is also easy to investigate this case independently; but since we 
have just extended the solution in (21) so as to cover the general case (viz. that 
in which B is not supposed 0), it will be simplest to obtain the solution for the 
case J5 = 0, 2)= 0, from the solution for the general case, which is given by 
equation (29). We thus obtain, for the system of bicircular quartics whose foci 
are given by 

Ax^+ 6Ca^ + E=0, Ay^ + 6Cy^ + E=: 0, (30) 

the equation 

-a\x-yy+2allAa^f-i-SC{x'+y^ + E]+P{AE-9C'){x + yy=0. (31) 

Putting WAE—dG'^ = lf, a/VAE—9C^ = a^, this may be otherwise written 

— a''{AE—9C'){x — 7jy+2a^P[A7?y'+SO{a?+y') + E] + r{x + yy=0. (31') 
When AE — 9(7' = 0, equation (31) may evidently be written 

lAxy + 3(7 + (i{x-y)'][Axy + SO-(i{x-y)] = 0, (32) 

a pair of circles each passing through the two double foci given by 05 = y, 
Axy + 3(7= 0; and equation (31') may be written 

[Axy-SG+(i'{x + y)'][Axy-SG-ii^{x + y)] = 0, (32') 
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a pair of circles through the two double foci given by a; = — y, Axy — 3(7 = 0, 
and orthogonal to the preceding pair. 

Equation (31) or (31') is the solution of the differential equation 



dx/V Ax^ + 607? + E + cb/ls/Ap" + 6Gy' + E=0; 

and in the particular case when AE — 9(7*= 0, the two differential equations 
arising from this, viz, 

dx/{A3^ +3C) — dy/{Af + 3(7) = 0, dx/{Aa?+ SG) + dy/{Ay^ + 3(7)=0, 

have for their solution, by (32) and (32'), 

Axy + 3G = (i(x — y), Axy — aC = fi' {x + y), 
respectively. 



9. On the solution of the differential equation dxj^ax^ + 4J)qi?+ &c3f-\- 4dx + e 
=: Mdy/^/ay^ + 4by^ + 6cy^ + 4dy + e^ the quartics being homographic^ and M 
being a certain constant. Consider, first, the equation 



dxIs/Ax"^ + ^Bt? + 6 (7x* + A^Dx + E 
= dyjVAy' + 4p5/ + 6(7y* + 4i?2/ + E. [4i? = EB^^ (33) 

This defines a curve in which the inclination of the tangent is half the inclina- 
tion of the system of rays drawn from its point of contact to a system of four 
concyclic points determined by 

{A, B, (7, pD, Elx, 1)*= 0, (A, pB, (7, 2), E^y, 1)^=0. (34) 

Hence the solution of (33) is the equation of the system of bicircular quartics 
whose foci are given by (34); so that this solution is furnished by equation (16), 
p. 330,, z being therein replaced by 1. 

Next, consider the more general equation 



dx/Vax^ + 46x^ + 6c3? + 4dx + e 
= dy/^/aY + 46y + ^dy" + 4d'y + t/. [S^ = S, r= T] (35) 

It defines a curve such that the square of the clinant of the tangent at any point 
is equal to the clinant of the system of rays drawn from the point to a system 
of four concyclic points determined by 

(a, 6,c, d, e][x, 1)^=0, (a', 6', t/, d', %, 1)* = 0, (36) 

multiplied by a' /a. But, by art. 2, a' /a is the square of the clinant of an axis 
of these four points ; hence, vdth respect to an axis of the fonr points^ the inclina- 
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tion of the tangent is half the inclination of the system of rays drawn from its 
point of contact to the four points. The curve defined by (35) is therefore a 
bicipctilar quartic belonging to the confocal system whose foci are given by (36). 
By rotating the axes and moving the origin, i. e. by the transformation 

x = e*«(a:i + a), y = 6-^(^1 + /?), (37) 

equations (36) may be transformed (as shown at the beginning of art. 4) into 
equations (34); hence the equation of the confocal system just mentioned is 
given by (16), the », y, z being replaced by Xi, yu 1. This result, converted 
from an expression in J., . . . . , ^, p, a:i, yj, into an expression in 

CC , • • . • , 6, CL f . • • • , Cj SC , JJ 

would furnish the solution of (35). 
Finally, if, in the equation 



dx/Vax^ + Ah7? + &cs? + 4cix + 6 = Mdyj^a'y^ + 46y + Qd^ + U^y + e!, 

the quartics are homographic, but it is not true that S^ = S, T = T, we may 
multiply the second quartic by q, when its invariants will become aS" = ^S, 
rpn ^^ ^sjif. ^j^^ y^Q jjjg^y choose q so that 

q^S'=S, q^T=T, 

whence q = -^rp • The equation now becomes 

dAtl'^ax^ + Md^ + 6cx* + ^dx + e 

= Msl^dyl>/a!Y + ^Wxf^ + ec/y + 4rf"y + e", [;S" = S, T = T\ 

I'SW 
a", &", .... being written for qd^ qb\ .... Now, if Jf = V "oTtti ^^^ equa- 
tion becomes 

dxj'^ax^ + Ahx^ + 6ca^ + ^dx + e 



= dyl^a'Y + 46V + S^V + 4t«-'y + c". [aS" = S, T^ = T\ 
Thus the solution of the equation 



dx\^fwx^^'\hQ^^•^(^^^^^da^^e—S^dy|^/d^/'^ (38) 

the quartics being homographic, is at once reduced to that of equation (35). 



On the Theory of Matrices. 

By Henry Tabeb. 



I. — Elements of the Theory. 
Introductory. 

§1. Cayley, in his Memoir on the Theory of Matrices (Phil. Trans., 1858), 
defined a matrix as ** a set of quantities arranged in the form of a square,"* this 
notion arising ** from an abbreviated notation for a set of linear equations." 
Accordingly, Cayley laid down the laws of combination of matrices upon the 
basis of the combined effect of the matrices as operators of linear transformation 
upon a set of scalar variables or carriers. The development of the theory, as 
contained in Cayley's memoir, was the development of the consequences of these 
primary laws of combination. Before Cayley's memoir appeared, Hamilton had 
investigated the theory of such a symbol of operation as would convert three 
vectors into three linear functions of those vectors, which he called a linear 
vector operator. Such an operator is essentially identical with a matrix as 
defined by Cayley ; and some of the chief points in the theory of matrices were 
made out by Hamilton and published in his Lectures en QtuUemions (1852). They 
were, however, made out as theorems concerning linear vector operators, and 
developed by quaternion methods, through the eflfect of these operators upon 
vectors, and not upon the basis of the primary laws of combination above 
referred to. Nevertheless, Hamilton must be regarded as the originator of the theory 
of matrices, as he was the first to show that the symbol of a linear transformation 
might be made the subject-matter of a calculus. Cayley makes no reference 

* Cayley speaks also of rectangular matrices, and to some extent develops their theory ; he even 
alludes to the possibility of attaching a more general meaning to the word. His memoir deals, how- 
ever, almost exclusively with square matrices ; and as the present paper relates exclusively to such, we 
shall make no further reference to other than square matrices. 
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to Hamilton, and was of course unaware that results essentially identical with 
some of his had been obtained by Hamilton ; and, on the other hand, Hamilton's 
results related only to matrices of the third and fourth order, while Cayley's 
method was absolutely general. The identity of the two theories was explicitly 
mentioned by Clifford in a passage of his Dynamic, and was virtually recognized 
elsewhere by himself and by Tait. Sylvester carried the investigation much 
farther, developing the subject on the same basis as that which Cayley had 
adopted. Subsequent to Cayley, but previous to Sylvester, the Peirces, 
especially Charles Peirce, were led to the consideration of matrices from a dif- 
ferent point of view ; namely, from the investigation of linear associative algebras 
involving any number of linearly independent units. In this aspect, the quan- 
tities arranged in a square are looked upon as scalar coefficients of the several 
units or **vids" of an algebra belonging to a certain class. Finally, it must be 
mentioned that Hamilton and his successors made use of an interpretation of a 
linear vector operator which consists in regarding the operator or matrix as 
representing a homogeneous strain ; and in this light the axes of the strain play 
an important part in the theory. These axes may, however, be utilized without 
any reference to this interpretation, the analytical definition of the axes being 
obvious ; and I have made much use of them in the following investigation. 

This paper originated in an investigation upon the development of Cliflford's 
geometrical algebras ; the consideration of the linear vector functions of these 
algebras led me to think of investigating the theory of matrices viewed as linear 
vector operators. For matrices in general these algebras furnish an instrument 
analogous to that which quaternions affords for the investigation of mat- 
rices of the third order. I shall, however, reserve to a subsequent paper the 
consideration of this particular system of algebras (of which I have obtained a 
tolerably complete development) and its utilization for the theory of matrices. 
In the present paper I regard a matrix as a linear unit operator, operating upon 
the linearly independent units of an algebra, without reference to any meaning 
of such units, or to any properties which these units may have in combination 
with each other ; and I have in this way endeavored to develop the theory of 
matrices. From this point of view I am able to give a very simple proof of 
Cayley's ** identical equation," and also of Sylvester's most important results, 
the law of latency, the law of nullity, and Sylvester's formula for any function of 
a single matrix. I have also completed the ^investigation of the nullity of the 
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factors of the identical equation (Sylvester's ** corollary of the law of nullity") 
which Sylvester had treated only in the special case when all the latent roots of 
the matrix were distinct ; and I have shown that in addition to nonions there are 
an infinity of algebras exactly analogous to quaternions. This analogy I have 
also extended, and it appears that every matrix is resolvable, precisely as a qua- 
ternion is, into the product of a tensor and a versor ; the latter gives rise in a 
matrix of any order to functions analogous to the sine and cosine to which 
these functions reduce when o = 2 ; and thus I find that there exists an infinity 
of formulae analogous to De Moivre's. Finally, I have shown that the whole 
theory of matrices may be regarded as contained in the theory of Clifford's 
geometric algebras, i. e. in the theory of sets of quaternion algebras which are 
such that the units of one . set are commutative with those of any other. Other 
results I have obtained not immediately connected with the pure theory of 
matrices, but having reference to the matrix viewed as a linear unit operator. 

These results are contained in the second part of this paper; the first part 
contains only the elementary notions and theorems developed from the point of 
view of the matrix as an operator, and is not necessary to the understanding of 
the second part, at all events by one acquainted with Cayley's memoir. To this 
must be excepted §9, which contains an account of Charles Peirce's system of 
quadrate algebras and their connection with the theory of matrices. 

I have in I §10 given a slight sketch of the history of the theory. 

Definitio7i of a Linear Unit Operator. 

§2. The extensidn of any selection of o of the units of any algebra will be 
termed a ground of order o. A linear unit operator 4) of a ground of order q is 
an operator which- converts each of o linearly independent quantities in the 
ground into a quantity in the same ground, and which is such that 

^ {ma + nn) = m (^mt) + n {(pn) , 

where a and n are any two quantities in the ground, and m and n are scalars."^ 
Thus, if tti, (X,, . . . . a« are o linearly independent quantities of a ground of 
order q, and if 

p = aitti + x^ +....+ a^«a-i 

* Of course this requirement is equivalent to the requirement that ^ shaU be distributive over any 
suni of quantities in the ground ; the equation would then follow at once for m and n positive integers, 
and thence very simply for m and n any scalars. 

44 
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then ^p = a:i.^ai + x^.^xi^ +...•+ x^.^a^] 

where, since the <^a's are in the same ground as the a's, and these are q in 
number and linearly independent, we may put 

^1 = Oiitti + <hi(h + ....+ a^ia^, 



whence the linear unit function ^p becomes equal to 

{a^iXi + a^x^+ +ai«a;Jai+ {a^iXi + a^^x^ +....+ a^^x^)at+ 

By choosing the a^s as the units of the set (ari, ar2> • • • • ^«)> it may be 
regarded as identical with p, when it is evident that <^ is the matrix 

( an ai2 • . • • ^u ) 
a%i Ojn . . . . a^^ 



^••1 ^«g . . . . a^ 

Thus, either the successive columns of the array constituting the matrix may be 
regarded as operating upon the successive quantities (ai, a,, . . . . a„) represent- 
ing the ground, or the successive rows may be regarded as operating upon the 
coeflBcients (xi, arj, . . . . xj) of these quantities. 

Regarding <^ as operating upon the set p = (xi, cr,, . . . . x^), i. e. upon the 
coefficients of the a's in the expression for p, the resulting set consisting of the 
coefficients in the expression for the linear unit function ^p may be denoted by 
((4>l^i)» {^\^i)f (4>|a:«)); and so 

In virtue of the identification of a matrix and a linear unit operator, these terms 
will hereafter be used interchangeably. 

The coefficients of the a's in the expression for the 4)a's which form the 
columns of the matrix, will be termed its constituents. 

The converse or transverse of 4), denoted by $, will be defined as the matrix 
formed from ^ by interchanging the rows and columns of its constituents.* Whence 

* The term transverse was used by Cayley in his memoir to denote this function of a matrix, and 
has subsequently been used by Sylvester in the same sense ; the term converse was that employed by 
Charles Peirce for this purpose, and the symbol of conversion or transversion employed here is also his. 
Hamilton used the term corrugate of ^ to denote the converse of ^, and denoted it by ^'. 
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^P = ^-^oti + a?2-$a«+ • ' • • + a5,*-$a«, 



qnii = audi 


+ ttwOs + . • 


. . + «i«a«» 


$a8 = a^itti 


+ 0,203 + . . 


. . + Ojj^a., 


etc. 







where 



The relation " converse of" is evidently reciprocal, thus ^ = 4>. 
Two matrices of the same ground are equal if they have invariably the same 
effect upon the same quantity. Thus if *>// is the matrix 

( 611 612 ... • *i« ) 



b^i b^ • • • . o 
and the a's still represent the ground, so that 

'4^ = ftiatti + 622^2 + . . 
etc., 






and if ^pzz^'p, for any quantity in the ground, then an = 611, 013 = 61,, etc. 
Consequently, if two matrices are equal, every constituent of the one is equal to 
the corresponding constituent of the other ; and so an equation between matrices 
gives rise to o^ scalar equations. 

In defining the linear unit operator ^ by its effect upon o linearly indepen- 
dent quantities in a, certain ground of order o, the law of multiplication of the 
units of the ground is not in any way involved. Whence it follows that there is 
only an apparent loss of generality in taking the units of the ground from any 
particular algebra. If the elementary units of Clifford's o-way algebra* are 
chosen, any quantity in the ground is a vector in o-dimensional space ; ^ may 
then be termed a linear vector operator, and has a definite geometrical signification, 
namely, it represents a homogeneous strain. For if p and <t are vectors to two 
parallel straight lines, then we may put p = ai + ar/?, cr = a2 + y/?, and by 
definition <?)p = <^ai + a:<^/? , 4>ct = i^a, + y<^/?, so the displacement of points in 
space which ^ effects is such that parallel lines remain parallel ; whence, exten- 
sions of any order which are parallel remain parallel after the application of the 



* Clifford's ci)-way algebra is an algebra linear in the product of even order of (^ ^' elementary units," 
ilia .... f» , such that i4,=:—i,irt and i^ = — 1 . See this Journal, Vol. I. 
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strain ^. Without, however, determining the nature of the units of the ground, 
i. e. the properties its units may have in combination, two extensions belonging 
to the ground of order m and n respectively, where m<in, may be termed 
parallel if every quantity in the one may be represented, for some set of values 
of the x% by 

and every quantity of the other, for some set of values of the y's, by 

a» + yi^i + y%P% + — + yw?m + + yn/?n, 

the a's and /?'s being quantities of the groimd. A homogeneous strain may then 
be defined as a displacement in a certain extension (namely, that of the ground) 
which leaves unaltered the parallelism of any two extensions of the ground. 
Obviously ^ eflFects such a displacement of quantities. 

A consequence of some interest follows from the identification of the theory 
of linear vector operators with the theory of matrices : as quaternions is identical 
with the theory of dual matrices, and thus with the theory of homogeneous 
strains in a plane, to every proposition concerning space of three dimensions (or 
of four dimensions) which can be proved by quaternions, corresponds a proposi- 
tion concerning the kinematics of a plane, such that when either is proved so also 
is the other. 

Hereafter it should be understood, that when quantities are spoken of as 
the operands of a matrix ^ , they are to be regarded as in the ground pertaining 
to ^ even when this is not explicitly stated. 

Addition of Matrices^ Multiplication by a Scalar, and Form of a Scalar.^ 

§3. Employing the notation of the last section for ^ and 4', l^t ;^ denote 

the matrix 

( an + 611 ai2 + 612 ai^ + i,^ ) 

«n + ^a «8a + *22 ••••««« + i&a« I 
etc., etc. i 

Xt is obvious from the definition of a linear unit operator that for any quantity p, 

a:p = 4>p + ^p- 

Whence this sum may be denoted by (4> + '^) p, giving the equation in matrices. 
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US 



( «11 «38 • • 


• -.^Iw 


l + (611 612.. 


• • ^1- ' 


)=( 


«!! + 611 a„ + &1, . . 


• -^l^+^l- 


(hi «22 • • 


• • Ojw 




5gi 6„ . . 


..6,. 




«21 + *21 ^22 + 622 . • 


• • ^2- + hm 


etc. 






etc. 






etc. 





As a consequence of the nature of scalar addition, it follows that the addition of 
matrices is commutative and associative, and such that its inverse, subtraction, is 
determinative, or may be regarded as the direct operation performed with an 
inverse quantity, the negative. The negative of 4), which may be denoted by 
( — ^), is of course that matrix whose constituents are the negative of the 
oorrespouding constituents of 4>; otherwise 4f+( — ^)p would not be zero for 
all values of p. 

Evidently the converse of the sum of two matrices is the sum of their con* 
ye^e,. Thus: ^^^^^.^^ 

§4. Prom the last section it follows that if m is any positive integer, 
{mi an ajg . . . • Ui^ ) ^ ( ^^u w«u • • • • w«i« ) 



etc. 



«2« 



etc. 



maq, 



Thence it may be shown very simply that the equation holds for any scalar 
m. And hence, obviously, for any scalar m , {m^) p = 4) (w?p) = m {^p) . If, then, 
n is any other scalar, for any quantity p in the ground we have {m.n^)p 
= m{n^.fi) = m{n.^f) = mn,^p ^ {mn.^)p; also (m + n)^.p = (m + n).^p 
= m.^p + n.^p = m^.p + n^.p = {m^ + ^4>)p; consequently, m.n^ = mn.^ 
and (?n + w) 4) = m^ + n^), and therefore scalars as multipliers of matrices have 
all the properties they possess in combination with monomial or scalar quanti- 
ties. Hence in future the combination m.^p=^ m^.p may be denoted by m^p^ 
etc. 

A scalar is itself obviously a linear unit operator or matrix ; but the only 
matrix which merely multiplies a set or quantity by a scalar m is 

( m etc. ) 

m etc. 

0m etc. 
etc. 



where all the constituents are zero except those in the principal diagonal, and 
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they are all equal to m. If m = 1, this array gives the matrix form of unity ; 
if m = 0, it gives the matrix form of zero. It will presently be shown that the 
product of two matrices is also a matrix, and that the product is distributive 
over the operand. In conjunction with the matrix form of a scalar, this makes 
significant the compound ^m, m being a scalar. For since for any quantity p, 
(^m) p = 4) (mp) = m {(pp) ; hence ^m = m^ . 

MuUipUcdtion of Matrices and its Inverse. 

§5. The combination ^p must be defined as the result of operating by the 
linear unit operator ^ upon the linear vector function or quantity 4)p, i. e. ^^>p 
=: 4> ('J/p) . With the same notation as before for ^ and *>//, let 

X — { Sr^lAl Srair^r* • • • • ^r(^lrhr^ ) 



2ra„Al 2ra«r&r8 • • 

Then for any quantity p , 
Whence we may put ^ = ;^ , or 



^rCt^K 



. + 2rajA«.a:Jai 

. . + ^r^hrKm^^S) 0L% + etc. 



( ^1 «18 



«1« 

«2» 



611618 . . . . 6i« ) 

621 6jj2 . . . . 62^ 



= ( «ii 611 + ai2 621 + .... + ai« 6^1, an 612 + «i2 ^2* + • • • • + «i« i«2» ^tc. ) 

«21 i^ll + «22 *21 + ••••+ «2« *«1 » «21 612 + «22 ^22 + • • • • + ^2« ^•.2> ®tC, 

««.i&ii + ^-2^21 + • • • • + «««6«i, a«i6j2 + a«2*)B +.••• + «»«6-*» etc. 

« 

i. e. the product of the two matrices ^ and 1^ ii^ the order named is formed as 
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follows : The constituent of the r*** row and s^^ column of ^^ is the sum of the 
products obtained by multiplying each constituent of the r'^ row of ^ into the 
corresponding constituent of the s^^ column of '4'. 

Since by definition the product of two matrices is associative with their 
operand, it follows that the multiplication of matrices is also associative. For 
by definition 

*('4'%)-p = 4>-('4'a:)p=4>('4'-;t;p)» 

and likewise, 

As this is true for any quantity in the ground, hence 

^{'^X) — {^)X' 

The multiplication of matrices is also distributive over addition. For if the 
quantities p' and p" denote severally the linear unit functions 4)p and ^^p of any 
quantity p in the ground, by §2 and §3, 

*(^ + a:)p = <^ ('4'P + X?) = <?>(p' + p'O 
= <?>p' + ^f = ^p + ^X9 

The commutative principle does not in general hold in the calculus of matrices. 

The converse of the product of two matrices is the product of their con- 
verses in the reverse order, as may readily be proved. This gives the formula 

§6. Division is the operation inverse to multiplication. Since multiplication 
is not in general commutative, two signs are required for division. In the last 
section, two matrices being given, it was required to find their product in either 
order ; the problem inverse to this is to find a matrix which when multiplied 
into or by a given matrix ^ shall have as product a given matrix i^. In general, 
this problem is susceptible of one or more solutions : the matrix or matrices 
which when multiplied into ^ give 'J/ as product may be denoted by ('4': 4)); and 

those which when multiplied by ^ give 4^ as product may be denoted by — or J-^ . 

Division is therefore defined by the equations 
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Invertible multiplicatwn is multiplication whose inverse is determinative. 
K the multiplication of matrices is invertible, it would follow that if ;k^=4'i 
and x'^ = '^ » t'^®^ JC === >c'» likewise, if ^;g = ^^ and 4);^' = 'J/, then j^ = x'- 
Hence division would be subject further to the conditions 

by means of which the above results may be obtained immediately. To assume 
that multiplication is invertible is equivalent to regarding the inverse operation 
as the direct operation performed with an inverse quantity or matrix, which 
shares the associative and other properties of matrices in general. This inverse 
matrix is termed the reciprocal.* 

It may now be shown that in general there exists a reciprocal, and hence 
that, in general, multiplication is invertible. From the rule for the formation 
of the product of two matrices, it follows that, if from the array of constituents 
representing a matrix <^ another matrix O be formed, in which each constituent 
of the first array is replaced by the logarithmic differential derivative with 
respect to that constituent of the determinant of the array (provided this deter- 
minant is not null), the product of ^ and the converse of O in either order is 
equal to unity.f Hence * may be denoted by 4)""^ and is termed the reciprocal 
of 0. In other words, if \^\ denote the determinant of the array representing 
the matrix (which will in future be termed the content of the matrix), and if 
A^ represent the differential operator 

) 



( 3 


a 


a 


dan 


3a« ' ■ 


■ ■ aai. 


d 


a 


a 


doti 


dajt 


" ' Ba,^ 


a 


a 


a 


3«»1 


a«-» ** 


••a«^ 



^The term invertible multiplication was employed by Mr. C. S. Peiroe in his Logie of Ilelative$n 
Memoirs Am. Acad., Vol. IX, in which, and in Mr. Peirce's other writings, wiU be found the substance 
of this account of division. Mr. Peirce has shown that the only algebras in which division is always 
determinative are ordinary algebra, with and without the imaginary, and real (semi) quaternions, this 
Journal, Vol. IV. 

t In the wording of this statement of the relation between ^ and ^ I have followed Prof. Sylvester, 
this Journal, Vol. VI. 
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then ^.i_A j»| 

A matrix whose content is zero is termed vacuous. The inverse processes 
are sometimes possible with such a matrix ; but since a vacuous matrix has no 
reciprocal, the results are indeterminate. Thus if 

w={ a 0) 
\ma I ' 

X = i^ 0) 
mb 0\ 



the matrix T— j which when multiplied by w gives x a-s product, is 



(A o) 
d 



— 
a 



where c and d are any two scalars. 

If ^;gz= 0, it is evident that either both ^ and 4^ are vacuous, or one or 
both are zero. 

From the definition of the reciprocal it follows that (^)-^= (^-^). For 

taking the converse of both sides of the equation ^h^""^ = l , we get (^'"^)^ = 1; 
hence (^^) = ($)""\ 

§7. Regarding a matrix as an operator, the problem inverse to that of 
finding the effect of a matrix ^ upon any quantity p in the ground (i. e. of find- 
ing the product of ^ into p) is, given a quantity a in the ground, to find another 
quantity which ^ will transform into a. Only one sign is needed for the inverse 
of functional multiplication, which is defined by the equation 



*(t)= 



1> 

The quotient — is always determinate if ^ is non- vacuous. If the matrix 

<^ transforms any extension (ai, a,, . . . a„^) into one of lower order (/?i, /?$,.. . /?«) » 
and if 0* = t/i^i + yi^% +.... + y^l^ni the problem to find a quantity which ^ 

transforms into a is in each case possible, but the quotient — is not in each case 

45 
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determinate. If p = x^ai + x^a^ +,...+ x„a„», there does not exist in every 
case a quotient -^ . 

Powers and Boots of a Matrix. 

§8. If m is an integer, ^"^ is of course that matrix which results from mul- 

tiplying ^ m times by itself. If n is also an integer, 4)~ must be defined as that 
matrix whose n^^ power is the m*^ power of <p. The irrational scalar power ^ 
of 4) must be regarded, as in common algebra, as the limit of the series ^^\ ^^'\ 
etc., where jp',y, etc., are successive approximations to p^ i. e. if 

^^' = ( a[i a{^ etc. ) 
ail ai% etc. 
etc. 

and if the limits of the a''s as^ approaches the limit 2> are respectively the simi- 
larly situated constituents of the matrix 

4^ = ( an ai8 etc. ) 

etc. 

then <^^ = '4'. Whence ^^ — ^^'m2Lj be made as nearly equal to zero as we 
please by taking p' sufficiently near to p ; and consequently, if ^'^^ is susceptible 
of having a reciprocal, ^^:^^ may be made as near unity as we please by 
taking jp' sufficiently near to jp. It is obvious that if a is the limit for any 
quantity p of <^^p, as^ approaches the limit ^, then 4)Pp = <t. 

In general, the matrix c^** where m is an integer has a reciprocal which 
may be denoted by (^'*)'~^ Prof. Sylvester shows, virtually as follows, that 
(^'*)""^ = (^"■^)"*. Since <^""^ = ^"^^ = 1 , hence <p and ^"^ are commutative ; con- 
sequently 1 = (fp-'q^)"^ = (<?>"^)Y, or {ip'^)-^= (^~')~<?)~ (<?)~)"' = (<?>~^)^ Frac- 
tional and irrational powers of a matrix also have in general a reciprocal ; and 
in this case also it may be shown that (c^**)-* = 4)-"'*. Whence it follows that 
for any two scalars (4)"*)'* = ^^"^""K 

It is obvious that (^"c^** = ^'*+'* for any two integers m and w, being merely 
an expression of the associative principle ; and it is sufficiently plain that with 
a proper understanding the equation holds'for any two scalars. 
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Linear-form Bepresentation of a Matrix. 

§9. Let the set of forms or vide* 

(ttiroi) (ai:a,) (aiiOs) etc., 
(a,:ai) (o^raj) (ajtaj) etc., 
(ogiai) (as:aa) (as^as) ®te-» 

as operators upon the quantities ai, a,, etc., be defined by the equations 

(a,-:aja, = 0; 

and, when members of the set are operands, by 

(a,:aj (a,:an) = (a,.:aj, 
(a,-:a,) (ae:an) = 0. 

Then the expression 

4) = au(ai:ai) + ai2(ai:a,) + auCairos) + etc. 
+ a8i(a,:ai) + a„(a,:a2)-+ajB3(a,:a8) + etc. 
+ a3i(as:ai) + a83(a8:a,) + as8(a3:a3) + etc. + etc., 

linear in these vids, considered as an operator upon any quantity 

p = aJitti + arjo, + irjOs + etc., 

is identical with the matrix 

4^ = ( «n ^u ^18 ^tc. ) 
a^i a^ 023 ^^* 

^81 ^82 «33 ®tC, 

etc. 

Moreover, if V is a similar expression in the vids (a,. : a,) in which their coeffi- 
cients the a's have been replaced by 6's with corresponding subscripts, then 
wi4> + n^ , where m and n are scalars, regarded as an operator upon p , is clearly 
identical with the matrix Tw^ + ni^. Likewise 4>V has the same effect upon 
any operand p as the matrix ^^) for 

* The term vid was introduced by Mr. C. S. Peirce to denote the units or letters of an algebra. It 
wiU be employed in what follows to denote the forms (a^ : a.) , which will also be termed the elementary 
units of a matrix. 
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4)tp = 2r2,ar# (oty :a,) ^^^A$ (or^a,) 
which corresponds to the matrix 

( ^/liAl SrOlr^rS SrOlAs ^tC. ) 
SrOjAl ^i^fbrt ^r<hff>r$ ©tC, 

etc. 

Any complete system of o* of these vids forms a pure algebra of a certain 
class termed by Clifford quadrates; and expressed in tefms of these units is in 
what may be termed its canonical form.* I shall therefore call an algebra linear 
in o* of these vids a quadrate algebra of order o ; and any expression linear in 
the vids, a quad/rate form. The multiplication tables to which these algebras 
give rise are similar, and are immediately obtained from the laws to which the 
vids are subject. Thus if o = 2, let 

i J 
h I 

denote a complete set of four of these vids. These letters or units give an 
algebra whose multiplication table is 



% 


3 














1 


i 


A; 


I 














h 


I 



This is the algebra {g^ of Prof. Peirce's linear associative algebras, and is a form 

of quaternions. If o) = 3 , let 

i j k 

I m ,n 

p q r 

denote the complete set of vids of the quadrate algebra of order three ; these 

* It seems appropriate to have a term to express that form of an algebra in which its units are 
capable of a classification, according to the requirements of the analysis of Peirce^s Lmear Associative 
Algebra, For this purpose I employ the term canonical form. Thus the form of quaternions given 
below is its canonical form ; Hamilton's units are expressions linear in those given below. 
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letters give the algebra which was termed no^iions by Clifford ; its multiplication 
table is 
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In virtue of the correspondence that has been shown in the first part of this 
section to exist between quadrate forms and matrices, it follows that to any 
function of one or more matrices corresponds a quadrate form which is the same 
function of one or more quadrate forms corresponding to the several matrices, 
and which has upon any operand p the same effect as the resulting matrix. Hence 
whatever equality subsists between combinations of matrices, if it can receive 
interpretation as like operations upon the ground, also subsists between the 
same combinations of corresponding quadrate forms. Thus it appears that there 
is no essential difference between the theory of matrices and the theory of quad- 
rate forms. Viewed in this aspect, the scalar quantities arranged in a square 
and forming a matrix may be regarded as the scalar coeflScients of the several 
vids. Or the substantial identity between the theory of matrices and of quad- 
rate algebras may be brought out by considering all the possible u? matrices of 
order o which can be formed with one constituent unity and the remainder zero ; 
when it is very readily seen that these matrices have the same multiplication 
table, and the same effect upon the ground as the o* vids of the quadrate algebra 
of order o ; and since any matrix of order a> may be regarded as an expression 
in an algebra whose units are these w* matrices, we thus have two algebras whose 
multiplication table is the same, and which, consequently, are identical. Hence 
a matrix is a quadrate form, and conversely. It is easily shown that the matrix 
of order o) whose non-zero constituent is in the r^^ row and $*^ column is identical 
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with the vid occupying the same place in the quadrate system of order o. Thus 
if a> = 2, th,e four matrices 

(1 0), ro 1), (0 0), ro o), 

|oo| jool |io| loij 

in terms of which any dual matrix may be expressed, are respectively identical 
with the units i,y, A;, I of the quadrate algebra of order four, or their equals the 
vids (ttirai), {oi'.a^^ (on-ai), (02:02); the matrices have, moreover, the same effect 
upon the ground (oi, o,) as these vids, etc. 

The discovery of these systems of vids or of quadrate algebras is due to Mr. 
C. S. Peirce, by whom, through this discovery, the relation of the theory of 
quadrate forms (or the theory of matrices) to the general theory of multiple 
algebra was first made clear. 

By §3, ^ = On (oiioi) + Oij (oi.-og) + etc. 

+ Oji (02 : Oi) + 022 (a» • 0^) + ®tc. + etc. 

But by definition $ is obtained from ^ by interchanging its row and columns. 
Hence 

(o,. : o,) = (o^ ro,.) , {ar : oj = (o, : o,.) . 

The vids of the type (0^:0,.) I shall term self- transverse or self-converse vids; 
they may also be termed symmetric vids. Those of the type (0^:0,) I shall 
term non-symmetric vids. Mr. Peirce terms the vids of the first type self-vids ; 
the vids of the second type he terms alio-vids. 

Sketch of the History of the Development of the Theory of Matrices. 

§10. An outline of the origin of the theory of matrices was given in §1. 
Subsequent to Cay ley's memoir, the next advance was made in 1870 by Charles S. 
Peirce, who, in his investigations upon the extension of the Boolian calculus to 
the logic of relatives,* came upon a set of forms (considered in §9) constituting a 
system virtually identical with the calculus of matrices. Peirce showed that any 
relative term involving not more than one correlate (dual relative )f could be 
represented as an expression linear in the units of a linear transformation. 



* Description of a Notation for the Logic of Relatives, Memoirs Am. Acad. Sciences, Vol. IX (1870). 
t Such as '* lover of," '' loved by," " mother of," etc. ; but not *' buyer of— from— ," etc. 
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Whence follows the remarkable theorem that every such relation between any 
group of objects can be represented by a matrix. As has been stated, the relation 
of the theory of matrices, as algebras of a certain class (see §9), to linear associ- 
ative algebra in general, was first made clear through the light thrown on the 
subject by Peirce's systems of vids. 

Charles Peirce has made the great discovery that the whole theory of linear 
associative algebra is included in the theory of matrices* He has shown that 
every linear associative algebra has a relative form, i. e. its imits may be 
expressed linearly in terms of the vids (denoted in his notation by {A:A)^ {A:B), 
etc.) of a linear transformation ; and consequently, that any expression in the 
algebra can be represented by a matrix * Whence the theory of all possible 
linear associative algebras is only the theory of all possible sets of matrices con- 
stituting a group in Benjamin Peirce's sense, i. e. which are such that the product 
of any two members of the set can be expressed linearly in terms of itself and the 
other members of the set alone. Charles Peirce has, moreover, given the relative 
or matrix form of all the algebras considered by his father in his Linear Associ- 
ative Algebra. 

To Charles Peirce, in conjunction with his father, the identification of 
quaternions with the quadrate algebra of order two (i. e. the algebra of dual 
matrices) is also due. Cayley, in his memoir, had remarked upon the simi- 
larity a certain system of three dual matrices had to the i,y, k of quaternion ; 
but the identification was not completed until the remarkable discovery by Ben- 
jamin Peirce of a form of quaternions, which, in §9, I have termed the canonical 
form, and which results from choosing the linear functions 



1 +^V — 1 y + feV — 1 —j+W—i 1 — iV — 1 
2 ' 2 ' 2 ' 2 ' 

of unity and any three mutually normal unit vectors i,j\Jcj as units of the 
algebra. These imits obviously have the same multiplication table as the vids 
of a dual matrix. In his memoir of 1870 Charles Peirce had given, as an example 
of the infinite system of quadrate algebras, the multiplication table of the 
quadrate algebra next in order after quaternions, afterwards named nonions 
by Clifford ; and he states in the Johns Hopkins Univ. Circs. No. 22 (April, 

*See Mr. Peirce ^s Logic of Belativea^ above referred to ; also this Journal, Vol. IV, p. 221, and the 
Proc. Am. Acad, of Arts and Sciences for 1875. 
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1882), that the identification of quaternions with the quadrate algebra of order 
two suggested to his father and himself that, as nonions was thus shown to be 
the exact analogue of quaternions, there ought to be a form of nonions analo- 
gous to Hamilton's tetranomial form of quaternions, which form of nonions, Mr. 
Peirce states, either his father or himself found.* By means of this form any 
expression in the algebra is susceptible of representation linearly in terms of 
unity and eight non-scalar cube roots of unity, just as any expression in quater- 
nions is susceptible of representation in terms of unity and three square roots of 
unity (or of — 1) . This form of nonions I shall term the octanomial form. 
The Peirces' discovery of the octanomial form of nonions was not published. 
The priority of publication of this form belongs to Sylvester, who discovered 
it subsequently to the Peirces without any knowledge of their investigations 
upon nonions.f 

To Sylvester we owe most of the development of the theory of matrices. 
In his unfinished memoir in this Journal, J Sylvester distinguished between the 
different degree of vacuity and nullity of a matrix, replacing by these terms the 
term indeterminate used rather vaguely by Cayley to denote a null or vacuous 
matrix. It should be stated that Clifford had previously distinguished between 
the different degrees of nullity, employing the term indeterminate, with the prefix 
singly, doubly, etc. In this memoir Sylvester showed also how to derive the chain 
of equations from the identical equation, and the relation of these to the latent 
function of two or more matrices taken in a certain order. In a series of papers 
in the Johns Hopkins Univ. Circulars and in the Phil. Mag., Sylvester added 
largely to the theory of matrices. || He demonstrated the extension of Hamilton's 
theorem concerning the cubic equation to which every matrix of the third order 
is subject, which was enunciated without proof by Cayley in 1858; among the 
other important results are what I term the second branch of the law of nullity, 
the corollary of the law of nullity, the law of latency, and the expression for 
any function of a single matrix. Sylvester has also extended the solution of 

*^^ So much was published bj me in 1870 [the multiplication table of the canonical form of nonions, 
etc.], and it then occurred to my father or to me (probably in conversing together) that since this 
algebra was thus shown (through his form of quaternions) to be the strict analogue of quaternions, 
there ought to exist a form of it analogous to Hamilton's standard tetranomial form. That form either 
he or I certainly found. I cannot remember which after so many years ; whichever did must have 
found it at once. "—Jo/ins Hopkins Univ. Circs. No. 22 (April, 1882). 

t Johns Hopkins Univ. Circs. Nos. 16 and 17 (1882). 

t ^^ Lectures on Universal Multiple Algebra," this Journal, Vol. VI (1888). 

II Nos. 15, 17, 27, 28, 82. 
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equations in quaternions or dual matrices beyond the point where Hamilton left 
the subject. 

Clifford's contributions to the theory of matrices have been left to the 
last, though in point of time they preceded Sylvester's researches. They are 
contained in his ** Fragment on Matrices/' published in the posthumous edition 
of his works. I shall show subsequently that the main proposition of which he 
gives a proof is false. But the basis of his treatment of the subject is an important 
contribution to the theory of matrices. It is the method which is adopted in 
this paper ; and the demonstration which I have given in the second part of this 
paper of the law of nullity is based on a result contained in Clifford's ** Frag- 
ment." 

II. — ^Development of the Theory by Means of the Axes of a Matrix. 

Axes of a Matrix^ or Quantities for which (^ — gr) p = , where g is a Scalar, 
§1. If p = Sxitti and (jp — gr) p = 0, then 

(«n — 9)^1 + <^n^% + + «i«aJ« = , 

etc., etc. 

The resultant of this system is called the latent function ofp, and will be denoted 
by (^ — g\, as it is the determinant of the matrix p — g. From its vanishing 
results an equation of order w in g^, 

ST — m^^iSr'^ + m^^zSr''^— ^myg±m=0. 

The constant term m is evidently the determinant of the array of constituents 
forming the matrix, and has been denoted by |<^1; twi is the sum of all the prin- 
cipal first minors of |^|; and, generally, m^^^ is the sum of all the principal x^^ 
minors of \p\. The term latent function is due to Prof. Sylvester, and the 
roots gi, g2j ' • • • 9» of the cj*^ he terms the latent roots of ^ . If |4>| = 0, it has 
already been stated that' ^ is then termed vacuous, and evidently has one latent 
root zero. If, in addition, w^i ::^ 0, ^ has only one latent root zero, and is then 
said to have the vacuity one, or is simply vacuous. More generally, if all the 
m's from m to m^^i are zero, and m^:pO, the matrix ^ has just x latent roots 
zero, and is said to have the vacuity x. If |4)| :5f= 0, ^ is non-vacuous, or its 
vacuity is zero. 
46 
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Corresponding respectively to each latent root of ^ are the o quantities 
pi, P2, . . . . p«, such that 

= (<?> — S'i)Pi=(<?> — S'2)p«= = (* — f7«)p«- 

These quantitities will be termed the axes of <p . 

§2. There is no linear relation between any set of the axes of ^ correspond- 
ing to distinct latent roots. For suppose any set of n axes are linearly related 
which correspond to the distinct latent roots gi, g%, » i . - ffn* Let x be the 
number of these axes which are linearly independent, and suppose they corre- 
spond to the first x latent roots. Then any axis corresponding to any of the 
remaining n — x latent roots can be expressed linearly in terms of these. Thus 

Pie + l = 'ipl + <8P2 + • • • • + tKpKJ 

•*• gK+ipK+i = ^pK+i = tigipi + ^2p2 +...•+ t^g^p^] 

but, since the t^& are not all zero, this is impossible. 

Whence, if all the Jatetit roots are distinct, the axes of ^ are all linearly 
independent. If a set of latent roots become equal, linear relations may arise 
between the set of axes corresponding to them, i. e. certain of these axes may be 
projected into the extension of the remaining axes corresponding to that set of 
latent roots, or all the axes of the set may become coincident. 

If two or more axes of the set remain linearly independent when the set of 
latent roots become equal, these axes and also the remaining axes become inde- 
terminate. Thus if the n latent roots f/i, g^a, . . . . j^n ultimately become equal, 
of the axes corresponding to them only the first x may remain linearly inde- 
pendent, and the remaining n — x will then be expressible linearly in terms of 
them. These x axes pi, p2, . . . . p^ will all satisfy the equation (^ — gr,)p = o, 
and consequently any expression x^pi + ar^p^ + ....+ a'^p^ linear in them will also 
satisfy this equation, and hence will be an axis of 4) . In this case any x quantities 
giving the extension of pi, p^, . • . . p«, together with any n — x other quantities in 
their extension, may be regarded as the axes of ^ corresponding to the n-fold 
latent root gi. No quantity in the extension of pi, p^, . . . . p« can be in any 
linear relation with axes corresponding to latent roots other than gi by what has 
just been proved, as such quantities are axes of ^ corresponding to gx* 

The martrix -^^ = <?> — g\ evidently has as latent roots gi — g^, g% — gr^, g^ — g^, 
etc.; for if g is any latent root of 4), then \'^ — {g — gi)\ = \{^ — g^ — {g — gi) | 
= 1 4) — g\ =0; and hence g — g^ is a latent root of ^, since it is a root of the 
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latent function of'^^. Conversely, if g — j^i is a latent root of '4', gr is a latent root 
of 4>. Now if the axis of^ corresponding to g^ (i. e. the axes ofti/ corresponding 
to zero) is indeterminate, then every first minor of |<^ — gfj] = li^j is zero; 
consequently every principal first minor of \4^\ is zero; but then '4^ has two 
latent roots zero, and consequently ^ has two latent roots equal to gi. Hence 
the axes corresponding to latent roots occurring only once among the latent 
roots of <p are never indeterminate. 

Identical Equation. 

§3. If 4) is a matrix all of whose latent roots are distinct, any quantity p 
in the extension of the ground may be represented linearly in terms of its axes. 
Thus for any quantity p we may put 

Operating upon p by ^ — fl^« we get 

{l> — 9^)p = ^i{9i — 9^)pi + ^{9i — 9^)p2+ +2J«(^« — fl^«)p«- 

By this operation the last component of p, that along p„, is annulled. Operating 
on {ip — g^) p by ^ — g»-ii another component of p is annulled. Finally 

{^ — 9i){^ — 9%) • • • • (<?> — fl'«-i)(<?> — 5^-)?= 0. 
This being true for any quantity p in the ground, may be written 

This is Cayley's "identical equation." 

The proof of the identical equation may be extended to any case as follows : 
The latent roots being supposed to be all distinct, let ^^ = gr, — gfj, h^ = gs — gi, 
etc., K = gn — gii and let <^ — gi be denoted byi^; finally, let x denote the 
product (^ — 9n+i){^ — fl'n +»)•••• (^ — 9^) J — the identical equation then be- 
comes 

[a//" — SAi-J/*-^ + etc.] ;c = ^*;c — 2Ai^''"^;k + ^^^' = 0- 

This equation is true however small the A's may be, provided the latent roots 
remain distinct. Consequently, as the ^'s diminish without limit, the first term 
of the second member ^''^^ ^lust ultimately diminish without limit, and in the 
limit the identical equation becomes 
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Thus it is proved that the identical equation still subsists when any group of n 
latent roots becomes equal, the other latent roots being distinct. In the same 
way it may be shown that if any other set of the latent roots become equal, and 
finally whatever the relation between the latent roots, the identical equation 
subsists. 

Cay ley has remarked that the identical equation may be represented as 
follows : 

= 0. 



Oil 


-^ 


Ou 


• • 


•.Ol« 


• • 


• • • 


«a- 


-^.. 


. . a^ 



a„i a«2 .... a«« — ^ 

Or, as stated by Cayley, the determinant of the matrix less the matrix itself 
considered as involving the matrix unity is zero. This relation Cayley denotes 
symbolically by Det (1<?) — 4)i) = 0, where ^l signifies that ^ is to be treated 
as a scalar. I propose to denote ^ considered as involving the matrix unity 
by ^, when, with the notation previously employed for the determinant of a 
matrix, the identical equation may be represented by |<^— ^| := 0. 

Corresponding to any latent root gi of ^ can, by §1, always be found an axis 
of ^ ; and upon this the effect of any operator ^ — g^ for a latent root g^ distinct 
from grj is by §2 only to multiply it by a scalar constant. Consequently no 
product of factors ^ — gr, not containing ^ — ^j, can annul the axis p^, and hence 
no such product can vanish. Similarly for every other latent root. Whence the 
identical equation must contain a factor ^ — g for each distinct latent root. On 
the other hand, it was shown in §2 that when the latent roots are not all distinct, 
there may be more than one axis corresponding to a latent root g^ which 
occurs more than once. In this case ^ — g^ will annul an extension of order 
greater than unity, and the order of the identical equation will be lowered. 

It is obvious that there can be but one . identical equation, and that if ^ is 
subject to any other equation involving only the matrix ^ , this must contain the 
equation | ^ — ^ | = as a factor. 

Converse of ^. 

§4. The latent function | $ — g\ of ^ is obviously identical with the latent 
function of ^. Consequently the latent roots of ^ and ^ are identical, and the 
identical equation in ^ is 
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The axes of^ will be denoted by pi, p,, . . • . p«. They do not necessarily 
coincide with those of 4>. Indeed, I will show later that the axis pi of ^ corre- 
8pon(ling respectively to the latent root gi is normal to all the axes of ^, 
pji> P3» • • • P» corresponding to the remaining latent roots. 

On the Form Representing a Matrix. 

§5. If the latent roots of ^ are assigned, ^ is subject to o conditions. If in 
addition o linearly independent axes are assigned to which the assigned latent 
roots are to correspond, ^ is by definition completely determined. When the 
latent roots are given as not all distinct, and corresponding to them cj axes, of 
which those corresponding to a set of equal latent roots are not in every case 
linearly independent, ^ is not completely determined j an infinity of matrices 
can be found which will have these latent root and corresponding axes, and the 
same identical equation. 

To find the form or array representing the matrix ^ whose latent roots 
9if g%f ^^n &^^ corresponding axes pi, p^, etc., are assigned, we may proceed as 
follows. Let 

pi = aJnOti + a^igo, + ....+ a:i«a«, 
ps = a^aitti + a^oj +....+ x^a^y 

P« = ««iai + a5«2a2 +.... + a:««a« . 
Denoting by X the matrix formed from the array of the x% evidently 

^C. "yf '"^ 

pi = Xai, p8 = jra2, p8 = Zas, etc., 
and by definition 

<^ ( JToci) = g^Xai , ^ (Xa^) = g^Xa^ , ^ (Xa^) = g^Xa^ , etc., 

i. e. {^\X\ay^, ttg, . . . . aj) = {XI gi .... Ja^ a,, a«) 

^2 • • • • 



> g^ 

As this equation is true for each of the a's, it is true for any expression linear in 
them, and so for any quantity in the ground. Hence 

^=(Xlgi IX""^) 

(/j .... 

g^ 
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This method is substantially identical with that given in Clifford's "Fragment 
on Matrices" by Cayley as a correction of Clifford's result. 

If a set of o linearly independent quantities other than the a's are Qhosen 
to represent the ground, the linear unit operator or matrix ^ will, in general, be 
represented by another form or array. Two exceptions are, however, to be 
noted, the matrix unity and the matrix zero always have the same representa- 
tion. By §2, if the latent roots of ^ are all distinct, the axes of ^ are capable 
of representing the ground. If they are chosen for this purpose, the form 
representing ip becomes 

{9i .... ) 
g^ . . . .0 







f7« 



Evidently this form of a matrix gives an immediate proof of the identical equa- 
tion. It has just been shown how from this form to pass to that form of <p when 
the a's are chosen to represent the ground, the axes being given in terms of the 
a's. If the a's are given in terms of the axes, and aj = Xpi, a^ = Xp,, etc., the 
only change in the formula for ^ is that Xis to be replaced by X"^. 

The more general problem, given the form representing a matrix ^ in terms 
of certain o linearly independent quantities (i.e. the form of 4), when these 
quantities are chosen to represent the ground), to find the form of ^ in terms of 
another set of o linearly independent quantities is solved in a similar way. 
Denote by <^. the form of ^ in terms of the set (ai, a,, . . . . a«), and by ^^ the 
form of 4) in terms of the set (/?i, /^2> • • • • i^«)> ^^d let 



^a = ( «!! «!» etc. ) 
a%i a^ etc. 
etc. 



4>^ = ( hi f>u etc. ) 



\i ^M etc. 
etc. 



If 



ft = ^i^i + ^%<H + •••• + «»«««, 



and X represents the matrix formed from the array of a's ; then 
ft = Xai, ft = Xaa, ft = -Zag, etc. 
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Operating by the matrix 4> upon the ^'s and their equivalents gives 

For, by definition, the effect of ^. upon any expression in the a's is identical with 
the effect of ^^ upon the equivalent expression in the /?'s, since ^^ and ^^ both 
represent the same matrix. It is not proper yet to replace the /?'s by their 
expressions in terras of the a's, for ^^ as an operator upon the a's is not equiva- 
lent to the effect of the matrix <^. As the result of operating upon the /3's by 
^^ we have 

<^^Xai = ftui^i + 621/^8 + + *«i^«» 

^.JiTa^ = 6i«/?i + h^^^ + ....+ 6«„/3^. 
Replacing now the /?'s by their equivalents, 

etc. etc. 

i. e. 4),Z^(ai, a,, . . . . a«) = -Ii^^(ai, a,, . . . . a«), 

where ^^ is now regarded as an operator upon the a's, 

.'. 4*a = X^^X" . 
§6. From the definition of a matrix as an operator upon a certain ground it 
follows that the identical equation does not vary with the form. It may, how- 
ever, formally be proved as follows : Since 4).= X^^X~^^ evidently ^\ = X^^X"^, 
etc., let the identical equation in ^. be 

^Z — m„_i4):~^ + . . . . =F Wi<?)« =b m =0, 

.-. X(4)? — m^^y^^-^ + =F m^^f, ± m) X-^ = 0. 

But since the /3's constitute a set of o linearly independent quantities, \X\ ^0. 

Consequently, 

<?>^ — ^«-i4>?""^ + . . . . =F Wi^^ ± m = 0. 

Whence the vacuity of a matrix does not vary with its form. This proof of the 
invariance of the vacuity does not, however, take into consideration the fact that 
the identical equation may degrade. The invariance may, however, be shown as 
follows : If gr is a scalar XgX'^ = g ; hence 

>. - gr = XiPf,!-^ - XgX-' = Xiip, - g) X^K 



362 Tabbe: On the Theory of Matrices. 

From the definition of the product of two matrices it follows that the determi- 
nant of their product is equal to the product of their determinants. 

.-. |4>.-«7| = \X\ \^,-g\ I Jf->| = \^,-g\; 

for I X"^ I = I X\~\ Hence not only are the distinct latent roots of ^ unchanged 
with its form, but the number of times each latent root is repeated is also 
unchanged. 

Definition of Nullity and the Law of Nullity. 

§7. A null matrix is one whose determinant vanishes, or of which all the 
minors of a certain order vanish. A non-null matrix is said to have a nullity 
zero, and one, every constituent of which is zero, is said to be absolutely null, or 
to have the nullity cj. It has been shown that the absolutely null matrix is the 
scalar quantity zero. Between these limits the number expressing the measure 
of nullity may have any integer valuiB. If all the {x — 1)*^ minors of the deter-' 
minant of a matrix vanish, but not all the x^^ minors, the matrix has a nullity x. 
Nullity of order one or simple nullity is evidently the same as simple vacuity. 
The vacuity of a matrix obviously cannot exceed its nullity, but it may have 
simple nullity and vacuity of any order from unity to o. 

The nullity of ^ is not affected by multiplying it by a non-null matrix. 
Thus if the nullity of 4) is w, the nullity of ra zero, the nullity of 4)0^ = '4' is m. 
For the {m — 1)*^ minors oi^ consist of all possible products of a rectangular deter- 
minant formed from o — m + 1 rows of ^ into the rectangular determinant 
formed from the corresponding cd — m-f 1 columns of m] and each of these 
products is resolvable into the sum of o — wi + 1 products of an (m — I)**' minor 
of 4) into an (m — I)**' minor of w. But the (m — I)**' minors of ^ are all zero. 
Whence the nullity of 'J/ is not less than m. 

Since, however, \w\:pO^ ^ ='4/nj~\ and in the same way it may be shown 
that the nullity of ^ is not less than the nullity of a//; hence the nullity of a// is m. 
By the same method it may be shown that if w^) = i^, the nullity of '^ is still 
equal to that of ^.* It follows immediately from this that the nullity of a 
matrix is unchanged when the form representing it is changed. 



* This proof follows the method employed by Sylvester to prove the theorem regarding the lower 
limit of the nullity of the product of two matrices. To Sylvester, as has been stated (I, SIO), the term 
nullity and the discrimination between degrees of nullity are due. 
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§8. If the greatest extension annulled by any matrix is m, its ntdlity is m, and 
conversely. This I call the Jtrst branch of the law ofnvJlity. Let ai, 02, . . . • a^ be 
any m linearly independent quantities in the greatest extension A annulled by ^; 
and let /?!, /?„.... /?^ be any w = o — m quantities in the extension B comple- 
mentary to A with respect to the ground ; the a's and jff's may then be chosen to 
represent the ground, and any quantity p in the ground may be expressed by 

p = aiai +a^a» + +x^a^ +yi/?i '\-y%?%+ +y»i^n, 

••• ^9 = yif^l + y^?% + + Vn^^n^ 

If ^/?j = aiiOi + Ojio, + + ar^ia^ + ftn^i + 621/?, + + Ki^n^ 

4>^2 = ^8^1 + <ht<H H- + «m»a„ + 612/iJi + 622/?, + + b^fP^, 

then ^ is represented by the form 





«u 


ttl2 • • . . ttjn 


flml 


ttma • • • • «»H» 




in 
6,1 


&12 ••••&!» 
622 • • • • 6«n 


:::::::::::::i 


i,i 


*«2 • • • • Kn 



where the blank square and rectangle consist of m columns of zeros. Hence ^ 
has a nullity at least m . If the nullity exceeds m , the determinant A formed 
by the n columns of the 6's must vanish, and likewise every determinant which 
can be formed from n = o — m rows of the last n columns of ^. Denoting the 
first minors of A, corresponding respectively to buy 612, etc., by -Bu, -812, etc., we 
shall then have 

But by supposition the extension A contains all the axes of ^ corresponding to 
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the latent root zero.* Hence the nullity of ^ cannot exceed m. The converse 
is immediately evident. 

§9. jy the matrix ^ tranaforms every qteantity in the ground into one in an 
extension of order o — m, the nullity o/^ ie m, and conversely. For if 

p = a:jai -f argag +....+ xjol^ 
is any quantity in the ground, and 

pp = {anXi + aiiXt+ + ai^x^) ai + {a^iXi + a^^ + +at«««)a» 

+ ....+ {a^iXi + a«,a-, + + ax„x„)a. 

is contained in an extension of order o — m, then there are m linear relations 
between the coefGcients of the a's in the last equation true for all values of the 
a's. These give m sets of o equations between the constituents of the matrix ; 
namely, i^^,, + l,a,, + •... + ?.a.i = , 

'i«i8 + h^ii + ....+ Iji^i = , 

?!«« + l^a^ + .•..+ l^a^ = 0, 

and m — 1 other sets of o equations, in which the Ts are replaced in each set by 
other constants. From the m equations obtained by taking the first equation in 
each set, m — 1 of the a's may be eliminated, leaving one equation between any 
o — m + 1 of the constituents of the first column j and, similarly, an equation 
linear in the corresponding constituents of the second column may be obtained 
from the second equations of the m sets, etc. Thus result o equations linear in 
the constituents of each column taken from any o — m+\ rows of |^|, the 
coeflBcients of the a's being the same for all constituents in the same row. The 
resultants of all sets of co — rw -j- 1 of these equations, together with the like 
resultants formed from all such groups of o equations, constitute the (m-^ 1)^ 
minors of | ^ | ; and these resultants must be zero. Whence the proposition. 
The converse is evident. 

If, as in the preceding section, A denote the total extension annulled by ^, 
and B the complementary extension, it will not in general happen that B is the 

*If not only A but also all the B's yanish, the analysis needs correction. But, since the constituents 
in the last n columns of do not all vanish, the minors of order p (for some Talue p fromp = 1 to 
p = n — 1) do not all vanish ; and then in a similar way, if the minors of order greater than p all vanish, 
it may be shown that there would result a linear relation between ^/^i , 0/3, , etc., i. e. ^ would annul a 
certain expression linear in the /3^s. 
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extension into which ^ transforms any quantity of the ground. As will appear 
later, this is only true when the vacuity of ^ does not exceed its nullity. Let Bi 
denote that part of B transformed by ^ into A. There must exist such an 
extension unless no extension but A is annulled by any power of ^. For if ^*'*"^ 
(where x :^ 0) is the lowest power of ^ that annuls an extension G other than J., 
then ^"C is included in A, since by supposition A is the total extension annulled 
by ^ ; moreover, ^""^G ib not included in A, since it is not annulled by ^; hence 
^*"^(7 is a part of the ground complementary to A that is transformed by ^ into 
A. Let B^ denote that part of the extension B — Bi which is transformed by ^ 
into Bi. By an argument similar to that above, it may be shown that if the 
order of B^ is zero, then no power of ^ annuls an extension other than the 
aggregate of A and j?i , i. e. J. + -B^ ; etc. Finally, let Bp denote that part of the 
extension B — {B^ + -B, + .... + -Bp_i) which is transformed by ^ into B^^i] 
and suppose no portion of the remaining extension 

Bp^,= B-{B, + B,+ . . . . + Bp_, + Bp) 

is transformed by ^ into Bp. Then all the extensions A, Bi, Bf^, . . . . B^^^^ B^ 
are annulled by some power of ^, but no part of the extension B^^^ comple- 
mentary to their aggregate is annulled by any power of ^. The following mul- 
tiplication table shows the effect of ^ upon these mutually exclusive extensions : 





A 


A 


A 


etc. 


^,-1 


B, 


Bp+i 


* 
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In this table the accented letters denote extensions included each in the exten- 
sions denoted by the same letter with fewer accents or unaccented. 

The total extension A of order m annulled by ^ I shall term the null exten- 
sion or null region of the matrix, and the aggregate of the extensions exclusive 
of A annulled by some power of ^ the vacuous extension or vacuous region of the- 
matrix. The extension or region into which ^ project any quantity of the 
ground is 

= a! + b[ + b', + .... + b;,^^ + 5;+,; 

and this I shall term the residual region of ^ . If { -4.' } denote the order of the 
extension j4', etc., evidently 

\A1\<\B,], \B[\<\B,\ etc. \B>,_,\<\B,], \B>,^,\<\B,^,\* 
.-. {A!} + 53 \B'^ + \B',^,\ < 2 {B,}=<a^m. 

1 1 

But by the proposition just proved the order of the residual extension is o — rw, 
,,\A'\^{B,l \Bi\=:\B,], etc. {B;_,] = {B,\, {BUi\ = {B,^i], 

and so -S^+i = -Bp + i. 

Hence if G is any extension which has no part in common unth the null region 
0/^ J it is transformed by ^ into an extension of the same order. 

§10. The second branch of the law of nullity is easily derived from the two 
preceding sectjons. Denoting as before by A the null region of ^ of nullity w, 
and by B the extension complementary to A with respect to the ground, let G 
denote the null-region of -i^ of nullity n, and let |p denote that part of B which 
4> transforms into G. Obviously, the null-region of ^ is the aggregate of A, 
the region which ^ annuls, and of |p , that part of the ground complementary to A 
which ^ transforms into G. By what was proved in §9 it follows that the order 
of ^Ip i^ the same as that of |p . Whence to determine the order of |p it sufSces 
to determine the order of ^fj^, the extension common to (7 and the residual 
region of ^. The order of the residual region of ^ is o — m and the order 
of C7 is n; hence the extension ^|p common to G and the residual region of ^ 

* It is obvious from the defiDition of a linear unit operator that it cannot increase the order of an 
extension ; eoit^AzzBy hence |B| £ {^| . 



Taber : On the Theory of Matrices. 867 

is at most of order n . If (o — m) + n > o , i. e. 7n < n , the extension G and the 
residual region of ^ have common an extension of order at least ((o — m) + n) 
— 6> = w — m, but if (ci) — m) + n<iMi^ i. e. m>n, these two extensions do 
not necessarily have any part common. Hence the order of ^J, and conse- 
quently of J, is at most n; and if m<Cn, the order of |^ is not less than 
fi-^m, but if m>n, the order of ^ may be zero. The extension A is of 
order m and has no part in common with |^. Hence the null-region of '^ 
cannot be of order greater than w + w; and if wi <[ n, it cannot be less than 
(n — iii)H-iii=n, but if m>n, it cannot be less than rw; and, consequently, 
the nullity of the product of two matrices is not greater than the sum of their 
nullities nor less than the greater nullity of the tico matrices* This theorem is 
due to Prof. Sylvester, who terms it the law of nullity. Owing to the impor- 
tance of the relation of the null-extension to the nullity of a matrix, I term the 
whole relation of the null-extension and nullity of one or more matrices the law of 
nullity, and this theorem the second branch of the law. 

Suppose that t7, the null-region of 'J/, has no part in common with the 
vacuous region of ^; let E denote the extension common to (7 and J., the null 
region of ^; then the residue of (7, namely G — E^ is wholly contained in that 
part of the ground which is complementary to the aggregate of the null-region 
of ^ and the vacuous region of ^, and which was denoted in §9 by -B^ + i- Let 
IPi denote that part of the ground complementary to A which is transformed by 
4> into E (|5i is evidently contained in B^) let the order oi Ehe p and the order 
of %\he q. Since ^5p + i = -Bp + i (§9), the null-region of '^q^ is obviously the 
aggregate 4, of Ji, and of G — E, which are all mutually exclusive ; and, con- 
sequently the order of the null-region of i^ is m + g + (w — p). B\iip<m^ 
p<n] moreover, the order of the extension 4)Ji is equal to that of Ji, but ^^ 
is included in E, hence q<p* If p = 0, the order of null-region of 4^ is m -f n. 
In this case the null-region of '^ is included wholly in that part of the ground 
complementary to the aggregate of the null-region of ^ and the vacuous region 
oi'^. The aggregate of these two extensions I shall term, for reasons which 

* The outline of this proof was communicated by me to the Johns Hopkins University Mathematical 
^iety in a paper read before the Society, Not. 1888, when I was informed by Dr. Franklin that this method 
of proving Sylvester *s law had been employed by Mr. Bucheim in a note in the Phil. Mag. (XVIII, 459). I 
had previously had no knowledge of any anticipation of this method of dealing with the theory of matrices 
except what is contained in Clifford's ** Fragment on Matrices. " Subsequently I examined Mr. Bucheim 's 
proof, and I find that though it is sufficient to give the limits between which the nullity of the product of 
^wo matrices lies, nevertheless it is defective in assuming what is not always true, viz. that the resultant 
region of a matrix is coincident with the extension which in 29 1 have denoted hj Bp^\. Mr. Bucheim 
also omits to prove that the order of 9 is the same as that of ^9 . 
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will appear presently, the latent region of ^ corresponding to its latent root zero. 
Sence if the null-region of i// has no part in common with the latent region of ^ cor- 
responding to the latent root zero, the nullity of i//^ is the sum of the nullities of 
^ and -J/. A fortiori, if the latent regions of <^ and ^ corresponding to the latent 
root zero are mutually exclusive, the nullity of i//^) (and also of ^) is the sum of 
the nullities of ^ and ij/ . 

If the order of the vacuous region of ^ is zero, so that the null-region of ^ 
is coextensive with the latent region of ^ corresponding to the latent root zero, 
the null-region of 4^ is the aggregate of A and (7; hence if these extensions do 
not intersect, the nullity of i//4> is w + n. Conversely, if the order of the 
vacuous region of^is zero, and the nullity of '4^ is m +n, then the nulUregions of 
^ and '^ have no part in common. 

Nullity of the Factors of the Identical Equation. 

§11. If the latent roots of ^ are all distinct, the nullity of the product 
4>i = (^ — gi){'^ — 3^2) • • • • (^ — 9m) of m factors of the identical equation is m.* 
This theorem is Prof. Sylvester's, and is termed by him th^ corollary of the law 
of nullity. His demonstration is as follows : Since each factor, being simply 
vacuous, has a nullity of order unity, the nullity of the product 4>i cannot exceed 
m . Similarly the nullity of the product 4>2 of the remaining factors of the iden- 
tical equation cannot exceed o — m. But the nullity of the product of 4>i and 4>t 
is cj, and consequently the sum of their nullities must be as great as o. Hence 
the nullity of 4>i cannot fall short of m, and the nullity of 4?% cannot fall short of 
6) — m. 

When the latent roots of ^ are not all distinct, the law is not so simple. 
Suppose the distinct latent roots of p be i in number, namely, S^i, g^2> • • • • S^<> 
occurring severally Wj, Wg, . . . . m, times, and that the identical equation is 

(* - 91^'"' (<?> - S^»r""' • ... (4^ - <7<r-" = 0. 

For the investigation of this case the following lemma is required, namely, that 
the vacuity of any positive integer power of 4> — g, for any latent root gr, is equal 
to the vacuity of ^ — gr, and hence to the number of times the latent root g 
occurs. This lemma is an immediate consequence of the theorem that the 
determinant of the product of two matrices is the product of their determinants; 



* From the law of latency, 215, it follows that the vacuity of ^1 is also m. 
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for then, if m is a positive integer, if ^ is a primitive m^ root of unity, and if 

i^ — ^ — g^ 

But if/ is the lowest power of g that appears in the latent function \-^ — g\ of 
•4/, then {jigY is the lowest power of ^ig that appears in \'^ — lig\i etc.; whence 
the lowest power of gr" that appears in ['4/* — g^\ is the r^^ power of gf~. Conse- 
quently '4/"*=(^ — ^i)* has the same vacuity as '4' = ^ — g\* Resuming the 
investigation of the nullity of any product of matrices ^ — g for different latent 
root gr, as a consequence of this lemma, the several factors {(^ — S^i)"**""**! 
(^ — 9%y^^'*f ^^^'t of the identical equation have the vacuities iWj, tw-j, etc.; and 
hence their several nullities cannot exceed Wi, tw,, etc., respectively. But the 
nullity of their product, which cannot exceed the sum of their nullities, is o. 
Hence the nullities of the several factors are Wi, Wf, etc., respectively; and 
hence corresponding to each latent root gr of ^ is an extension of order equal to 
the number of times that latent root is repeated which is annulled by that power 
of ^ — g appearing in the identical equation.f These extensions I term the 
latent extensions or latent regions of the latent roots. In a similar way it may 
be shown that the nullity of the product of any two factors of the identical 
equation (^ — g^i)"**""' and (ip — gtf^'"'^ is ^i + ^2; but since the vacuity of 
either matrix is equal to its nullity, the order of the vacuous region of either 
matrix is zero; and hence by §10 their null-regions have no part in common. 
Similarly with respect to the null-regions of any two other factors of the 
identical equation. Hence the latent regions are mutually exclusive.J Since 
each positive integer power of ^ — gr^ is vacuous, there is, evidently, an exten- 
sion of order at least unity annulled by ^ — g\] an extension annulled by 
(4> — g\f^ etc. ; and each of these extensions is included in the one corresponding 
to the next higher power of ^ — g^ in the series, since if an extension is annulled 
by any power of ^ — gi it is annulled by the next higher power. But as the 
nullity of no power of ^ — gi is greater than mj, which is the order of the latent 
region corresponding to gx^ all these extensions are included in this latent 
region. Similarly with respect to the other latent roots. The latent region of 

*It should be remembered that the latent roots of a matrix are the roots of its latent function* 

t In this method of finding the nullity of the several factors (0— (/i )'**""''» of the identical equation, 

I have followed another one of Sylvester's methods of demonstrating the corollary of the law of nullity 

when the latent roots are all distinct, the only case Sylvester considers. 

{That the latent extensions are mutually exclusive may be proved very simply by the method 

employed in the first part of 213. 
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^ corresponding to the latent roots gi,gzj etc., are, however, obviously the respective 
latent regions corresponding to the latent root zero of the matrices ^ — gi, ^ — g^^ 
etc. ; and consequently these extensions are also respectively the latent regions 
corresponding to the latent root zero of any positive integer powers of ^ — grj, 
^ — g%i ^tc- Whence the nullity of the product whose factors are powers of 
^ — gij ^ — g^y etc., is by §10 the sum of the nullities of the several factors, as 
the latent regions of these factors corresponding to the latent root zero are 
mutually exclusive. 

The next problem is to find the nullity of successive powers of p less than 
any of its latent roots ; and I shall show that the nullity of the (^ — giY is greater 
than the nullity of ^ — gi by an amount at least unity (unless the nullity of 
^ — g^is nil) J and that the nullity of successive powers of ^ — gi goes on increas- 
ing by an amount not greater than the increment of nullity in the preceding power, 
until some power of ^ — g^ is reached whose nullity is equal to its vacuity ; that 
power of ^ — gi whose vacuity is equal to its nullity is evidently the factor in 
the identical equation corresponding to the latent root gi. This theorem has 
already been proved in §9, where it was shown that the region annulled by 
(^ — 9if consisted of A the null region of ^ — gi, and of B^ the extension trans- 
formed by ^ — gi into A, of order equal to or less than that of A, etc. The 
theorem may also be proved as follows : Denote ^ — S^i by i^, let the null region 
of t// of order a be denoted by A ; and, of the complementary extension, let Bi 
of order b be that part transformed by i// into A. Such an extension must 
exist, otherwise 4'* would annul only the extension A ; hence A would also be 
the null region of 'J/', since i//' can annul only the null region of 4* together with 
that extension projected into it by a//, etc. Finally, no power of -i^ would annul 
an extension other than A ; but then the factor -i^ would occur in the identical 
equation only to the first power; consequently the nullity of -i^ would be as great 
as its vacuity. The order of ^i cannot be greater than the order of -4, for then 

the '^ of any b linearly independent quantities /3i, /?,, /J^, in the region Bi 

would be expressible linearly in terms of a <C 6 linearly independent quantities 
in the region A ; hence for some value of the <'s other than all zero, the expres- 

would vanish, which is contrary to supposition, since no part of B^ is in the null 
region of'^. In the same way it may be shown that if the nullity of '4'"*'*"^ is not 
greater than the nullity of 'J/'*, no higher power of i// has a nullity greater than 
the nullity of i^"*, which must therefore be equal to its vacuity ; and also that the 
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extension annulled by 0//'*+* additional to that annulled by 4'''+^ cannot be of 
order greater than the order of the extension annulled by i//**"*"^ additional to the 
null region of -J/**. 

§12- No rational integral function of ^ operating upon any quantity in the 
latent region corresponding to one latent root can transform it wholly or in 
part into the latent region of any other latent root. By Sylvester's formula, §16, 
it may be shown that any function of ^ may be reduced to a rational integral 
function ; whence the above proposition may be stated for any function of ^ . It 
is obviously only necessary to prove that no function of ^ can transform any 
quantity in one latent region wholly into the latent region of another latent root. 
Suppose F^ is a rational integral function of ^ of order n ; let ^j be a quantity 
in the region of g^. If i^4>.^i = ^2» where ^g is a quantity in the latent region 
oig^, then for some integer m>m^ — k^^ 

({^-9ir+{9i-9^){^-9ir''+ . . . '+{9i-9^r'^'i^-9i)+{9i-9.r)mi 

= {^-92^^2=0. 

Suppose F^ contains ^ — gi as a factor to the p^^ power, then unless 
F^^i = 0, a case which need not be considered since ^^ is to be regarded as non- 
evanescent, there exists a linear relation 

where M:pO, between (^ — giY^iSLud other quantities that are annulled by 
successive powers of ^ — gi, which is impossible. 

Since the latent regions are mutually exclusive and together make up the 
extension of the ground, a number of linearly independent quantities may be 
taken from each latent region and together may be employed to represent the 
ground. 

By what has just been proved, each latent region in respect to ^ constitutes 
a subordinate ground ; for the effect of the matrix ^ upon any one of these 
extensions is to convert a set of linearly independent quantities, equal in number 
to its order, into other quantities in the same extension. It would thus seem 
that ^ might be regarded as an aggregate of subordinate matrices corresponding 
to and equal in number to the distinct latent roots, each of which would have 
upon the latent region corresponding to it the effect of 4), and would have a null 
effect upon any other extension. This suggestion may be verified as follows : Let 
the latent roots of ^ be i in number, namely, gu g%' • ^ - gi, occurring severally 
m, n, . , . p times ; let the latent regions corresponding to the g^she A, B, . . .L 
48 
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respectively ; and, finally, let any m linearly independent quantities ai, a^, . . • a.^ 

be selected from A , any n linearly independent quantities i^i , /^g, . . - . ^^ be 

selected from B, etc., and let any ^ linearly independent quantities >li, ylg, . . . X, 

be selected from i; these quantities together embrace the extension of the 

ground. If 

^tti = aiitti + agia, -f . 

6uC», 6tC«, 

^Ai = ni'^i + f'z^t "4" • 



. + ttmaa^, etc., 
. + h^n. etc., 



• + ^pl/^p 7 

• I" «i>»'^» etc.. 



then the form of <^ becomes 



an Oig . . . . ai„ 
Oja agg . . . . aj,,. 






' 


«ml «m2 . • . . «mm 










&«1 &«2 • • ' • Kn 






• 










dl 'l8 • • • • ^lj> 
4l <28 • • • • ^ 


?J>1 ^j>» • • • • ?DP 
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In this form all the constituents except those in the squares along the diagonal 
are zero. It is obvious from this form that the array of the a's forms a matrix 
by itself, and that its effect upon any region other than that of the latent root 
gi is to annul it, etc. Whence if ^j denote the matrix formed from the a's, and 
^2 that formed from the 6's, etc., then 4)1, 4)2, etc., are nil-factorial together, and 



and, in general, 



^ — ^1 + 4>» + • • • • H- ^<» 
•. ^^ = ^\ + q>l+ +^\) 



The matrices ^1, ^^, etc., regarded as pertaining to the ground of ^, are, of 
course, vaCuous ; tiius, Irom this point of view, ^i has the representation 

(an ai2 . . . . ai,„ .... ) 

Oji 022 ... . (hm .... 



• • • • 


«m» . . . 


■ a„» 


0. . 


. 





. .. 


. 


. . 


. 















and has a nullity at least o — m; if ^ is non- vacuous, the nullity of ^1 is just 
Q — nif etc. But regarded as subordinate matrices of different systems, per- 
taining to the subordinate grounds A, B, . . . . L, then, unless ^ is vacuous, 
^i» ^2» • ' • • ^i niust be considered as non-vacuous matrices; and ^^ will have 
the representation 

( ^n ^12 • • • • ^Im )> 

^21 ^ .... Oj^e 



«ml ««8 



. a 



•mm A 



this matrix being supposed to operate only upon that part of the ground com- 
prised in the subordinate ground A, namely, the extension of the set (ai, a,, . . . a^) , 
and must be regarded as not susceptible of operating upon any other ground. 
The subscript A is employed to denote that the ultimate operands of this matrix 
are only expressions linear in the a's, etc. From this point of view it is proper 
to consider ^1, ^j, etc., as having reciprocals, providing ^ is not vacuous; and 



then 



<?>"' = <?>r' + <?>r' + 



. + 4>r'. 
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If ^ is vacuous it must have zero as a latent root ; but only one of the 
subordinate matrices corresponds to this root ; consequently one and only one of 
the subordinate matrices will be vacuous, and evidently the vacuous subordinate 
matrix will have exactly the same vacuity and nullity as ^. The vacuous subor- 
dinate matrix is evidently a nilpotent quantity, since if ^ is raised to a suflS- 
ciently higher power it annuls the region corresponding to the latent root zero. 
Thus if gri= 0, then A is annulled by ^'*»"''» ; hence 

^m,-«» = + 4)5^»-*» + + <^r*""^ 

The conception of a matrix as a sum of a set of subordinate matrices is more 
readily grasped by the consideration of Peirce's linear-foun representation 
of a matrix. Thus 

<^ = 2^,a,, (a^ : a,) + 2^2,6^. (/?r :/?•) + + 2r2,?r# {K'\) • 

But evidently the set of vids (a,.: a,) form a quadrate system by themselves, simi- 
larly with respect to the set of vids (/?r :/?#)> ®tc., and any linear expressions in 
the vids (a,.: a,) will have as ultimate operands only expressions linear in the 
a's ; while any expression linear in two different sets of vids, if they are to be 
regarded as susceptible of operating upon each other, are mutually nil-facient and 
nil-faciend. 

Considering the vids (aria,) as a quadrate system by themselves, scalar unity 
will be expressed by 21*^ (ar-^r) , and may be denoted by li . The quadrate system 
formed from the vids (/?r*/S#) will have as its scalar unity 2rr(/3r:/?r)> which may 
be denoted by 1^, etc. We evidently have 

liljj = Ijli = lilj = Isli = etc. = 0; 

and, denoting by 1 the unity of the complete system, 

l = li+l3+-v.. + li. 

Thus ^ — 9 = {^i — 9h) + {^B — 9h) + +(<?><- 9h)* 

Since any matrix can thus be resolved into an aggregate of as many other 
matrices (mutual nil-factorial), as it has latent roots, each subordinate matrix 
corresponding to a latent root and being of order equal to the number of 
times that latent root occurs, hence in general it suffices to prove a theorem 
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relating to a single matrix for one all of whose latent roots are equal, when, if 
true, it may by means of this proposition be inferred for any case.* 

§13. Having obtained the law governing the nullity of the factors of the 
identical equation, it is now possible to solve the problem touched upon in §3 
with regard to a matrix subject to a condition involving only itself As was 
stated above, it follows from Sylvester's formula that any condition equation to 
which a matrix is subject may be reduced to a rational integral equation. Let 

F^ = {^ — g^Y{^-g;)^ i^ — gn)' (4> — fl^n)'=0 

be the rational integral equation expressing the condition to which ^ is subject ; 
then ^ will satisfy this condition if any wi < o of the gr's are selected as its latent 
roots, as gr^, gTj, . . . . gr,^, each occurring a', /?',.... a' times respectively; and if 
{^ — gif""' has the nullity a', (<?> — flf»r"~"' the nullity /3', etc., and {^ — g^y-'^ 
has the nullity &, provided the sum of the accented Greek letters is o , and 
a' — 3Ci <a, /?' — X2< /3 , etc. For then 

(4> - 9iY^'' (4> - fl^sf • .... (<?^ - g^y-- = , 
••• {^ — 9iY{^-9ty . • • • {^-9n)' . • • . (4>-^ny = 0. 

Conversely, if q> satisfies the last equation it must have a certain number of 
the ^'s as latent roots, each occurring a sufficient number of times to make the 
total number of latent roots equal to o ; and if g is any one of these latent roots, 
some power of 4> — g equal to or lower than that which appears in the above 
equation must have a nullity equal to the number of times g occurs. 

Law of Gongmity and Law of Laiency. 

§14. If pi is ah axis of ^, it is an axis of any integer power ^* of ^; for if 
^p^zzrgfjpj, hence ^'*pi = flfrpi- Similarly with respect to the other axes of ^. 
Hence the axes of ^ are all axes of ^"* ; but since the axes of ^ may be linearly 
related, they do not necessarily constitute all the axes of 4)"*. In like manner 

the axes of any root ^» (where n is an integer) are comprised among the axes 
of ^ . We have for each latent root gr,. of ^ , v being a primitive n^** root of unity, 
the equation 

* Thus if the identical equation has been proved for a matrix of any order whose latent roots are all 
equal, it may be shown by the principle of this section to hold in any case. For if 

= 01 + ^, + + 0,, 

and = (01 - flfili)~» = (0a - flfalar* = etc., 
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ir^ - 9?){^^ - VgJXr^ - V'gf) .... (4)^ - t,»-Vr) pr={^- 9r) Pr = 0. 

Evidently one at least of the matrices which in the first member operate upon 
Pr must be vacuous, and hence one of the n*^ roots of each distinct latent roots 

of ^ is a latent root of^"^. If then the latent roots giy g^, etc., of ^ are all dis- 

tinct, so also are the latent roots of ^"j and then, by §2, the axes of ^, pi, pg, 

etc., are o linearly independent and determinate quantities, as are also the axes 

1 
of ^"^ ; and since the latter are comprised among the axes of 4>, it is evident 

that every axis of ^ is an axis of ^'*. Hence every axis of ^ is an axis 

of ^"; and for the o axes we have the equations ^"pi = S^^pi. ^^p%^= gjpn 
etc. It may now be established by the method of limits, in conformity with 
the definition of I, §8, that for any scalar m we have for the o axes the 
equations ^"*pi = gf^pi, 4)"*p2 = gtpa etc. Consequently 2fe^* pi = 2%r-pi> 
2fe^"*p2 = 2A;gr^.p2, etc., provided the coeflBcients and exponents are scalars; 
and so if Fp is any function of ^ formed by the addition of scalar multiples 
of scalar powers of ^, then for the a> axes F^pi = Fgi.pi, -^<^pi= -^S^2"p2» ^tc. 
Thus what has been proved is, when the latent roots of ^ are all distinct, every 
axis of ^ is an axis of Fq> ; and since the above equations, or their equivalent, 
(jR^ — Fg^ pi = , {F^ — Fg^) p2 = , etc., hold only for the latent roots of F^ , 
hence ichen the latent roots of ^ are all distinct^ the latent roots of F(p are the same 
./unction of the latent roots of ^ . 

The first of these theorems I term the law of congruity of the axes. The 
second is very important ; it is due to Prof. Sylvester, who terms it the law of 
latency. In the next section I shall extend the proof of the law of latency to the 
general case. The term law of congruity was employed by Prof. Sylvester 
interchangeably with the term law of latency. 

The converse of the law of congruity is also true, subject to a slight modifi- 
cation when two or more of the latent roots of F^ become equal. In this case, 
if the axes of F^ are first selected, they may not all prove to be axes of 4> ; but 
when this occurs, other quantities may be chosen which, together with the axes 
common to both ^ and F^, shall constitute the o axes of F^ and also be axes 
of 4). Thus, to take an example, let pi, p^, ps be the three axes of the ternary 
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matrix ^ whose corresponding latent roots are 1 , — 1,2 respectively ; then the 
axis of ^* corresponding to the latent root unity is indefinite ; for 

<?>' («pi + ypi) = »Pi + yp2. . 

In general, this quantity will not be an axis of 4>. However, p^, p^ and p^ are 
axes of both ^ and ^^ 

If the latent roots of ^ are all distinct, the ground may be represented in 
terms of the axes of ^ ; in which case, if F^ is any function of ^ involving only 

the matrix ^ and unity, we have obviously 

Fq> = {Fg, ....0 ) 
Fg^ 



Fg^ 



From this form of F(p immediate proofs for the general case of the law of latency 
and of the law of congruity may be derived. 

§15. If the latent roots of ^ are all distinct, it is not necessarily true that 
the latent roots of Fp are all distinct. When this is not the case, the order of 
the identical equation in F(p is lowered by unity for each latent root of F^ which 
becomes equal to another. Thus suppose Fg^ = Fg^ z= . . . . = Fg^ , then 
pi, p8, . . . . Pn are all annulled by F^ — Fgi] consequently the application of 
this operator to the most general expression p in the ground (which can now, by 
§2, be expressed in terms of the o axes of ^) annuls n components and leaves 
6) — n components which will be annulled by the remaining factors of the iden- 
tical equation in F^ . I. e. the degree of the identical equation is lowered by 
n — 1. 

The law of latency may be proved in the general case as follows : Let the 
latent roots of ^ be all distinct, and let g^ — g^=:h2f etc.; as A diminishes, 
Fg2 = Fgi + h^Fgi + etc. approaches Fgi . In the limit p has two equal roots 
gi, and F(p has two latent roots equal to Fg^. Obviously, when ^ has two or 
more equal latent roots, the latent roots of F^ corresponding to these are not 
necessarily equal, since F^ may be a many-valued function. Thus, if 
(^ — gri)*=0, the latent roots of 4)* are =t\/g^i, and the identical equation in 
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Sylvester^ 8 Formula. 

§16. Sylvester has given without demonstration the following theorem in 
the Johns Hopkins Univ. Circ. (No, 28, 1884) : 

F^ = XFg,. i^-92){l>-9sy^''{l>-9^) . 

{9i—92){9i — 9s) {9i — 9^) 

It may be proved as follows : Suppose the latent roots of ^ are all distinct, and 
denote for convenience the left-hand member of the above equation by (2); then 
for the G) axes of 4) we have {^) pi = Fgi.pi, (2)p2 = -PV8.p8, etc. But by the 
law of congruity and the law of latency, F{(p) p^ = Fgi . pi, F{^) p, = Fg^ . p,, etc^ 
for the 6) axes ; consequently (2) pi = F{i^) pi, (2) ps = F{(p) p,, etc. ; and hence 
for any quantity linear in the axes p = Zjpi + z^p^ + etc., F{^) p = (2) p. Since 
the latent roots of ^ are all supposed distinct, p may be any quantity whatever 
in the ground of which 4> is a linear unit function. Hence 

i^4>=(2). 

As this mode of proof is a verification, if Fp -is a many- valued function, 
it is necessary to show that Sylvester's formula gives all possible solutions of 
1^ = F{'p). Let the latent roots of ^ be all distinct; take as latent roots of a 
matrix i^ any set of the values of Fgi, Fgz^ etc., and as axes corresponding respec- 
tively to them the o linearly independent axes of ^ , pi , p, , etc. ; then i^ satisfies the 
equation i^.p = -P<?>-p for each of these axes, and consequently for any quantity 
in the ground. Evidently m" matrices '^ may thus be formed if m is the number 
of values of the function Fg, and only the matrices so formed satisfy for all 
values of p the condition T^/p = J^^ .p, and thus are solutions of i^ = F^* These 
w" matrices are, however, all contained in Sylvester's formula. 

By the theory of limits the theorem may be extended to the case where 
the latent roots of ^ are not all distinct. 

In the general case in which the latent roots of ^ are all distinct, a simple 
proof of Sylvester's formula may also be derived from the form of F^ when the 
axes of ^ represent the ground. In §5 it was shown that when the axes of ^ 
are linearly independent, whatever the set of quantities chosen to represent the 
ground, there is always a definite matrix w such that 



^ = {m\^ gi .... 
gfg . . . . 

. . . . g^ 



h-% 
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whence the form of ^ being given in terms of any set of quantities, we can very 
simply find the form of F^ in terms of the same set of quantities, for 

F^ = {xa\Fg^ .... l^Y^- 
Fg^ .... 

► ....Fg^ 

If 4> is a scalar, any quantity in the ground is an axis, hence the above con- 
siderations showing that Sylvester's formula gives all the solution of 4^ = Fp do 
not apply. And on inspection it is evident that the formula does not give the 
non-scalar roots of a scalar. These must therefore be formed by an independent 
investigation. There are evidently two cases to be considered, the roots of the 
matrix zero and the roots of the matrix unity ; from the latter the roots of any 
non-zero matrix may be found. 

Boots of the Matrix Zero. 

§17. It is very evident by §13 that the latent roots of a nilpotent quantity 
are all zero, and, conversely, that a matrix all of whose latent roots are zero is 
nilpotent. Whence it follows that the number of roots of zero with any index 
is infinite, meaning by index of a root of a matrix the least power of the root 
which will reproduce the matrix. Of the square roots of zero in a matrix of 
order o there are a? — 1 linearly independent. Thus, if o = 2, the four vids of 
a dual matrix may be expressed linearly in terms of 

{A:A) + {B:B), {A:A)-{B:B) ^ {A:B) — {B:A), {A:B) and {BiA), 

of which the first is unity and the other three square roots of zero. The propo- 
sition may be shown similarly for any value of o. 

No root of zero can have an index greater than o. For, as Benjamin Peirce 
has shown, there is no linear relation possible between the powers of a nilpotent 
quantity that does not vanish ; but if 4) is a root of zero, unless its o*^ or some 
lower power vanishes, by means of the identical equation, the o*^ power of ^ 
can be expressed linearly m terms of the lower powers, the coeflBcients not all 
being zero. 

If ^ is an m*^ root of zero, then by §11 the nullity of successive powers of ^ 
increases until the m*^ power is reached ; and the nullity of 4>' is at most twice 
49 
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the nullity of 4), the nullity of ^^ exceeds the nullity of ^^ by an amount not 
greater than the increment of the nullity of 4)* over the nullity of ^ , etc.* Follow- 
ing the reasoning of §9, let the extension of the p linearly independent quantities 
tti, 02, . • • • ttp be the null region of ^\ let the extension of the q linearly inde- 
pendent quantities /?i, /^j, . . . . ^^ be that transformed by ^ into the null region 
of ^] let the extension of the r linearly independent quantities yi, y^, , . . . yr 
be that transformed by ^ into the extension of the ^'s, etc.; finally let the e 
linearly independent quantities Xi, x,, . . . . x, be that transformed by ^ into the 
extension annulled by 0"*-^ additional to that annulled by lower powers of ^ ; 
and let the extension of the t linearly independent quantities Xi, ^l,, . . . . X^ con- 
stitute the remaining extension of the ground. Then these sets of quantities, 
the a's, /?'s^ etc., together embrace the extension of the ground, and 

^ai = ^ttg = . . . . ^ ^tty = , 



^^i = «nai + «2ia2 + 



<?>yi = Mi + 68i/?» + 
<?>y» = Mi + M8 + 



etc. ; finally. 



0yr=Mi + Mr + 












^>Afi — f^tXi "T" ^t^2 1 • • • • I ^st^t • 



* Hence certain roots of nilpotent quantities have no representation. Thus let be a matrix of order 
six whose nuUity is two, and whose fourth power and no lower power vanishes ; then ^ has no square 
root. For if V' = , then, since V has at least simple nullity, the nullity of V' = 0* is at least six : hence 
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ail 


au . . 


• ■ «n 














<hi 


oa . . 


■'<h. 








■ ■ 




Si 


<hf ■ 


..%, 














hx 


&„.. 


..iu 












6,1 


hn- 


..V 








V 


b^.. 


• •V 














JCii 




■ he 


hr 


K,.. 


■ ht 













In this form all the constituents except those in the rectangles bordered on 
the left and below by heavy lines are zero. The successive heavy lines at 
every other alternate comer intersect with the diagonal, and no one of them 
is longer than the next preceding one. The square at the left-hand upper corner 
and the square at the lower right-hand corner consist respectively of p^ and ^ 
zeros. 

If 4> is a root of zero, so also is its converse. 
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Roots of the Matrix Unity. 
§18. If 4> is an m^ root of unity it is subject to the condition 
4)"*— 1 = (4) — ;ii)(^— X,) (^ — ;i„)= 0, 

the ;i's being the scalar m}^ roots of unity. By §13, if any n <6) of the m ^I's, as 
ill, Xjj, .... A.„ repeated respectively Ajj, ftg, . . . . A;^ times (the sum of the Jc^b 
being o), are chosen as the latent roots of 4); and if 4) — >^, ^ — Jlji . . . . ^ — X» 
have the respective nullities ki, Jc^, . . . . k^, then ^ satisfies the condition; and 
conversely. It is obvious that the number of the non-scalar roots of unity with any 
index is infinite.* If no lower power of p than the m^ is a scalar, then ^ will be 
termed a primitive vn}^ root of unity. The condition necessary and suflScient 
that ^ , in addition to being an m^^ root of unity, shall be a primitive m^^ root, 
is that one at least of its latent roots shall be primitive. 

When the index m<6), and the entire set of the scalar m*^ roots of imity 
are latent roots of 4>, then any m successive powers of are linearly inde- 
pendent. For then the identical equation is 4)'* — 1 = 0; but if there were 
any linear relation between m successive powers of ^, the identical equation 
would be of order m — 1, which, by §2, is impossible if p has m distinct latent 
roots. 

In the calculus of matrices, as in ordinary algebra, the m^ roots of any 
matrix may in general be obtained by taking any one of its m^^ roots and mul- 
tiplying it successively by all the m" m^^ roots of unity of a certain set, namely, 
those that have as axes the axes of the matrix. 

It is obvious that if q> is an iw*^ root of unity, so also is its converse, and if q> 
is primitive, so also is ^. 

§19. Every matrix whose order is a prime number has ti? linearly independent, 
primitive, o^ roots of unity. For, g) being prime; let denote the matrix 



*If ^ is not a scalar and has all its latent roots distinct, as was stated in 216, ^** (where m is an 
integer) has in general m^ values, obtained by combining each axis of ^ with one of the w!^ roots of the 
latent root of corresponding to that axis. The non-scalar roots of a scalar may similarly be obtained, 
but since any quantity is the axis of a scalar, these roots are infinite in number. 






Tabbr : On the Theory of Matrices. 



383 





(1) 


(2) 


(o — x){a- 


-x+l)(o 


— X- 


4-2)(o 


-«+3)(o-l) 


(o) 


(1) 














ai 










(2) 








...0 










Of.. . . 





(x-2) 








... 





0. 




. . . . a,_t 





(x-1) 








... 













a.-i 


X 


a. 





... 
















(» + l) 





«« + !• 


. . .0 
















(c^l) 








. . . a„_i 
















(o) 








... 


«« 














in which all the constituents are zero except one in each column, and the non- 
zero constituents, forming a broken diagonal, are denoted each by a .with sub- 
script indicating the row in which it appears ; the constituent in the x^ row 
appears in the first column, that in the {x + 1)*^ row in the second column, and, 
in general, if [x] denotes the smallest positive residue (modulus w) of a, then the 
constituent in the [x + r— l]*^ rows appears in the r^^ column. TKe constituent 
in the first column I shall term the leading constituent. It is evident, then, if 
(tti, 02, • • • • a«) are the elements of the set upon which ^ operates, 

^ = a,a^, ^a« = a^ + ia«+i, etc., 

and that the general expression for the ^ of any one ar of the a's is 

^r = <^U + r-l]^[K + r-l]' 

I. e. applied to the a's advances each by ;c — 1 places and multiplies it by a 

certain one of the a's. The application of ^^ to each of the ct's advances it by 

2{x — 1) places, and multiplies it by the product of two of the a's, etc.; finally, 

q^'^ advances each a by a multiple of o places, i. e., transforms each a into itself 

and multiplies it by the product of all the a's. If, now, ^ be an imaginary g)*^ 

root of unity, and the successive a% di, a^, . . . . a^ are severally put equal to 

1 , X, A,^ Jl""■^ denoting by ^ what ^ then becomes, we have 

«j«±i) 
^1 (ai, ag, aj = ;i « (ai, Ojj, . . . . a«). 

Whence unless o = 2, ^j is an o*^ root of unity ; and since o is prime, it is readily 
seen that no lower power of 0i is a scalar. Similarly, denoting by ^-j what ^ becomes 
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when the a's in the same order are put equal to 1 , A.*, X*, ;^«(— i)^ then ^ is 

also a primitive o*^ root of imity ; finally, denoting by ^«_i what ^ becomes 
when for the a's in the same order are substituted the {o — 1)*^ powers of 
1, A., X*, ... . A,""\ then 4)^_i = 1 and also no lower power of ^«_i is a scalar. 
In this way o — 1 matrices are obtained which are primitive co*^ roots of unity ; 
besides these, another primitive o*^ root may be obtained by putting the a's all 
equal to unity, and this matrix may be denoted by ^. These o matrices are 
linearly independent, for otherwise, for some set of values of the x's, other than 
all equal to zero, we should have 

^0^0 + iCi4>i + Og^g +....+ a;«-i4>«-.i =0, 



xo + ^Xi H- X'xz 

Xo + ^% + ^% 


+ . 
+ . 


••• + «—! =0, 

... + ;i— 'x._i =0, 


X, + ^"-'xy + ;i«'— 


"x,+ . 


... + X<— ^'•x„_,= 0, 



which is impossible. Thus any position of the leading constituent other than in 
the first row(i. e. for any value of x other than x = 1), a proper choice of the a's 
gives o linearly independent o*^ roots of unity ; and thus in this way o (o — 1) 
linearly independent o*^ roots of unity may be obtained ; for it is evident that 
the matrices obtained for different values of x are linearly independent, being 
expressions in different vids. In addition to these, let o — 1 matrices be formed 
by taking as constituents of the principal diagonal in the first matrix the set of 
scalar 1, X, Jl*, . . . . ;i-"^; in the second, the squares of this set, etc., and finally, 
the (g) — 1)*^ powers of this set for the (o — 1)*^ matrix, all the othe^ constituents in 
each matrix being zero. These o — 1 matrices are primitive o*** roots of unity, as 
may easily be seen by considering their effect upon the set (ai, otg, . . . . a^). 
That they are linearly independent of each other and unity may be shown by 
the above reasoning ; and since they are formed from the vids along the diago- 
nal, which do not occur in the other set of o (o — 1) roots of unity, they can 
have no linear relation with these. Thus, in addition to unity (or rather to a 
primitive scalar o^^ root of unity), o^ — 1 other primitive o*^ root of unity may 
be formed, all of which are linearly independent. 

If 6)= 2, the four matrices formed in this way are 

(10) (1 ) (01)' ( - 1 ) 

loi lo— ll iiol !l 
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Of these the first is unity, the second and third are square roots of unity, and 
the fourth is a square root of — 1. By multiplying the fourth root by V — 1, 
it is of course converted into a square root of unity. Thus a dual matrix may 
also be expressed linearly in terms of four square roots of unity. 

Algebras Analogous to Quaternions. 

§20. It was stated in I, §10, that if i,y, k are any three mutually normal 
unit vectors, any quaternion may be expressed linearly in terms of the four new 
units 1 ^ ^'.^/Z^i y+fcv:=ri — jNf^A/^ 1 — tV^T 

2 ' 2 ' ' ~ 2 ' 2 ' 

which, having the same multiplication table as the four vids of a dual matrix, 

{A:A), {A:B), {B:A), (5:5), 

may, consequently, be regarded as respectively identical with them. This iden- 
tification gives the following values for the ordinary quaternion units, 



!o 1 I 



= (— V— 1 0) j={ 1) Jc=:{ 0— V — 1) 



V— 1 I —1 



'-V=T 



The discovery of this form of quaternions, which 1 have termed the canonical 
form of quaternions (I, §8), as has been stated, is due to Benjamin Peirce ; 
it received its full significance only after the discovery by his son, Charles 
Peirce, of the unlimited system of quadrates formed from the system of vids 
{A: A) J {A:B)j etc., when it appeared that quaternions was only the first of this 
system of quadrate algebras, and the identification of quaternions with the 
theory of dual matrices was virtually accomplished. Evidently of all linear 
associative algebras the quadrate algebras form a class which are closely related, 
and consequently are closely analogous to quaternions. In the preceding section 
it was shown that all matrices or quadrates whose order is a prime number may 
be regarded as linear in unity and o* — 1 linearly independent, primitive o*^ 
roots of unity, just as quaternions is an algebra linear in unity and three square 
roots of — 1 , or of unity ; whence the analogy between quaternions and these other 
quadrates extends beyond the quadrate form possessed by each. Moreover, 
these 6)* — 1 roots of unity are formed from the o* vids of the quadrate of order 
6), except for a scalar factor, precisely as the t,y, k of quaternions are formed 
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from the vids of the dual matrix. Thus the quadrate algebra of prime order 
next in order to quaternions (nonions) is that formed from the vids of a triple 
matrix: comparing its eight cube roots of unity with the i.jyh of quaternions, 
we have 

i=\{A'.A)-{B:B)]^/-\, j={A:B)-{B:A), k=[{A:B) + {B:A)]^/'=^, 

while the nine nonion cube roots are 

{A:A)'\^J^{B:B) +X^{G:G), {A:A) + J^^{B:B) ^J^{GxG) , 

{A:B) + {B:G) +{G:A) , {A',B) ^ X{B:G) +X'{G:A), 

{AiB)^7.\B:G) + %{G:A) , {A:G) + {B:A) +{G:B) , 

{A:G) + 7,{B:A) +7}{GiB), {A:G) + %^{B:A) ^-kiGiB) f 

and the representation of unity in the first system is {A:A) + {B:B), and in the 
second {A\A) '\- {B:B) -\- {G\G). It thus appears that there are an infinity of 
algebras exactly analogous to quaternions, namely, those formed from the vids 
of the matrices whose order is prime. I shall now proceed to show that this 
analogy may be still farther extended, and that all the algebras analogous to 
quaternions, and indeed matrices of any order, admit of selective symbols like 
the S and V of quaternions, are resolvable into the product of a versor and a 
tensor, and that there are functions similar to the conjugate of a quaternion, 
equal in number to o — 1 , if o is the order of the algebra. I shall show this in 
the case of nonions, but the proof will be applicable to any case. 
§21. A quaternion q may, in general, be represented by 

qziz Sq+ Vq:=:a + bi, 
where i is a unit vector. In matrix form this is 



j = a(l 0) + 6(V— 1 0) = (a + iV— 1 0) 

ll I — V— ~1.| I a — JV^^lT 



Hence a + b\/—l = Sq+ TVqW— 1, and a — b\^^^l = Sq— TVqW— 1 
are the latent roots of 5. 

Kq—Sq— Vq={a — b^/—l ) 

I a + b^/^^[ 

* These units are the converse of those given by the method of the preceding section. The fibret of 
the series of quadrate algebras analogous to quaternions, nonions, was discovered independently by the 
Peirces and Sylvester. I have in I, {10, given a short account of this discovery. 
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i. e. the conjugate of 5 is obtained from q by interchanging its latent roots but 
leaving its axes unchanged. 

Now a nonion, or matrix of the third order, provided its axes are taken to 
represent the ground, may in general be put in the form 



= ai 






1 






9% 



1 




) = {a-\-h-\-c 


9z 
0) + b{\ 












a -f ;iJ + X»c 

a + ;i*6 + ;ic 

) + c(l 0), 



0) 





7? 








X 



where X is an imaginary cube root of unity. The first of the matrices in the 
third member is unity, the second is a non-scalar cube root of unity, the third, 
being the square of the second, is also a non-scalar cube root of unity. 
Denoting the second matrix by i, n becomes a-\-hi + c^. To select the scalar 
and non-scalar parts of n, the selective symbols S and V may be employed; 
and to discriminate between the first and second parts of the non-scalar portion 
of n the F may be written with subscripts 1 and 2, Employing this notation, 
we have 

rf=. Sn-\- Fin -f Vin ^ a -|- W -h ci*. 

And since Fin and Y^n are scalar multiples of non-scalar cube roots of unity, we 
have Y{yinf=i Y{y^nf-=. 0, just as in quaternions Y{Yqf-=' 0; and as in qua- 
ternions the last formula gives the important result Y{yq.Y^ -^Y^.Yq)-=.Q, 
so letting Y^n = ai, Yiu' = ^i, F^ji" = y^, and Y^n = ag, Ytt^ = Pt, Fjn" =• y,, 
from the two nonion formulae we may obtain in a similar way the two follow- 
ing results : 

and a similar formula in which the a,, /3i, y^ are replaced by o^, j3g, y^. 

As in quaternions Y^q=^ — 'PVq, so in the algebra of nonions we may 

write 6» =Yln=T* Y^n , c» = T?« = ^ F^n. 

Since the conjugate of q is obtained by interchanging its latent roots, this 
suggests that a cyclic interchange of the latent roots of n, leaving its axes 
50 
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unchanged, should produce a function of n similar to the conjugate of 9; and the 
conjugate of n may be defined by the equation 

9x\ 
The conjugate of jKn is KKn^ which may be written jS?n; and evidently 

9i 

These formulae resemble that for the conjugate of g'. In quaternions -ff^ = 1 , 
but in nonions we may write K^ = K''^ and iT* = 1 . 

The tensor of a quaternion may be defined as the square root of the product 
of the quaternion and its conjugate. Following the analogy thus suggested, the 
tensor of a nonion n may be defined by the equation 

T^n=n.Kn.K^n = a» + &» + c-^— 3a6c, 
/. T^n = S^n 4- T^Fjn + T^V^n — ZSn. TV^n. TV^n, 

which is the analogue of T^q = S^q + T^Vq. It is readily seen that the square 
of the tensor of a quaternion is equal to the product of its latent roots, and thus 
to its content ; and similarly, that the cube of the tensor of a nonion is equal to 
the product of its latent roots, and hence to its content. Whence, since the 
determinant or content of the product of two matrices is equal to the product of 
their contents, the tensor of the product of two nonions is equal to the product 
of their tensors. When a nonion is expressed in terms of unity and eight non- 
scalar cube roots of unity, this proposition gives a theorem analogous to Euler's 
theorem when that is regarded as a theorem relating to the product of two qua- 
ternions ; but the tensor of a nonion is then too complicated an expression to 
give the theorem any interest. 

§22. If i is a nonion cube root of unity whose latent roots are 1, A,, A.' 
(^ being an imaginary cube root of unity), and if e denotes the base of the Nape- 
rian logarithms, by Sylvester's formula. 
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The coeflScientB of unity, i, and i?, in this expression I shall denote by y© (^)i /i (©) 
and /g (6); they are obviously analogous to sin Q and cos Q which appear in the 
corresponding expression for g^* in quaternions (where a is a unit vector). This 

e*'«=/,(0)+;iy,(e).t+ V.W-*"*. 

The second and third expressions are, severally, the .first and second conjugates 
of b\ Since a™6« = e W« = 1 , hence 



/o(0)'+/iW+/«(0)'-3/o(0)./i(0)./,(0) = l. 

This suggests the corresponding formula cos* 6 + sin* 6=1. The properties of 
the sine and cosine, that cos ( — 0) = co8 6, sin ( — 0) = — sin d, have their 
analogues in these functions ; for from the values for f^*' and a^'**, it follows that 

/o(^0)=/oW, Am=^fim. Am=^'A{6)^ 

These functions also give rise to a formula in nonions analogous to De 
Moivre's theorem: thus, since 6*'f" = 6^*+^^*, hence 

C/o(a) +/i(a)-* +Ma).i^}iM^) +/,(/3).t +/Mi^] 

= /o(a +/?) +/i(a + /?).*■ +/*(« + |3).«^ 

Whence arise formulae for the functions of the sum of two arguments analogous 
to the formulae for the cosine and sine of the sum of two angles, namely, 

/o (« + /?)= /o (a) ./o (i3) + /i (a)/, O) +A (a)/x (/?) , 
/i(a + A?) =Ma)./M ■h/i(a)./om +/,(a)/,(,3), 
/, (a + (3) = /o (a) ./, (/?) + A (a) ./o (/?) + /, (a) ./, (^) . 

It is now easy to perceive that, — just as for any quaternion q, for a proper 
value otd, 

q _ ^og w+ton- m. rr, _ t^ (^Qg 4. gin 0. JTTi?) ; 

so for any nonion n for proper values of $ and >7, 

We have therefore 

n = TVi. C7n, . 

n.n'= Tn.TrJ.Un.UrJ. 
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§23. Another analogy exists between quaternions and the quadrates of 
prime order, namely, that just as quaternions is linear in unity and two square 
roots of unity and their product, so the matrices of order d) constitute an algebra 
linear in unity and two o*^ roots of unity, their powers and products. Thus in 
the case of nonions, as Sylvester has shown,* if X is an imaginary cube root 
of unity, and 



1 


) 3 = 


1) 


X 


> 


a» 


;i» 




;i 






then ijzz^^ji a.nAji=-^ij, while the products formed from the two sets (1, i, *') 
and {I, J, J*) give all the nine units of the octaQomial form of nonions. More- 
over, I find that just as there are an infinite number of systems of three mutually 
normal unit vectors, so there is an infinite number of systems of eight cube roots 
of unity similar to the system formed from i and J and their products. The 
general expressions for these two new cube roots ii and j\, from which the new 
system is to be formed, are 



ij = (o»]f 









1 h-') h = (4 

















.-1 



) 



where |ay| = 0. If the axes of i are (pi, p^* pz) and the axes of/ are (cTi, c,, (T3), 
then the axes of ii and Ji are respectively (wpi, mp^, wpa) and {roOi, mtr^j wc^. 
The condition that from ii and j^ an octanomial system shall be formed similar 
to that formed from i andy, is that ii and j^ shall have as latent roots the three 
cube roots of unity, and that the axes of i'l and y, shall be related in the same 
way as those oii andy. If (aj, a,, 03) represent the ground 

p, = tti + a2 + T^z > ^2 = '^^^i + 0^ + ots > 
ps = ^jH-a» + as » o's = ai + 0C2 + ^ol^. 

With respect to the general case, let i be a primitive g)**^ root of unity 
formed according to the method of §19, whose leading constituent is in the ife* 
place, and the coefficients of whose successive vids (beginning with that in the 
first row) are 1, ;i, X*, . . . . X""^ (yl being an imaginary d)*^ root of unity); and 
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lety be formed from the same vids with the coeflScients oft replaced respectively 
by their squares ; then ij = X""*+yi and Ji = 7j^~Hj. If A; = 2 , ly = 7^'"'^ji and 
ji = Jdj. 

Quadrate Algebras whose Order is not a Prime Number. 

§24. With regard to the quadrates whose order is not a prime number, it 
may be shown also by a method similar to the method of §19, that they possess 
o* — 1 linearly independent non-scalar ojf'^ roots of unity, formed from their vids 
in the same manner in which the i,j\ h of quaternions are formed from the vids 
of a matrix of order two. However, of these g?— \ w*'^ roots, only (o + l).r (o) 
(where r (w) denotes the totient of o) are primitive, namely, r (co) w*** roots formed 
from the vids along the diagonal, and 6).t(6)) others formed from the non-sym- 
metric vids. The latter consist of those roots in which the leading constituent 
is in a row whose order less one is prime to o. The roots in which the leading 
constituent is in a row whose order less one has with w the greatest common 
divisor 9, other than unity, are either (o : 9)*^ roots of unity, or such to a factor 
prh. Of the g!-^ roots of unity formed from the vids along the diagonal by taking 
as their coeflBcients powers of the scalar cd^^ roots of unity, 1, ;i, Z^ .... ^-~\ 
only those are primitive o*^ roots of which the power taken of the set of Jl's is 
an integer prime to o. 

However, all these quadrates are analogous to quaternions in admitting of 
selective symbols, in having functions analogous to the conjugate in quaternions, 
and in that any expression in them is resolvable into the product of a tensor 
and a versor. This may be proved in precisely the same way in which in §21 
and §22 it is shown to be true for the quadrate algebra of order three. 

The quadrate algebras whose order is not a prime number are compounds 
of other algebras, by which I mean that they are linear in the products of the 
units of these algebras: if 6) = 6)'.6)", then the quadrate algebra of order o is 
linear in the products of the units of the quadrate algebras of order d and o", 
the units of each of these systems being regarded as commutative with those of 
the other. Thus, the algebra formed from the vids of a matrix of order four is 
linear in the products of two quaternion sets, the i,y, h of the one set being 
commutative with the i, y , A; of the other set ; the algebra formed from the vids 
of a matrix of order six is a compound of a. quaternion set and a nonion set, 
the units of the quaternion set being commutative with those of the nonion 
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set. It is obviously suflBcient to prove this for any form of the several algebras, 
and for this purpose I choose the canonical form, and I shall show that the vids of 
any matrix of order o' combined with those of any matrix of order o" (the vids 
of the first set being regarded as commutative with those of the second set), give 
an algebra whose multiplication table is the same as that formed from the vids 
of a matrix of order o = o'.g)". I shall, however, first illustrate this theorem by 
the case of the matrix of order four. Considering the two quadrate sj^stems 

(^,:J10 {A,:A,) {B,:B{) (B,:B,), 
(A,:A,) {A,:A,) {B,:B,) (£,:£,), 

which will be regarded as commutative, evidently the complete system formed 
by their products will consist of sixteen linearly independent units which may 
be arranged as follows : 



{A,:A,){B,:B,) {A,:A,){B,:B,) 
{A,:A,){S,:B,) {A,:A,){B,:B,) 



{A,:A,){B,:B,) {A,: A,){B,: B,) 
{A,:A,){B,:B,) {A,:A,){B,:B,) 



{A,:A,){B,:B,) {A,:A,){B,:B,) 
{A,:A,){B,:B,) {A,:A,)iB,:B,) 



{A,:A,){B,:B,) {A,:A,){B,:B,) 
{A,:A,){B,:B,) {A,:A,){B,:B,) 



Those compound vids in the upper left-hand group consist of the first set, each 
multiplied by [BiiBi)] those in the other groups also of the first set multiplied 
respectively by {Bi:B^, [B^iB^) and {B^iBJ). According to this scheme the 
product of the vid (A^iAy) from the first system and the vid {B^:B^) in the 
second system occupies in the resulting system a position which may be denoted 
by {x + Jr — 1 , y + o't — 1) , where, as before, the first number denotes the 
row and the second the column; and in this case o' = o" = 2. On trial it will 
be found that this compound system has the same multiplication table as that of 
the system of vids of a matrix of order four, the vids in the compound system 
corresponding to those of the quadrate system of order four which occupy the 
same place. It should be observed that if / and /' are vids of the first quadrate 
system and J and J' vids of the second, that the product of the compound vids 
I.J and /'./' is zero, unless /./' ^ and /. J' qf: ; since the /'s and cTs are 
commutative. The proof in the general case may be accomplished as follows : 
Following the same scheme of arrangement of the compound vids formed from 
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the product of the vids of two quadrate systems of order cJ and o" respectively, 
we have 



IJ= {A,:Ay){B,:B,) ={x+ o W — l , y + "'^j^) = ^, 
The product of //and PJ' is zero, unless y = y and «' = «, when we have 



which in the compound system will occupy the (a; + o'r — 1)*^ row and 
(z + G)'< — 1)"^ column, and thus is represented by (a; + ^'^ — 1 > 2 + Jt — 1) . 
The necessary and suflScient condition, however, that the compound system shall 
have the same law of multiplication as that of the algebra formed from the vids 
of a matrix of order o = o'.o" is that KK^ shall be zero unless 



2/ + 6)V— l=:y + (o'«— 1, 
in which case we must have 



KK^ = (a; + G)'r — 1 , 2 + g)'< — 1). 



But since y' < o', y< cJ, if ^ + w'*' — 1 = y ^ o's — 1 , then y^ = y aud ^ = 5. 
Heuce the condition is fulfilled. 

§25. From the last section it follows that the matrix of order o) = 2** is a 
compound of m quaternion algebras which do not interfere, i. e the units of each 
set are commutative with those of the other sets. I shall term such an algebra 
the m-way quaternion algebra. The system of ?w-way quaternion algebras has 
already been considered by Clifford (this Journal, Vol. I). Clifford, however, 
approached Ihe subject from an entirely different point of view. He starts with 
n "elementary units'' iii^ - • .in whose multiplication with each other is polar, and 
which are such that the square of each is — 1 . The 2** products, of order to n , of 
these elementary units, are linearly independent ; and Clifford shows that the 
products of even order, 2**"^ in number (which may be obtained from all combi- 
nations of the binary products iii^, iii^, etc), form an algebra or system by them- 
selves, which he terms the n-way algebra. If n = 2m + 1 , Clifford further 
proves that ** the n-way algebra is a compound of m sets of quaternions which do 
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not interfere;" and if n = 27n, he shows that the n-wa.j algebra is a compound 
of m quaternion sets which do not interfere, and the algebra (1 , a) , where e* = 1 
and 6 is commutative with each of the quaternion sets. At present we are only 
concerned with the n-way algebra when n is odd ; it consists, we have seen, of 
2*""^ =: 2*~ linearly independent units, and is a compound of m quaternion sets 
which do not interfere. Hence Clifford's n(=2m+ l)-way algebra is that 
formed from the vids of a matrix of order 2**, or is the m-way quaternion algebra. 
Commenting on the surprising fact that sets of quaternions should appear as 
the simplest form of an algebra which at first sight is so far from suggesting 
Hamilton's system, Clifford says that ** thus it appears that quaternions is the 
last word of algebra to geometry." It is still more surprising that quaternions 
should be so prominent in the theory of matrices, and in a sense embrace the 
whole subject ; for since the theory of matrices of any order is included in the 
theory of matrices of higher order, and since however great a number may be, a 
power of two may be obtained which is still greater, it follows that the theory 
of matrices of any order is included in the theory of the combination of a certain 
finite number of quaternion sets which do not interfere. 

With regard to Clifford's geometrical algebras I am able to show that the 
entire system formed from the combinations of all orders of the n elementary 
units, which I term the n-fold algebra, is identical with the (n — l)-way algebra; 
and when n= 27w, by an argument similar to that employed in the case of 
bi-quaternions by Benjamin Peirce, that the w-way algebra is a compound of two 
groups of m sets of quaternions which do not interfere, such that every set of 
either group is nil-facient and nil-faciend with any set of the second group. 

It is clear that any quantity in Clifford's n-fold algebra may be expressed as 
a sum of products of expressions a = Saih, ^ = SMi* ^^^v linear in the elemen- 
tary units; the a,/?, etc., are of course such that a*= — SaJ, ^ = — Xbl] 
whence, on account of the obvious analogy, they may be termed vectors. In 
virtue of the relation stated above which a matrix of any order holds to those 
of higher order, and the consequent inclusion of the theory of matrices of any 
order in that of sets of commutative quaternions, the theorem follows that the 
theory of matrices is the theory of expressions which are sums of products of 
quantities a, /3, etc., whose squares are negative scalars. 
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The Identical Equation. 

§26. The representation of any matrix as linear in unity and the o — 1 
power of a non-scalar cj*^ root of unity gives a very simple demonstration of the 
identical equation in the case of quaternions and of nonions. Thus, 

/. tf-2Sq.q+ rq=0, 

{n — Snf ={V,n+ V.nf = {hi + ci^ 
— IB^^^ 3 jc {bi + cf») 
= T^V^n + T^V^n + STV^n TV^n{n — Sn), 

/. «»— 3Sn.n^+ 3{S^n+ TV^n . TV^n . Sq) n — T^n=zO. 

By the following method the identical equation is proved immediately for 
any case. It, however, depends upon the lemma that any symmetric function of 
(0 conjugate matrices is a scalar, and is the same symmetric function of their latent 
roots. The lemma is very readily proved by considering the matrix in the form 

9i{<^i'<^i) + ^%{^'^2) + + fl^«(a«:a«), 

when the conjugates appear as 

g^{a^:a^ -^ gz{a^'a^) + . . . . +fl^i(a«:aj, 

etc. Returning to the identical equation, we have for o = 3, 

= (n — n){n — Kn){n — K^n) 
= n^ — {n + Kn + E^n)n^ + {Kn.K^n + IPn.n + n.Kn)n — n.Kn.IPn 
= n^ — {9i + 92 + 9b) n!" + {g^, + 9^^ + 9^9^) n — 9^9^^. 

The same proof applies in any case. 
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POSTSCRIPT. . 

When the above paper was written I did not know of Mr. Bucheim'e 
paper on the Thexyry of Matrices in the Proc. London Math. Soc. (Vol. 16). Mr. 
Bucheim^s proofs of Sylvester's law of nullity, of the identical equation, and (by 
implication) of the law of latency and what I have termed the law of congruity 
of the axes, are substantially the same as mine. I have further completed tbe 
investigation of the corollary of the law of nullity, have thoroughly treated the 
roots of unity and of zero, and have shown that there is an infinity of linear 
algebras, constituting a sequel to quaternions and nonious, whose laws of combi- 
nation are equivalent to those of matrices of prime order. I have also shown 
that the laws of combination of matrices of composite order are identical with 
those of algebras whose units are the products of the units of linear algebras 
analogous to quaternions and nonions. I have treated the whole subject more 
in detail and more systematically than Mr. Bucheim. 
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